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Space Dispersive Properties of Plasma 


Jacosp NEUFELD 
Health Physics Division, Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received November 1, 1960) 


The “space dispersion,” i.e., the occurrence of the term k in the 
dielectric constant e(w,k) can be attributed either to the Doppler 
effect or to the magnitude of the term ak that may appear in the 
formulation of the problem. (a is a characteristic distance such as 
the Debye length.) Using an approach based on the Doppler effect, 
the macroscopic parameters of a plasma have been represented in 
the form of four-dimensional tensors of the fourth order (similar to 
those introduced by Mandelstam and Tamm). The phenomeno 
logical description of plasma has also been formulated in a three- 
dimensional space by means of two macroscopic parameters: the 
electric susceptibility x, and the “proper magnetic susceptibility” 
x, /u. Expressions for these parameters have been given for the 
general case of a plasma having an electron velocity distribution 
f(v)dv and for a few typical specific cases. Both parameters are 


INTRODUCTION 
BR iaecenp ane mee attention has been given in the 


past to the phenomenological description of plasma 
as represented by its “dielectric constant” ¢€(w,k). This 
representation brings into evidence a distinctive prop- 
erty of a plasma defined as “space dispersion” which is 
characterized by the appearance of the term k in the 
expression for the dielectric constant. Plasma does not 
represent the only type of a space dispersive medium 
since there are other, particularly molecular media, that 
exhibit space dispersion. We shall evaluate critically the 
concept e(w,k) in order to point out that the physical 
factors that are responsible for space dispersion in a 
plasma are essentially different from those that produce 
space dispersion in molecular media. 

The terminology that is currently applied to plasma 
may possibly lead to a certain amount of confusion. In 
describing the phenomenological properties of plasma it 
is customary to use the term “dielectric constant” and 
to attribute to this term a meaning that is different from 
the one conventionally used. In that connection a 
comparison will be made between the ‘“‘conventional”’ 
macroscopic parameters that characterize any dispersive 
medium and the “modified parameters” that have been 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission 
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functions of the frequency and of the wave vector. This formula- 
tion brings into evidence the fact that a plasma is a magnetically 
polarizable medium and the term x,/ vanishes only if the electron 
velocity distribution is isotropic. In the current literature on the 
subject the existence of the term x,/u has not been taken into 
account, since, by using a representation” of the 
dielectric constant, the magnetic properties of plasma have not 
been brought into evidence. In the “‘modified representation” the 
dielectric constant by the relationship kxXB 
= — (w/c)ewE, whereas in the conventional representation the 
same relationship has the form kX B= — (w/c) e€E+42(xu/u) kXB 
(where e=1+4x,). A general formalism has been developed for 
deriving the electric and magnetic plasma parameters directly 
from the Boltzmann-Vlasov equations. 


“modified 


eu is defined 


specifically used to describe the properties of plasma. 
The “conventional parameters” and the corresponding 
“modified parameters” have the same identifying names, 
although the meaning applied to these concepts is not 
the same. 

A phenomenological description of plasma will be 
given in a four-dimensional covariant form and a 
generalized “dielectric-magnetic tensor” for a plasma 
shall be formulated. By reducing the four-dimensional 
representation to the customary three-dimensional form, 
we shall bring into evidence the ‘‘conventional”’ macro- 
scopic parameters such as the electric and magnetic 
susceptibility. The results are significant since they 
point out the fact that an anisotropic plasma is a 
magnetically polarizable medium and is space dispersive 
both in its electric and magnetic properties. 

A general discussion will point out certain charac- 
teristic anisotropies in a plasma, that are not present in 
other nonisotropic substances. Macroscopic parameters 
of a plasma will be expressed in a very general form 
derived from the Boltzmann-Vlasov equation. 


I. GENERAL PROPERTIES OF SPACE- 
DISPERSIVE MEDIA 


A. Terminology 


In dealing with dispersive media one often refers to 
“frequency dispersion” which is usually associated with 


Copyright © 1961 by the American Physical Society. 
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the “difference between the indices of refraction of any 
substance for any two wavelengths.”' The reference to 
the “‘wavelengths” is anachronistic and possibly inap- 
propriate since the frequency and not the wavelength is 
the factor that directly determines the characteristics of 
the medium. A frequency dispersive medium is defined 
by a relationship 


D,(w) 3(w) Es(w (1) 


where D(w) is the displacement, E(w) the electric field 
strength, the represents the dielectric 
constant, and w is the frequency. At this point, and in 
the rest of the paper, repeated indexes indicate summa- 
tion. Greek letters represent the coordinates in three- 
dimensional and letters represent the 
coordinates in the space of four dimensions. A relation 
analogous to (1) can also be expressed in the form? 


tensor €g3\W 


space, italic 


! Kas(t—t')E3(t’). 


The displacement and the electric field strength are 
represented, respectively, by the functions D(¢) and 
E(t) varying with time /, and the tensor Kaa(¢) defines 
the characteristic properties of the medium. Using the 
formulation (1) one can designate the medium as fre- 
quency dispersive, and, similarly, on the basis of the 
formulation (2) one can refer to the same medium as 
‘time dispersive.’ Expression (2) states that there is no 
“instantaneous” dependence between D(t) and E(2), 
i.e., the value D(t) at any instant depends upon the 
distribution in time or “time dispersion’”’ of E(?). 

A “time-dispersive” medium may be considered as a 
particular case of a “time and space dispersive medium.” 
‘his latter medium shall be abbreviated as “space 
dispersive” or “‘spacially dispersive.” It is characterized 
not only by the lack of the “instantaneous dependence”’ 
as expressed by (2) but also by a nonlocal relationship 
between the polarization and the electric field.* Thus if 
E(r,t) is the applied field strength, the corresponding 
displacement D(r,t) is such that 


D.(r,t)= fevae Kas(r—r’,t—t’)E3(r’,t’), = (3) 


where K,3(r—r’) defines the characteristic properties of 
the medium. Using Fourier spectrum representation, 

Handbook of Chemistry and Physics, edited 
C. D. Hodgman (Chemical Rubber Publishing Company 

Cleveland, Ohio, 1958-1959), 40th ed., p. 3085 or (b 
ics Handbook, edited by D. E 

ny, Inc., New York, 1957), 6-4 

D. Landau and E. M. Lifshitz, /lektr 

red (Gos. Izd. Tekhn-Teor Literatury 


1 See for instance (a 


{ merican 


McGraw 


Gray 
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the relationship (3) is expressed as 
D,(w,k) €ag(w,k) Es w,k), (4) 


where the dielectric constant €a3(w,k) is an explicit 
function of the frequency and the wave vector. This 
formulation was applied to optically active substances, 
and more recently to various ‘“‘moving media” 
plasma. 

The term “plasma”’ will be used in a generalized sense, 


such as 


i.e., it will designate media comprising charged particles 
in motion ionized moving beams of 
electrons or protons, etc. We shall exclude from our 
definition the trivial case of the “stationary” plasma. In 
the latter case the dielectric constant is represented by 
the expression «= 1—w,?/w? (wo is the Langmuir fre- 
quency) and there is no space dispersion. 


such as 


gases, 


B. Unified Theory of Space Dispersive Media 


Space dispersive media are essentially of two types: 
‘molecular media” and a “plasma.” Space dispersion in 
molecular media has been investigated by Landau.* The 
concepts introduced by Landau have been subsequently 
broadened by Ginzburg? in the form of a unified theory 
that covers all space dispersive media, both molecular 
and plasma. 

According to Landau, a molecular 
dium can be either time dispersive or space dispersive, 
and the character of the dispersion depends essentially 
upon the factor a/\ ” of the 
molecule or atom and J is the wavelength of the applied 
field. When ak1 and can be neglected, the medium is 
time dispersive and the relationship between D(w) and 
E(w) is of the type given by the expression (1). On the 
other hand, if ak is small but not negligible the relation- 
ship between D(w) and E(w) has been formally expressed 


or atomic) me- 


a is the “‘size 


ak, where 


by Landau in the form of a power series in k, i. 


Da=([€aa(w)—iksVaar(w)—R rR basrp(w) +--+ JEsz, 


where Yas37(w), 5¢37,(w) are tensors of third and fourth 
rank, respectively, and are functions of the frequency 
only. The relationship (5 
expression (4). 

The generalization of Ginzburg is based on the ex- 


tension of the meaning attributed to the 


is of the type given by the 


fundamental 
length a. In such a generalized interpretation the term 
a designates not only the size of a molecule or an atom 
but any other suitable “‘characteristic length” applic able 
to a material medium, such as the lattice spacing if the 
substance is a solid, or the Debye constant in case of a 
plasma. By using formal considerations similar to those 
of Landau, Ginzburg presented a unified theory that 
accounts for the occurrences of the vector k in the ex- 
pression e(w,k) in such apparently different substances 
as optically active media, crystalline structures, and 
plasma. 

‘ Reference 2, p. 425 

®V. L. Ginzburg, Zhur. Eksptl. i Teoret. Fiz. 34 
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C. Diverse Theories of Space Dispersive Media 


In contrast to the formal and unifying approach of 
Ginzburg we shall base our discussion on more direct 
physical factors that are responsible for the occurrence 
of space dispersion in molecular media and in plasma. 
The properties of these two media shall be considered 
separately. 


1. Space Dispersion in Molecular Media 


The phenomenological description of matter involves 
two fundamental lengths: the molecular radius a, and 
the intermolecular distance ay. The term a,, is used for 
defining various microscopic concepts, and the term da 
serves to make a transition from the microscopic to the 
macroscopic point of view. This transition is effective in 
‘smearing out” the granular structure of matter by 
averaging the microscopic quantities over the ‘‘physi- 
cally infinitesimal elements of volume.’’® The term a,, 
characterizes the Lorentz theory and is used because of 
our lack of detailed knowledge regarding the structure 
of matter within the molecule. Thus all the microscopic 
concepts based on the Lorentz theory are subject to a 
restrictive condition (a,,/A)<1. By eliminating this 
condition, a time dispersive medium becomes space 
dispersive. 

Assume that a perturbation 


E — (w/c Re iA), 6 


applied to a molecule induces transitions from an ini- 
tially unperturbed state ~,o to excited states y,;. The 
vector potential A can be expressed in the form 


A { ¢ wt—k-r 


set —ihact thd] Ct 


Some of the microscopic quantities such as the mo- 
lecular polarization Py jer or the electrical susceptibility 
of the molecule (X, icr)as Can be expressed by means of 
the relation 


P, ier = €(1| p i ree (8 


where p= (e#/ mw) grad. We consider only the diagonal 
terms in the matrix (8) since these terms correspond to 
the state y; having the same energy as the initial state 
Yio. The nondiagonal terms represent emission and ab- 
sorption of light, and are excluded from our considera- 
tions. The macroscopic formulation for the dielectric 


constant can be directly determined from the expression 
ierd V, 


which represents the averaging of the microscopic 
parameter k over a physically infinitesimal volume 


of space V. 


6H. A. Lorentz, The Theory of Electrons (B. G. 
Leipzig, Germany, 1916), 2nd ed., p. 132 


Teubner 


PROPERTIES OF 


PLASMA 


The expression given in (9) may be either of the type 
€ag(w) or of the type €as(w,k), depending on the number 
of terms that are retained in the series within the 
brackets in the expression (7). If we limit ourselves to 
the first term, we obtain time dispersion as represented 
by (1). On the other hand, by including the successive 
terms in this series, we obtain an expression that is 
formally similar to the one postulated by Landau in the 
form (5). Using the expressions (6)—(8) and averaging 
the microscopic quantities over the physically infini- 
tesimal volumes of space we can express various coefh- 
cients of Landau, such as €a3(w), Yasr(w), Saar, (w), as 
functions of matrix elements of molecular transitions for 
electric and magnetic moments. This procedure has been 
applied to the term yas,(w) in order to account for the 
optical activity of various substances.’ A similar pro- 
cedure applied to the succeeding terms such as 6a87)() 
would give physical meaning to the corresponding terms 
in the Landau expression (5). It would explain in terms 
of molecular structure the space dispersion in such 
media as cubic crystals. 


2. Space Dispersion in Plasma* 


The space dispersion in molecular media represents a 
quantum mechanical refinement which takes into ac- 
count the effect of a perturbing potential that varies 
over distances comparable to the ‘‘molecular diameter.” 
These considerations do not apply to plasma since there 
is no ‘‘molecular diameter” in a plasma, and the space 
dispersion results from classical (‘orbital’) and not 
“quantum” representation. 

The concept of ‘‘plasma”’ is associated with a macro- 
scopically defined medium comprising charged particles 
in motion. Therefore, in order to determine the response 
of such a medium to an external harmonic force one has 
to take into account the Doppler effect. Thus if w’ 
indicates a frequency in a system of coordinates S’ 
moving with velocity v relative to S the corresponding 
frequency in the system S can be expressed as’ 


w’=(w—kv)y, where y=(1-—2?/¢e (10) 
The appearance of the vector k in the expression (10) is 


associated with space dispersion. The importance of the 


feld, Z. Physik 52, 161 (1928) 
® The literature using the explicit formulation ¢e(w,k) for the 
dielectric constant in a plasma is quite \ number of 
papers have been published in addition to those given in references 
3, 5, 10, 11, 14, and 15 these are as follows: M. E 
Gertzenshtein, Zhur. Eksptl. i Teoret. Fiz. 23, 678 (1952); 27, 180 
1954). R. Z. Sagdeev and V. D. Shafranov, Proceedings of the 
Second United Nations International ( Peaceful 
United Nations, Geneva, 


Uses of Atomic Energy, Gene 1958 
1958), Vol. 31, pp. 118-124 (P/2215 U.S.S.R.); Zhur. Eksptl. i 
\. G. Sitenko and K. N. Stepanov, 


Feoret. Fiz. 39, 180 (1960) 
ibid. 31, 642 (1956). K. N. Stepanov, ibid. 34, 1292 (1958); 36, 
1457 (1959). V. P. Silin, zbtd. 37 1959). Hans Wilhelmsson, 
Fourth International Conference on Ionization Phenomena in Gases, 
Uppsala, Sweden (North-Holland Pu Amster 
dam, 1960 

’ See for instance C 
rd, 1952). 
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Doppler effect has been pointed out by Gertzenshtein” 
in his derivation of the dielectric constant of a plasma 
from the Boltzmann-Vlasov equation. In our derivation 
as outlined in Sec. III, the Doppler effect will be intro- 
duced more explicitly since our formulation takes 
directly into account the effects of the motion of an 
electron beam in the laboratory system. 


3. General Remarks 


It appears, therefore, that there are two very distinct 
factors that are responsible for space dispersion: the 
magnitude of the terms ak and the Doppler effect. These 
factors occur independently and under different circum- 
stances. However, in some dispersive media such as 


partly ionized gases, the dispersion is of ‘‘mixed type,” 


i.e., the appearance of k in the expression €(w,k) is due 
to both factors and the contribution of each factor 
should be considered separately. We wish to point out, 
however, that an approach based on the distinction be- 
tween these two factors may not always be fruitful and 
in various unifying point of view of 
Ginzburg may be particularly desirable. Thus a similar 
mathematical formalism when applied to very different 
physical situations may reveal significant and valuable 


analogies. 


instances the 


II. MACROSCOPIC PROPERTIES OF PLASMA 
A. General Remarks 


Consider the interaction of an electromagnetic field 
with an assembly of particles having charges e; and 
velocities V;(i=1, 2---m). The response of such an as- 
sembly to an applied field can be described in terms of 
an electric polarization P® and a magnetic polarization 


M? which are as follows: 


1 
=> ¢.r:; M > e.riXvi, (11) 


where r; is the radius vector connecting a particle having 
charge e; h a certain arbitrary refer- 
ence point, and the summation extends to all particles in 
a unit of volume. In the presence of a perturbing electro- 
magnetic field of the type expi(k-r—wf), both vectors 
P® and M? acquire small alternating components P and 
M (assuming that a linear approximation is justified). 
We use the customary relationships: 


] 


and ve locity v; wit 


D=E+49rP 1+4rx.)E=cE, 


H=B-—47M 


where D is the displace ement, E the ele tric al intensity, 
he magnetic induction, H the magnetic intensity, X, 
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the electric susceptibility, X, the magnetic suscepti- 
bility, € the dielectric “constant,” and uw the magnetic 
permeability. Although B represents the mean intensity 
of the microscopic magnetic field, we shall continue to 
designate it as magnetic “induction” so as to comply 
faithfully with the anachronistic formulation that is 
currently used. The relationships (12) and (13) are 
represented in a somewhat asymmetric form in order to 
maintain the distinction between the macroscopic values 
D, and H, and the corresponding microscopic values E, 
and B. Since B and not H is the mean intensity of the 
microscopic field, the coefficient X,/u appearing in (13 
has a more direct physical meaning than the coefficient 
X,. The term X,/u (and not X,) is the magnetic equiva- 
lent to the electric susceptibility of the medium. Un- 
fortunately, the present terminology has not provided a 
specific name identifying the term X,/u. In order to 
facilitate our further discussion we shall designate t 
term as the “‘proper magnetic susceptibility” of 
medium so as to differentiate it from the 
susceptibility” that is designated as X,,. 
The expressions (11)—(13) describe conventional mag- 
netizable media. We shall apply a similar formulation to 
a plasma and use these expressions as a basis for defining 
various macroscopic parameters that the 
phenomenological behavior of a plasma. 


“magnetic 


des ribe 


B. Conventional and Modified 
Macroscopic Parameters 


Various terms such as the “dielectric constant,’ the 
“electric displacement,”’ etc., 


the macroscopic behavior of plasma. In various in- 


are often used to describe 


stances, however, the same terms designate entirely 
different concepts when applied to a pla 


applied to other media. In order to be consistent in our 
presentation, we shall refer to the usually adopted defi- 


sma and when 


nitions of the macroscopic parameters as expressed by 
(11)—(13) as the “‘conventional” definitions and we shall 
continue to designate the corresponding symbols such as 
e, D, etc. without any subscripts. On the other hand, the 
new “modified plasma parameters” that are still identi- 
fied as “dielectric “displacement,” etc. 
(although their meaning is different) 
by the subscript M such as ey, Dy, etc. 

The “modified representation” 
evidence the fact that a 
polarizable medium. In the published literature on this 


‘ 


constant” or 


will be designated 


does not bring into 
plasma is a magnetically 
subject there appears to be no discussion on magnetic 
polarization and its dependence on the structural 
charac teristics of a plasma. It is believed, howe ver, that 
the magnetic susceptibility is a very significant and im- 
portant parameter characterizing nonisotropic electron 
velocity distributions. It will be shown in subsequent 
paragraphs that plasma is nonmagnetic only if the 
Therefore in 


velocity distribution is isotropic. a strict 


sense the “modified representation” cannot be 


sidered as applicable to a nonisotropic plasma. The re- 


con- 
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strictive condition regarding the applicability of the 


modified representation was apparently not formulated 
in the literature. These conditions should be kept in 
mind, however, in those instances in which the ‘“‘modi- 
fied’? macroscopic parameters have been specifically 
used to describe a nonisotropic plasma. 

In order to compare the conventional and modified 
representation we shall point out the difference in the 
formulation of Maxwell’s equation in both cases. One of 
these equations is represented in the conventional nota- 
tion as follows: 

w Xu 
kX B= —-cE+4rkXx—B, 
c ld 


(14) 


whereas the same equation in the modified representa- 
tion appears as 


kxB =—(w/ ¢ evE. (15) 


Che propagation of an electromagnetic wave through 
plasma is represented in the conventional form by the 
expression 

1 &D 
grad divE—V°E+ 


oM 
+-4dor curl 0, 
or al 


(16) 


whereas the corresponding modified expression is 
1 &Dy 


( , or 


grad divE+V°E-+4 (17) 


In some instances the forms (15) and (17) may be more 
convenient. However, there is no physical equivalence 
between these two formulations. The ‘‘modified electric 
displacement defined by (17) is not an entirely electrical 
concept, since it is related to both electric and magnetic 
properties of the medium. 


III. FOUR-DIMENSIONAL COVARIANT 
FORMULATION 


A. General Remarks 


We shall treat the problem relativistically and express 
the macroscopic parameters of a plasma in a form that 
is invariant under Lorentz transformation. 
used by Neufeld and 
we consider a plasma, characterized by an 
electron velocity distribution f(v)dv, as an assembly of 


Following the procedure 


Rite hie Mu 


‘component beams.” In order to form this assembly, 
the velocity space is subdivided into equal volume ele- 
ments Av, (1=1, 2, 3, . A vector v; connecting the 
origin of coordinates with any point within a cell Av, 
represents the velocity of an extended and uniform elec- 
tron beam having density /(v)Av; and the density of the 
entire assembly is > f(v;)Av;. The continuous distribu- 
tion represents a limit when each volume element Av; 
tends to zero. 

We shall determine the macroscopic parameters for a 


1 J. Neufeld and R. H. Ritchie, Phys. Rev. 98, 1631 (1955). 
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single “component beam” having velocity v and then 
generalize our results to cover any distribution of the 
type f(v)dv. The parameters for a single component 
beam will be obtained in two steps. In the first step we 
formulate the properties of the beam in four-dimensional 
space for the case of »=0 in the laboratory system. Such 
a beam appears, therefore, as a stationary electron gas. 
In the second step we apply the Lorentz transformation 
for an observer moving with the velocity v with respect 
to the laboratory system, and we determine the macro- 
scopic parameters of the beam with respect to the 
moving observer. The result displays a certain symmetry 
with respect to both systems. Therefore, changing v 
into —v we obtain for the laboratory system the 
macroscopic parameters of a beam moving with the 
veloc ity v. 


B. Stationary Electron Gas 


We shall formulate a four-dimensional generalization 
of Eqs. (12) and (13) as applied to a stationary electron 
gas. The usual vectors defining various field quantities 
shall be replaced by antisymmetric field tensors, F,;, 
M‘*?, and H® defined as follows: 

cB= (F32,F 13,F'21) ; E 

(1/c)M=(M®,M"M"!); P 

(1/c)H= (H®,H",H*); D 


Fy), F 42,F 43) ; 
(M4,,M 10,M 4 
PE ia 2 aaa: haaah Ne 


(18) 


There are two different formulations of equations of 
electrodynamics of moving matter: the commonly used 
formulation by Minkowski” and a relatively less used 
formulation by Mandelstam and Tamm." Minkowski 
expressed the relationship between the field values and 
the corresponding macroscopic quantities in the form 


Ayue=eF yu, and Ayy*up=(1/p)F in*eey 


(where uw, is the veloc ity four-vector and F,;,*, Hs.* are 
pseudotensors dual to F;, and H;,). It is noted that 
these expressions did not retain the same form as (12), 
(13) since they contain the velocity terms “, and no 
corresponding velocity terms appear in (12) and (13). 
It is, however, our objective to obtain an expression that 
is formally analogous to the relationships as expressed 
in (12), (13). It should be kept in mind that we wish not 
only to obtain a relativistically invariant formulation 
but to derive relativistically covariant concepts that 
may be considered as the generalization of the macro- 
scopic plasma parameters such as e and uw. Such concepts 
have been introduced by Mandelstam and Tamm and 
expressed in the form of a four-dimensional tensor of the 
*. This tensor 
is defined by the relationship H'"=e'"'*F;,, and is 
designated as D-M, i.e., “dielectric-magnetic”’ tensor. 
We shall use a similar formulation and express the rela- 


fourth order identified by the symbol e’” 


2H. Mir 
*L. |] 


1925). 


kowski and M. Bort 
Mandelstam and I. | 


Math. Anr 
Tamm, 


68, 526 (1910). 
Math. Ann. 95, 154 
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tion between M'™" and F;;. in the form 


head aD settee! Te (19) 


where x'"'* will be designated as the ‘‘D-M suscepti- 
bility tensor.” 

We shall consider the expression (19) in the frame- 
work of two observers designated as A and B. For the 
observer A the electron gas is stationary and various 
physical quantities relating to the system A shall be 
designated by a subscript A. The observer B moves 
with respect to A with velocity —v and the corre- 
sponding physical quantities shall be designated by a 
subscript B. The tensor x'"'* has a particularly simple 
form in the system A. In this system it is so formulated 
that the relationship (19) reduces to the form P=X,E; 
M= (Xx, /u)B. It can be shown that out of 256 compo- 
only 12 components are dif- 


nents of the tensor X4 


ferent from zero, and these are as follows: 


ationary gas by an order of magni- 
polarization. Therefore 


isinast 
valler than the electric 
(0. 2la 


- 


Furthermore we have 


21b) 
The term w, represents the frequency (in the system A 
the te 9) represents the Langmuir frequency 


which is defined as 


and 


referen e 


C. Beam Moving with Velocity v 


We shall describe the beam in the framework of an 
observer moving with the beam. In this case the moving 
ference system is labeled as A since the beam appears 


stem as a stationary electron gas. We have 


M ,'* mik Fi : 23 
22). Our 


where X4'"** is defined by (20), 


21a; b), and 
the relationship (23) in 
in the framework of the 
This represt ntation is expressed symboli- 


problem consists in representing 
the laboratory system, i.e., 
observer B 
cally as 


In making the transformation from the system A to 
the system B, the following two conditions should be 
taken into account: (1) The expression X4'"'* repre- 
sents a tensor. (2) Various components of this tensor 
contain the expression X, (21b 
relativistically invariant. 

One of the terms contained in X, is the frequency wa 
that transforms in accordance with (10). The other term 
is the Langmuir frequency which in the system B 
Therefore the 


given by which is not 


is represented as (wo)s= (4rnpe?/m 
Langmuir frequency is transformed from the system A 
to the system B as the square root of electron density. 


Since ngp=nay, we have: 


5 


Consequently, the transformation from the system A 
to the system B is effected in two steps. In the first step 
we apply the covariant properties of the tensor X4 
and in the second step we take into account the trans- 
formation properties of the terms w and wy as given by 


(10) and (25), respectively. Therefore 


In order to repres¢ nt symboli lly 
shall introduce a term X int presenting an 
mediate state.’ Thus the first step leads from X 4 
Nine and the second ste 
Xzi™ More specifically, ir 
ceptibility tensor is transformec 


ese two steps we 


“inter 


» leads trom X; 


T 
t 
) 


as 


where the Q’s represent the parameters of the Lorentz 
transformation.° 


The second step is re presente d 


1 


SVMDOIL 


XB 


This transformation exhibits the Doppler effect and it 


accounts for the occurrence of the vector k in the ex- 
pression for X,'"'*. Thus the medi 
quency dispersive in the 


im that was Ire- 


ime¢ space 


dispersive in the system B. 


D. Continuous Velocity Distribution 


s the D-M sus« 
il ly and density 


The expression 28 represent ept ibility 
tensor for a beam having velocity 
f(v)dv. Our further description will be 

i framework of the 


V 1 dy 7 
i tne laboratory 


system, i.e., in the observer B. 
Therefore, the subscript B shall no longer be ne 


essary. 


In order to show explic itly the ce pe nde nce ol this tensor 


on the velocity of the beam we ill write 


X ; ' Xv dy 29 


The generalized susceptibility of a plasma considered as 


a limiting case of an assembly of component beams can, 
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therefore, be represented as 


Re inatee fro Ky. 


IV. THREE-DIMENSIONAL FORMULATION 


For practical applications it may be appropriate to 
replace the covariant four-dimensional representation 
by an equivalent description in three dimensions. We 
shall, therefore, reformulate our expressions in a rela- 
tivistic three-dimensional representation and derive the 
macroscopic parameters for two typical cases: a beam 
having velocity v and an assembly of beams having a 
spherically symmetrical velocity distribution f(v)dv. 


A. Beam Having Velocity v 


We shall designate as P‘’dv and M'‘dv the electric 
and magnetic polarization produced in a beam moving 
with velocity v. The relationship between the polariza- 
tion and the corresponding field quantities can be ex- 
pressed as follows: 


(31) 
(32 


Chus the electric susceptibility of the beam is (X,)a3°"dv 
and the “proper magnetic suse eptibility”’ is (Xu /p)aa’dv. 
We shall rewrite the expression 24) in three-dimen- 
Instead of field tensors M'™" and F;, we 
ull use the corresponding field vectors P, M and E, B. 
laking into account (20), (23), (24), and (27)—(29), the 


24) can be represented in 


sional space. 


re lationship as expressed by 
the following form: 


4 3(3-P v)) 


M (1-8) +8(3-M™) 


(1—8 \3 


[e?B-—3xE-—8(8-B)], (34) 


br(w—ck- 3 


where 8=Vv/c. 

By using instead of B its equivalent expression 
c w)kXE and substituting this expression in (33), (34) 
we obtain a formulation in which the electric and mag- 
netic polarizations appear as explicit functions of the 
electrical force. Thus the expression (33) assumes a 


form (31) and the expression (34) assumes a form 


M o\” = (Xey) aa’ Ea. 


The tensor (X,,)a3 shall be designated as the “electro- 
magnetic susceptibility tensor.” Using x, y, z coordinates 
0; k,=k; vz,=vsind; v,=0; 
express the terms (X,)ag‘" 


and assuming k,=k, 


vcos#, we can and 


3°” as follows: 


PROPER* 


sin’ 


wlw—kv cos) c? (w—kv cosé)” 


22 sin8 cosé 


(w— zi cosé 


1 


WIWw- kt COS) 


kv sind 


sing cos@é 


cosé c*(w— kv cosé)? 


cos-é 


ee ki 


Cosé)- 


X 


sin@ cosé sin@ 


Lb 


TY!) wo(w— kv cosé c(w— kv cose) 


The dispe rsion equation for a beam can be « xpressed 
ic formulation 


in the relativistic as follows: 


(), (38) 
where 


(39) 
0. 


and yu‘ is the ‘‘modifie 


as follows: 


7) COSA 


(40) 


sing cos 


kv cosé)? 


cos-¢ 


—kv cos) 
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The expression (40) is known in the literature and is 
referred to as the ‘‘dielectric constant.” There are also 
analogous expressions published in the literature that 
describe a plasma having different “longitudinal” and 
“transverse” temperatures and these expressions are 
also referred to as “dielectric” constants. Furthermore, 
one can find expressions of the type D= eE, where e€ is as 
defined in (40) and D is referred to as the “electric 
displacement.”” We wish to emphasize that these ex- 
pressions are inappropriate since they do not represent 
the physical reality. 

In order to illustrate our point, we may consider the 
accuracy of the following statement: “‘A static electric 
charge produces an electromagnetic field.” Such a state- 
ment is obviously untrue since it conflicts with the 
meaning of the well-defined concepts of electrostatic and 
electromagnetic fields. Similarly such concepts as the 
“electric displacement” and “dielectric constant” as 


v 


wW rk 


1 —-——_____ 


yc? (w— kv cos6)? 


-*) : Xu 
Me? 21 
B. Spherically Symmetrical Distribution 


A general expression for the macroscopic parameters 
of a plasma having any velocity distribution f(v)dv can 
be easily obtained. The polarization vectors in such a 
plasma can be expressed as P= fP\"'dv, M= {/M'‘dv 


} 


and consequently the electri and magnetk susceptl- 


iti a 
bilities are as follows: 


A particularly interesting case is represented by a 


spherically symmetrical velocity distribution, i.e., when 
f(v)= f(v). Substituting (36), (37) and (41) in (42), we 
obtain the following expression for various macroscopic 


k; k,=k,=0): 


parameters (assuming k 


kv? sin? 


wo" (c?— v? cos*@) 
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currently applied to an anisotropic plasma are in conflict 
with these concepts as defined by Maxwell and Lorentz, 
respectively. The “electrical displacement” as used in 
the literature is actually intrinsically related to magnetic 
properties of plasma. Therefore it does not designate an 
entity that is entirely electrical. A similar situation 
applies to the term “dielectric constant.” There is, 
therefore, a certain amount of confusion in the macro- 
scopic description of plasma. This confusion can be 
clarified by recognizing that anisotropic plasma is a 
magnetizable medium and introducing the macroscopic 
concepts as expressed by (36) and (37 

Using the formulation (15) we can express E as a 
function of B in the form E=—(c/w)ey—(kXB). Sub- 
stituting this expression in (35), we obtain a relationship 
of the type (32) in which the magnetic polarization is ex- 
pressed as an explicit function of B. Various terms ex- 
pressing the proper magnetic susceptibility are as follows : 


X\" — 


» 


kv sind 


MZ 31 4a (w— kv cos) (w?—w 


wo-t cosb(c?—1 


4rw*ylw—kvcos8 (w—kvcosd)? c*y(w—kv cos) 


wee? sin’@ = (c2? 


¥(w— kv cos6)? 


X 


_ 


-“cosd 


w— kt 


cos? 


(Xe) 12= (Xe)is= (Xe)ar= (X,): 


ures of ar 
isotropic plasma: (a) the absence of magnetic polariza- 
tion and (b) the diagonal form of the electric 
ceptibility tensor. 


There are two particularly significant feat 


SUS- 


C. Anisotropy 


The functional depe ndence between tl 
vectors and the field intensities is 


( polarization 
represented in form 





SPACE DISPERSIVE 
of tensors and, therefore, there is an anisotropy that 
characterizes the electromagnetic behavior of a plasma. 
There are certain distinctive features exhibited in the 
anisotropies of a plasma and these are not present in 
other nonisotropic media such as crystals. In order to 
clarify these distinctions we shall classify various non- 
isotropic media as belonging to type A, type B, and 
type C. 

Type A designates the usual anisotropy occurring in 
crystals. It is expressed by an explicit and unique de- 
pendence between the relationship P= f(E) and a fixed 
direction in space. The fixed direction in space is the 
orientation of one of the principal axes of a crystal. 

In the anisotropy of type B there are no fixed “‘refer- 
ence” orientations such as the optical axes in a crystal. 
The substances exhibiting this anisotropy are struc- 
turally isotropic and their anisotropy is expressed by an 
explicit and unique dependence between the relationship 
P= f(E) and the direction of the propagation of the 
wave. Such a dependence exists in the spherically 
symmetrical plasma discussed above. This plasma is 
structurally isotropic and thus there is no preferred 
orientation. However, the relationship between P and E 
as expressed by the susceptibility tensor is of a direc- 
tional nature and depends upon the direction k. We have 
here two different values of the electric susceptibility 
depending upon the direction of E with reference to the 
direction of k. Thus if E\\k, the susceptibility is de- 
termined by (X,)1: as given by (44) and defined as the 
“longitudinal susceptibility.” On the other hand if 
Ek the susceptibility is determined by (X,)11= (X.) 
as given by (44) and defined as the “transverse sus- 
ceptbility.”’ 

The anisotropy of type C occurs in a plasma having a 
structural cylindrical symmetry. Such a plasma is 
characterized by a certain “‘fixed reference orientation” 
which may be the direction of the velocity vector v as 
in the case of the ‘‘one-beam medium” described by 
(36), (37), and (41). In such a medium there is a unique 
dependence between the relationship P= /(E) and two 
directions. One of these is the direction of the vector k 
and the other is the “reference orientation.” 


D. Determination of the Macroscopic Parameters 
from Boltzmann-Vlasov Equations 


considered the form 
f(v)dv as a limiting case of an assembly of discrete 


In previous paragraphs we 


electron beams and the macroscopic parameters of a 
plasma were expressed as a superposition of the parame- 
ters relating to the component beams. We shall apply 
now a somewhat different procedure and derive the 
macroscopic parameters directly from the Boltzmann- 
Vlasov equations. This procedure introduced by Gertz 
enshtein” and Lindhard' was subsequently used by 


4 J. Lindhard, Kgl. Danske Videnskab Selskab, Mat-fys. Medd 
28, No. 8 (1954). 
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Shafranov' to obtain a general expression for the ‘‘modi- 
fied” dielectric constant €y- By integrating the Boltz- 
mann-Vlasov equations along the “trajectories” [in 
Lagrangian coordinates of particles r(f) and p(t)] 
Shafranov expressed the perturbing term f; for the 


distribution function as follows: 


: ] 
fh ef E(r(0’),t’)4 ve) xH(),0)| 


x 


op(t’) 


and obtained ey from the following relationship: 


(€)r—5r, 
1 wk, t. fi. Pd 
dr 


where j, represents the total current density, and 7,‘?dp 
represents the portion of the current density produced 
by particles in the volume element dp of the momentum 
space. The term 7," can be re presented as 


(46) 


1 , 0 } | 
k 
Op 


Vt WwW 


Op 


wi—k v(t')dl’ at (48) 


We shall now derive the expressions representing the 
electric and magnetic properties of a plasma in the “‘con- 
ventional” representation. Let P‘»dp represent the 
polarization associated with the particles within the ele- 
ment dp, i.e., P= /P'?dp. The current j‘” contains 
the following parts: (a) the current caused by the rate 
of change of the polarization and the motion of the 
polarized medium, i.e., 


DP” 


oP’ 


(v-grad)P®, (49) 
Di al 


the convective current ; 


—v divP‘?), 


and, (b 


Consequently 
(w—k-v)P'?+v(k- PP 


The equations (47) and (51) give 


(52) 


sv D Shafranov, Fizika Plazmy 
Reaktsti (Aca 
1958), Vol. LV, p. 416 


a i Problema Upravliaemykh 
T er moiaderhykh lemy of Sciences of U.S.S.R., 


Moscow, 
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W here 


for ax. 


w(w—kv) 


Consequently, the electric susceptibility can be ex- 


pressed as ’ 
=— fom. 1K q3dp. 
dor 


In order to obtain the magnetic polarization, we put 
U= ( M‘?dp. The term M‘? can be determined from 


(54) 
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(11) and represented in the form 


where a, 8, y are in a cyclic succession. 

Substituting (52) in (55) and utilizing the relationship 
M a= (Xew)asiis, we can express the “electromagnetic 
susceptibility”’ as follows: 


tor 


where a, 8, y are in a cyclic succession. 
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property of an ion in a dilute Bose-Einstein gas subject to an external electri 


ans of the Boltzmann equation. The interaction Hamiltonian which de 


for the scattering 


processes is obtained by the use of the Bogoliubov transformation and 
1g of the ion by phonons is calculated. The solution of the Boltzmann equ: 


by applying a variation principle and the temperature dependence of the ion mobility is 


it very low temperatures 


Khalatnikov a1 


1. INTRODUCTION 


fase purpose of this paper is to study the mobility 
of an ion in a dilute Bose gas in connection with 
the recent experiments in which ions in liquid helium 
are used as microscopic probe particles to investigate 
the properties of the superfluid.~* Because of the 
superfluid property, one expects that the ions move 


through liquid helium without encountering any re- 
sistance in its ground state at 


the absolute zero. On 
the other hand, at finite temperatures the ions suffer 
the scattering processes which arise from the thermal 
excitations present in the fluid. Thus, one may expect 
that by studying the motion of ions, useful information 
can be deduced about the nature of the elementary 
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\ comparison of the results with the experimental data in liquid 
Zharkov theory is given and also the ion mobility in a Ferfni system is t 


excitations and possible interactions between a particle 
and the underlying quantum fluid 

The simplest experimental situation is to apply an 
electric field £ and to measure the drift velocity wu of 
the ion. If E is kept sufficiently small, « is expected to 
be proportional to & and one may field- 
independent mobility w= «/£. In fact, Meyer and Reif 
have shown experimentally that u is independent of £ 
when E<1 volt/cm and that its temperature depend- 
ence is of the form w= po exp(A/k7 e range below 
the A point down to 0.8°K. A possible interpretation 
of this behavior was proposed by Meyer and Reif! based 


define tne 


In tf 


on the scattering of the ion by rotons. At temperatures 
below 0.6°K, they obtained a temperature dependence 
of the form wx T~*, where k=3.340.3 for a positive 
ion and k= 2.4+0.4 for a negative ion, and they pointed 
out that this behavior disagrees 


Khalatnikov and Zharkov basis of 


ion-phonon interactions derived from quantum hydro- 


with the pre diction by 


obtained on the 


dynamics. So it is of considerable interest to re-examine 
the temperature dependence of the ion mobility due to 


phonon excitations from first principles 

>I. M. Khalatnikov and V. N. Zharkovy 
Phys. (U.S.S.R.) 32, 1108 (1957) [tra 
JETP 5, 905 (1957) 
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However, the actual calculation of the ion mobility 
is very difficult if one deals with a system of moderately 
high density such as liquid helium and takes into 
account the actual potential of interaction between 
particles. On the other hand, if one starts instead from 
a simple model, for instance a Bose gas with hard- 
sphere interactions which has been studied by various 
authors,®-* one may carry out the actual calculations 
to some extent and deduce some qualitative features 
of liquid helium. For example, as Lee and Yang* have 
shown, the dilute hard-sphere Bose gas undergoes a 
second-order phase transition which is qualitatively 
similar to that observed in liquid helium. One may 
hope, therefore, that the study of the ion mobility in a 
dilute Bose gas enables one to get some understandings 
of the qualitative aspect of the observed ion mobility 
and its relationship with the superfluidity of quantum 
fluid. 

In Sec. 2 the explicit form for the interaction Hamil- 
tonian between the ion and phonons is derived by 
means of the Bogoliubov transformation.’ It gives rise 
to two different processes, i.e., the scattering of an ion by 
phonons and the emission and absorption of phonons 
by an ion. In Sec. 3 the cross section for the ion-phonon 
scattering is calculated, together with the relaxation 
time of an ion for emission and absorption processes. 
An application of simple kinetic theory yields the 
results that the contribution from emission and absorp- 
tion processes can be neglected compared to the 
scattering process. Also, the temperature dependence 
of the ion mobility due to phonon excitations is shown 
to be 7~* at low temperatures. In Sec. 4 we set up the 
Boltzmann equation describing the motion of the ion; 
the solution is obtained by applying the variation 
principle. The temperature dependence of the ion 
mobility due to phonon excitations is shown to be T 
Section 5 is devoted to a discussion of the discrepancy 
between the result derived by simple kinetic theory and 
that calculated from the Boltzmann equation. A com- 
parison with the experimental data in liquid helium 
and the Khalatnikov and Zharkov theory® is given. 
The Bogoliubov Hamiltonian is discussed in connection 
with the recent work by Wentzel,"’ and the ion-phonon 
scattering is studied by the use of Feynman’s!! 
function. The ion mobility in a Fermi system is briefly 
mentioned and its behavior at 
discussed. Finally, the details of calculations are given 
in the Appendexes. 


wave 


low temperatures is 
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2. INTERACTION OF AN ION WITH PHONONS 


Let us start with a brief review of the method for 
dealing with the ground state and low-lying excited 
states of interacting Bose particles.’2 We consider a 
system of .V identical particles with mass M in a box 
of volume V. Let us denote the interaction potential 
between particles by u(x) and assume that it 
finite positive Fourier component u, defined by 


m= f u(x exp(—iq-x)dx, 


where the integration is over the volume V. 


has a 


Then the Hamiltonian of the system is written in the 
second-quantized form in terms of creation and annihi- 
lation operators, n* and 9, satisfying the commutation 
relations characteristic of If one re- 
stricts oneself to the discussion of the ground state and 
low-lying energy levels, it is permissible to assume that 


Bose statistics. 


nearly all the particles are in a single-particle state 
with momentum zero and to set 10" 
This simplification leads to the 
Hamiltonian: 


LAT _ \ * 
5 Vuot+ > {(E,t+ pug Na Nq 
qx0 


or no equal to V3 
following reduced 


a. | 


1 { - 
; + 2pUq(Nq"n-q" 
with p= N/V and 


E,=q2/2M. 


| 
Equation (2) is a simple quadratic form, and can be 
diagonalized by means of the Bogoliubov transfor- 
mation’: 


Nq Agdq— qd q> Nq- Agdq — Maga q (4) 


with 


Ng= (wat Eq) (4E qq), obqg= (Wa— Eq) (4E gw). (5) 


Substitution of Eqs. (4) and (5) into Eq. (2) leads to 


Hrea= Dd wedg*dgt Fo, (6) 


q 


where w, is the energy of elementary excitation (phonon 
or roton given by 


Wa (e? t 2pE gta 2 (7) 


and £ is the ground-state energy given by 


Eo= 3 Npuot+} > (wy— Eq—pu,). 


4 


So far we have assumed the existence of #,, but even 
if it diverges to infinity as in the case of hard spheres, 
exactly the same argument can be applied if one 
replaces the potential function by the pseudopotential 
or scattering matrix.®? In this way the single formula 
given by Eq. (7) reproduces the energy spectrum of 


® Throughout this paper we shall use a system of units such 
as A=1. 
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elementary excitations quite similar to that observed 
in liquid helium. However, the validity of the Bogo- 
liubov transformation may be rather suspect in the 
roton region, so that in the following discussions we 
restrict ourselves to the phonon excitations and assume 
that w, takes the form 


Wq= cq, (8) 
where c is sound velocity. 
Now if an ion with mass M, is put in the system 


under consideration, it gives rise to the interaction 
Hamiltonian: 


Hin= fi (x—x’)W*(x’)W (x’)dx’, (9) 


where »v is the interaction potential between ion and 

Bose particle, x is the position vector of the ion and ¥ 

is the field operator for the Bose particles. If we expand 
W and ¥* in a form of Fourier series: 

V(x)=V 

v*(x)=V 


* > [a-x) 

2D Nq EXp(7q-X), 

copa (10) 
1D ng* exp(—iq-x), 


we can express Hj,: in terms of 9 and »* and the 
substitution of Eq. (4) leads to the explicit form for 
the interaction Hamiltonian between the ion and 
phonons. In this way 


Him=K+K', (11) 
where 5 describes the scattering of the ion by phonons, 


1.€., 


KH=V DS Vq.q'4q'*q expLi(q—q’)-x], (12) 
q q 1 


? 


) (way EgEy). (13) 


1. 


Yara’ = 2% q—q! (Wag tEgl 


be) 
Here v, is the Fourier component of (x), defined in 
the same way as in Eq. (1) 

On the other hand, 5’ describes the processes in 
which phonons are created or annihilated by the ion 
and contains terms such as a*, a, a*a*, and aa. If the 
terms are restricted to a* and a, the explicit form for 
K’ reads 
K’= NIV 2 yqLa,* exp(—iq-x)+a, exp(iq-x)], (14) 


qo 
where 7, is given by 
Y¥q=q(Eq wa). (15) 


In the following section and Appendix 2, it is shown 
that the contribution of 5’ to the ion mobility is 
negligibly small in the temperature range in which we 
are interested, and it may be expected that the contri- 
bution of terms such as a*a* and aa can be neglected 
as well. We refer to this point later on. 


AND K. 


AIZU 


As is seen in Eq. (12), 5C represents a process in 
which the ion with momentum k collides with the 
phonon of momentum q and is scattered to a state 
with momentum k+q—q’, while the phonon is scat- 
tered to a state with momentum q’. By applying the 
standard method of time-dependent perturbation 
theory, the transition probability for the process 
(k,Nq,Nq) = (k+q—q’, N.—1, Ny +1), where N, is 
the occupation number of a phonon of momentum 4q, is 
shown to be 


2b ee TR ae q(A q’ +16 €x twa €x+q q’—Wq’), (16) 


where ¢€, is the kinetic energy of the ion, i.e., 


e,=k?/2M,, (17) 


and 6 is the Dirac delta function representing the 
energy conservation. 
Similarly, the transition probabilities for emission 


and absorption of phonons are easily calculated by the 
use of Eq. (14) and are shown to be 


2eN Vy 2N 5 (€x4q— ke — 
for the process (k,V,) = (k+q, V,—1), 


2rNV Ve(N+1 6 €k—q— €k Wa 


for the process (k,V,) = (k—q, V,+1), respectively. 
3. ELEMENTARY KINETIC THEORY 


Before entering into the main problem of calculating 
the ion mobility based on the Boltzmann equation, we 
discuss the order of magnitude and the temperature 
dependence by applying elementary kinetic theory in 
order to select the most important process among the 
various ones contributing to the ion mobility. 

If we let the relaxation time of the ion be 7, elemen- 
tary kinetic theory yields the relation Ms=eEr for 
the ion drift velocity u, E being the strength of applied 
electric field and e the charge of the ion. Then the 
ion mobility 7 is expressed as 


p= (e/M;)r. 20) 


If we neglect the processes in which two phonons are 
emitted or absorbed, there are two processes in the 
present case which lead to two relaxation times: 7, for 
the scattering by phonons and 7,’ for the emission and 
absorption processes of phonons. Then the 
relaxation time 7 is given by 


over-all 


Rim #3 4 ) 
T ie +t. (21) 


The relaxation time or collision time for scattering 
processes can be estimated by a simple kinetic relation,! 
Ts (22) 

where , is the number density of phonons given by 
Ny = (2.4/2?) (RT /c)’; 


(23) 


k equals Boltzmann’s constant and T the absolute 
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temperature. Furthermore, v, is the average speed of 
the ion relative to the phonon and is given approxi- 
mately by 

(24) 


Up=C. 


Finally, o, is the average cross section for the ion- 
phonon scattering.. We calculate this cross section on 
the basis of the interaction Hamiltonian [Eq. (12) ]. 
As for the relaxation time 7,’, we identify it with the 
average lifetime due to emission and absorption 
processes given by the Hamiltonian [Eq. (14) ]. 

In calculating the cross section o, by the use of Eq. 
(16), we notice that since we are interested in excitations 
of long wavelength, the contribution of small q and q’ 
is most important. Therefore, from Eq. (13), neglecting 
higher order terms, we have 


Yaa? = 8 M*e*/qq', (25) 


where g=v. If we set the scattering length for the 
interaction between the ion and the background Bose 
particle to be a, g is given by®? 


g=2na/m, (26) 


with m the reduced mass defined by 


m= M+M;", 


(27) 


Under the above approximations, ¢, is calculated in 
the usual way. In the actual calculation, the relative 
velocity between ion and phonon is replaced by its 
average value given by Eq. (24). Furthermore, in 
evaluating the phase integral appearing in the expres- 
sion for oy, we note that the effective momenta of the 
ion and phonon contributing to ion-phonon scattering 
are small compared to M,c, so that the phonon mo- 
mentum does not change appreciably in the scattering 
process. In this way we find approximately 

op= 4a’. (28) 


Substituting Eqs. (23), (24 
we have 


), and (28) into Eq. (22), 


tp '= (4.8/r)a’c(kT/c)*. (29) 


Next we estimate the relaxation time 7,’ for emission 
and absorption processes. We calculate it as the mean 
lifetime of the ion by the use of Eqs. (18) and (19). 
After making appropriate average over ion and phonon 
states, we get 

pP ; ‘a ce , \ 
=—— | dkdk’dq fo(k)y,.°6(k—k’—q){ (1+”,) 
(27)’ 
X65 (€n— Wa — €x’) + 15 (€x+ Wq— €x’)}, (30) 


where fo(k) is the Boltzmann distribution function for 
ions in thermal equilibrium and is given by 


1 
fy(k) exp(—Ba| f e(—Bexrah’| . 


(31) 


TING 
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with 8=(kT)— and ng, the distribution function for 
phonons in thermal equilibrium, i.e., 


Nq4=[Lexp(8w,)—1}°, (32) 


w, being given by Eq. (8). 
If we assume that kT7<Mjc?/2, we find approximately 


Tp = 33.6(2mr)'pa’c(M,/M)*(BMc?)-“3 


Xexp(—B8M,c?/2). (33) 


It should be noted that emission and absorption 
processes in Eq. (30) give rise to the same contribution 
because we assume thermal equilibrium for the phonon 
distribution. Also note that Eq. (33) contains a thresh- 
old factor exp(—@8M,c?/2) which arises from the 
conservation of energy and momentum in emission and 
absorption processes. Physically, the appearance of 
this factor is due to the fact that an ion moving with 
the velocity less than ¢ can absorb but cannot emit a 
phonon. In the two-phonon processes (neglected up to 
this point), it is shown that there is the same critical 
velocity for the ion, so that the inverse of the lifetime 
is expected to decrease exponentially as the temperature 
is lowered. 

If we take the ratio of (33) to (29) and evaluate 
it, for example, at T=0.5°K, we find 7,’1/7,71=4 
X10-"(M;/M). This shows that one can completely 
neglect the emission and absorption processes. We 
obtain the same conclusion in Appendix 2 by using the 
Boltzmann equation. 


4. BOLTZMANN EQUATION AND ITS SOLUTION 


In the previous section we discussed the ion mobility 
by applying simple kinetic theory. In this section we 
derive the Boltzmann equation describing the motion 
of the ion and solve it by means of a variation principle. 

If we assume that the electric field E is applied along 
the x axis, the Boltzmann equation for the distribution 
function of the ion, f(k,t), takes the form: 


of 
(- ) : 
Ot F con 


where (0f/0)cou is the change of distribution function 
due to collisions. Based on the expressions for the 
transition probabilities derived in Sec. 2, (0f/0t)con is 
easily. calculated in the same way as in the theory of 
electron conduction in metals.’* Since emission and 
absorption processes of phonons can be neglected as we 
showed in Sec. 3, if we assume that the ion obeys 
Boltzmann statistics and that the phonons are in a 
thermal equilibrium, we have from Eq. (16): 


ccs (34) 
dk. 


of 2r ary ; 
(—) v2 D ¥a.q'2{ (tq t+1)nq f(k+q—q’) 
coll 


al V2 qa’ 


— Mg (Iq +1) f(K)}5 (ex twg— €x+q—q’—@q’), (35) 


18 See for example, A. H. Wilson, The Theory of Metals (Cam- 
bridge University Press, New York, 1953), 2nd ed., p. 251. 
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is the distribution function of the phonons 
given by Eq. (32). 

For a steady state we have 0/f/dt=0 in Eq. (34) and 
E is sufficiently small, we can put 


where 1, 


if we assume that 


I 7 =J k)—S8eEM, kic(ex) fo(k), (36) 
and retain the terms of the order of & in Eq. (34). 
Here fy(k) is the Boltzmann distribution function 
given by Eq. (31). If we replace the summation over q 
and q’ by an integral, then by a straightforward 
calculation the integral equation for c(€,) is shown to be 

L(c)=k, 37) 


where £(c) is an integral operator defined by 


Yq 1 Ng Ng +1 \{(k-+q:—9 


€x 46 €k T Wa Ex+g 


On the other hand, the ion mobility u is easily shown 


¢ 


to be 


(39) 


st €x) (k)dk. 


In order to solve let us apply 
the variation principle which been used to solve 
f transport phenomena. For the present 


nis pring iple is stated as follows. Let 7 and g 


the integral Eq. (37) 
h has 
problems ol 
problem 
be any two functions and let 


— Dex f (ex) 2(g)dk. (40) 


such as to make the 
the subsidiary 


$/) 1S 


Then the solution of Ea. 


integral maximum, under 


ff a 


( ondition 


exp(—Bex) f(ex)dk. (41) 


1 


To prove the principle, 
the relations (f,g g,f 
given in 


it is necessary to establish 
and 

relations is Appendix 1. 
relations are established, the variation principle is 
proved as in the theory of metals and the details are 


f,f)20. The proof of 


these Once these 


not given here. 

In the theory of metals, it is known that the choice of 
a constant trial function gives a good approximation in 
the whole range of temperatures and that correction 
terms are small. We may expect the same situation in 
the present case and anticipate that the variation with 
constant trial function yields the dominant contribution 
We in Appendix 1 that the 


to the mobility show 


AND 
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correction terms are really small at low-temperature 
limits. 
If we set the trial function f(€,) as 


f (€x) const (42) 


then from Eq. (41) the best choice for 7 is shown to be 


tT !=dyo fw exp(— Bex dk . (43) 


where doo is given [see Eq. (A1) in Appendix 1] by 


dyo=(6(2r)* | f akigia’ exp (— Bex) ¥q.q/7Mq(Mq +1) 


X (q—q’)5(extwg—exig—o 


Substitution of Eq. (42) into Eq. (39) leads to the result 

that the ion mobility is given by exactly the same 

equation as Eq. (20). In other words, the best constant 

trial function is the relaxation time with the negative 

sign, as we have taken in Eq. (42 
If we further assume that 


T\€x is expressed as a 
power series of ex, i.e., f(em)= do nex’ 


then the vari- 
ation principle leads to an infinite set of linear equations 
for the c, 
by introducing the determinants whose elements are 


’s and we can formally solve these equations 


given by 


dya= (€x",€x° ~ fie — f 
and 
a, -fazep — DE, e, "dk 


Substitution of the 
expression in which the mobility is given by a 
infinite determinants. This ratio is further 
with the aid of the theorem on determ 
we havel4 


solution in E 39) yields an 
ratio of 
simplified 
j 


nants and 


finally 


eo the 
(Qe)IM 721d 


is mXn determinant of which 
-, n—1) is given by d,o, d 


where D'’ 
(e=@. i, 

D,'"- is the determinant formed by rep! 
row (or column) of D'"” by ao, a1, 


The calculation of a, is quite easy, 


where I(x) is the usual gamma function. On the other 
hand, the actual calculation of d,, is rather complicated 
so that the details are given in Appendix 1, and we 
mention only the results in the following 


‘ Details of variation principle and derivation of 


given in reference 13, p. 300 
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By using Eqs. (8), (25), and (44), we have 


doo= (4/45)v2r'g?M2M 38-8 2-4, (49) 


in the low-temperature limit (8 — ). It is seen that 
terms [D.'°"") P/M" D™ in Eq. (47) are of higher 
orders than the first term a?/do9 at low temperatures 
and thus can be neglected. This shows that the variation 
with constant trial function yields the correct temper- 
ature dependence of the ion mobility. 

From Eqs. (47)—(49), u is calculated to be 


w= (45/2mr)eg “ptt M-, 
in the low-temperature limit. 


5. DISCUSSION 


We discuss in this section the comparison of the 
results obtained in the previous section with those 
obtained by elementary arguments in Sec. 3. Also we 
compare our results with the experimental data in liquid 
helium and with the Khalatnikov and Zharkov’® theory. 

First, we discuss the temperature dependence of the 
ion mobility. In the low-temperature limit where 
phonon excitations are expected to be important, the 
simple theory predicts a T-* dependence [Eq. (29) ], 
whereas the Boltzmann equation yields a T~* depend- 
ence [Eq. (50) ]. The latter temperature dependence 
may be understood in a simple way as in the case of the 
low-temperature behavior of electrical conductivity in 
metals,'® which is proportional to 7—*. Since the average 
momentum & of the ion is much larger than the average 
momentum gq of the phonon at low temperatures, i.e., 


(q k)? (BM c*) 3! (51) 
the momentum transfer Ak of the ion in the scattering 
process is much smaller than &. Therefore, the effective 


CTOSS Se¢ tion is given by 


oop (AR/ k)*c, (52) 
since (1—cos@) is the measure of the loss of forward 
momentum in a collision with scattering angle ¢, and 
this can be approximated by ¢*/2 because ¢ is very 
small (@~Ak/k~q/k). 

From Eqs. (51) and (52) it follows that the combined 
effect of the 7* temperature dependence of the number 
of phonons and the T dependence of the scattering 
angle factor makes the mobility proportional] to T 
Thus we can see that simple kinetic theory is not 
applicable to ion-phonon scattering processes at low 
temperatures, unless the effective reduction of the cross 
section due to the small scattering angle is taken into 
account. On the other hand, the experiment by Meyer 
and Reif! shows that at low temperatures (7<0.6°K) 
the temperature dependence is 7~*, where k 
for a positive ion and k=2.4+0.4 for a negative ion. 


3.3+0.3 


see, tor example, c.. Kittel, Introduction to Solid-State Physics 
John Wiley & Sons, Inc., New York, 1956), 2nd ed., p. 588. 


INTERACTING 


BOSE PARTICLES 15 
Therefore, as far as the agreement with experimental 
results is concerned, simple kinetic theory is more 
favorable than the Boltzmann equation approach. 
However, it noted that these indices are 
determined only in the temperature interval between 
0.5°K and 0.6°K, and hence it seems that a decisive 
conclusion cannot be drawn from the experimental 
data available at present. Considering these facts, we 


should be 


may say that our theory reproduces the experimental 
temperature dependence and that the assumed effective 
Hamiltonian, Eq. (12), is not in contradiction with 
experiment. 

In connection with this point, we should mention 
that the theory by Khalatnikov and Zharkov’® predicts 
a T~* dependence. This is because they derive the 
interaction Hamiltonian from quantum hydrodynamics 
and the ion-phonon scattering cross section is propor- 
tional to k®g*, whereas in our case it is constant. Since 
the temperature dependence of the ion mobility is 
determined mainly by the assumed form of cross 
their Hamiltonian is in contra- 
diction with experiment. 


section, interaction 

Next we consider the absolute magnitude of the ion 
mobility. Since the absolute values of the mobility 
cannot be measured quite accurately! and since our 
theory is based on the dilute-gas model of liquid 
helium, the following arguments are of semiquantitative 
nature. However, we hope to draw some conclusions 
about the interaction between the ion and phonons 
present in liquid helium. 

If we assume!’ that M;>M, the reduced mass m is 
M in Eq. (26), so that the only unknown 
(50) is a, the scattering length 
a helium atom in the liquid. 


given by m 
parameter in Eq. 
between the ion and 
Namely, we have 


u=45 (53) 


If we assume that the ion is singly ionized, then from 
the observed values of uw and c, the parameter a is 
calculated. In fact, if we substitute the experimental 
value for a positive ion, 4=6.2X 10% cm? sec™! volt at 
T=0.5°K, taken from Fig. 1 in reference 1, we get 
a=2.8X10-° cm, which is a reasonable magnitude for 
the scattering length. 

So far we have been interested mainly in the phonon 
excitations, but a similar calculation may be extended 
formally to the roton excitations. However, in this case 
some difficulties arise which do not exist in the case of 
excitations. In the first place, the quantity 
Vg-q’ in Eq. (13) may not be replaced by a constant 
as we have done in this paper, since q—q’ is not 
necessarily small in the ion-roton scattering processes. 
Second, it is not quite certain whether the Bogoliubov 
transformation can yield the energy spectrum of-the 
roton excitations. 

We have calculated the ion mobility based on the 
Bogoliubov Hamiltonian given by Eq. (2), but there 
may arise some question regarding the use of this 


phonon 
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Hamiltonian. For example, as Wentzel” has shown, 
if one improves it by including some higher order 
terms, the excitation energy spectrum is no longer of 
phonon type but exhibits a gap above the ground state. 
Therefore, one might conjecture that the Bogoliubov 
Hamiltonian fails to account for the phonon spectrum 
of actual liquid helium, though the final answer to this 
question needs further investigation. However, one 
may look ion-phonon scattering processes 
from a more realistic point of view, using Feynman’s" 
wave function in configuration space. Then one can 
the same result is obtained for the 
as is yielded by the Bogoliubov Hamil- 
Details are discussed in Appendix 3.) 


into the 


see that esse ntially 
ion mobility 
tonian. 

In this paper we have been concerned mainly with 
the ion in a system of Bose particles, but the ion 
mobility in a Fermi system at low temperatures is 
likewise of considerable interest, since it would yield 
information aboyt the low-lying excited states in a 
Fermi liquid.’ If we adopt a simple model of free 
Fermi particles interacting with an ion, the Boltzmann 
up and solved in exactly the same 
way as we have done in this paper, and it turns out 
that ion mobility at low temperatures is given by 


equation can be set 


3°/22°M r°M ?, , (54) 


the mass of Fermi particle and g is given 
h M, the mass of Bose particle, re- 

p. If we assume that M;>M,, and that 
is the same in both systems, 


M Bb a 


stands for the ion 
mobility in a system of Bose particles. At T=0.5°K 
his ratio takes a value 1.810~-5, if we assume M, 
10M; so the ion mobility in liquid He’ is expected 
to be extremely small compared to that in liquid Het. 
Furthermore, the temperature dependence is given by 
upc r whereas in the Bose system, up T-* at low 
temperatures. At present experimental data in liquid 
He® are not available so that our theory cannot be 
compared with results. The problems 
with the roton excitations and the Fermi 


be discussed in 


low temperatures, where MB 


+ 


experimental 
nn 


connected 


another occasion. 


system will 
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APPENDIX 1. SYMMETRY OF (f,g) AND 
CALCULATION OF d,, 


From the defining equation for (/,g), 
by the use of Eq. (38), we have 


Eq. (40), and 


(f,g)=(2(2r)*] f akdada exp(—Bex)¥q.9" 


XK tq (tq +1) (k2+9q2— G2’) f (€n+q-a’) 


—kif(ex)}{(k2+9q2- Qz )&\€x+q—q 


— kig(ex)}5(ex TWq— €k+q—q’ — Wa ). (Al) 


This equation clearly shows that 
(f,f)20. 

Using Eqs. (8) and (25), introducing a new integral 
variable k’=k+q—q’ instead of q’ in Eq. (A1), and 


integrating over the angular parts of q, we have 


gure °’ F (k,k’) 
(fg)=— f caan’ , {h,! f(€x 
k—k’ 


2(2Qar)4 ” 


g,f) and 


—kzf(ex)} {Re g (ex \—kg(ex)}. (A2) 


Here the prime on the integral sign means that the 
integration should be extended over the region | €x— €x’ | 


<c|k—k’], and F(k,k’) is given by 
F(kk’) 


x exp(— Bex +8cq) 
f dq 2 ; 
l (e®ea— 1) {exp 8 (ex— ex) +8cq 


where 


7 (A3) 
—1)} 


k—k’ €« €x 
b.(k,k’) = + (A4) 


? 


If we introduce a new integration variable x= exp(8cq 
in Eq. (A3), the integration can be carried out exactly, 
and we find 


(Bc) 1 
F(k,k’)=———_ 


exp (Bex) —exp (Bex) 


/1—exp[_—8cb,(k,k’) 
xIn( : 
1—exp[ —8cb_(k,k’) 


At the low-temperature limit, it may be expected 

that the terms exp[ — cb, (k,k’) ] are small, so that one 
can expand the logarithmic function in powers of these 
terms and retain only the lowest order terms. Thus 
we have the following approximate integral kernel: 
F (k,k’) = (8c) exp —38c|k—k’| —48(ext+e-)]. (A6) 
It turns out that this approximation gives the correct 
temperature dependence, 
constant. 


except for the numerical 
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If we put f=g=1 in Eq. (A2), and introduce new 
variables x and y defined by k—k’=x, (k+k’)/2=y, 


we have by the use of Eq. (A6), 


gM?M 7c" ¢’ ax ax’ ay 
= f exp/ _ a 
9674 2 8 2 


the prime on the integral sign means |x- y] <x 
and a is defined as 


doy xdxdy, (A7) 


where 
= |x|, 


a=M xB. (A8) 


The 


, ax Ge 1 
f = 16x? f exp(— = )soasl f dy y" 
0 2 8 0 
ay” “ ay” 
Xexp{ — — +f dyy exp( ——FJ;. 
2 2/) 


> ©), the second term 


integral in Eq. (A7) is easily shown to be 


(A9) 


In the low-temperature limit (a 
in the curly brackets vanishes as exp(—a/2) and can 
be neglected as compared to the first term. On the 
other hand, in calculating the first term it is permissible 
to extend the upper limit of integration to ©, without 
any appreciable error. Thus in the limit a— », we have 


dop=8V2¢2M2M j1c7x tq“ "2, (A10) 


If we use the exact form of the integral kerne} given 
by Eq. (AS), it is easily shown that we should multiply 
Eq. (A10) by 2*/90 (=1+274+3-4+----), and we get 
Eq. (49) in the text, by using Eq. (A8). 

A similar situation exists in calculating all other d,,. 
One can first use the approximate kernel and obtain 
the correct temperature dependence. Then if one 
calculates d,, based on the exact form of the integral 
kernel, one should multiply the results by 24/90 as in 
the case of doo. In this way, we have in the low-temper- 
ature limit 

d,,=AB (A11) 
where 
(A12 


(A13) 


(8/45)v2a?g2M2M §c43-8/2, 
§-5= {1+2 (r+s)+4rs}T (r+5+3). 
On the other hand, from Eq. (48) a, can be written as 


a; Bg "Or (A14) 
where 


(A15) 
(A16) 


= — (2x/3)(2M,)§6-, 
6-- I'(r+3). 
From Eqs. (A11), (A13), (A14), and (A16), we have 


[Da n—1) i B? 6,2 CAs“ 1) P 
= ( + 2 ) . (A17) 
4 000 Al@—-DAM™ 


gy I) DH” 
where A‘ is a determinant formed by replacing d,, of 
D™ by 6,,, and A;‘"-» is a determinant formed by 


ay 
doo 
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replacing the last row (or column) of A™ by 60, 44, 
*, Ones 
One can easily see 
therefore in the low-temperature limit, only 
term 697/609 contributes to the mobility. If one calculates 
d,s, more accurately, it is seen that [ A," P/A%A” is of 
the order of @-? and can be neglected at large p. 


that A,‘ QO (n22), and 


the first 
] 


APPENDIX 2. CONTRIBUTION OF 3’ 


If we take account of the process in which the ion 
emits or absorbs phonons, it is easily seen that the only 
change in the Boltzmann equation is adding a new 
integral operator £’(c) to the left-hand side of Eq. (37). 
This operator is found to be 


p € ' rc ® 
rate dq ¥o7{ (mq +1) (Ra— gz)c(€x—q) 
(2)? 


—ku (€,) 16 (€, qm €k TW) Nal (k 


cg! (c) 


L«.)\c( ) 
Jz)C\€k+q 


—k.cle 6 (€x4q— €k—Wq)}. (A18) 


If one deals with the sum L(c)+ L’(c) instead of the 
operator £L(c), the variation principle can be proved 
exactly in the same way as we have done in the text, 
and it turns out that d,, should be replaced by d,,+d,,’, 
where d,,’ is given by replacing £ by £’ in Eq. (45). 


] 


3y a straightforward calculation, doo’ is shown to be 


16¢°M 2 pe , oa 
3M c'B' sinhx 


The asymptotic expansion of the integral 


(A19) 


’ 
2a)dx. 


al large a 


yields the following equation for d 


256CM 2¢°pM _ (A20) 


” exp 


constant given by 


"is a numerical 


1 


where (¢ 


If we assume M=M,, substitution of numerical values 
for liquid helium in Eqs. (49) and (A20) leads to 
doo’ /d 8.4X10-", at T=0.5°K, and therefore the 
contribution of 3’ can be compl tt ly neglected. It is 
easily proved that d,,’ (r, s=0, 1, vanishes as 


) 


exp(—a/2) at low temperatures and is negligible as 


compared to d,s. 


APPENDIX 3. USE OF FEYNMAN’S 
WAVE FUNCTION 
According to Feynman," the wave function ¢, of the 
first excited state with momentum q is written as 
[N.S (q) }-46(x1,X2,° + Xv) 


q(X1,X2,* ** Xn) 


xX> exp(iq:x;), (A21) 


where @ is the wave function of ground state, S(q) is 
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the structure factor of liquid helium at absolute zero, 


and the sum is taken over all helium atoms. The wave 


functions given by Eq. (A21) form an orthonormal set, 


1.e., 
fi 1* eq dx,dX2° »-dXy = 54,9’: 


The excitation energy spectrum corresponding to ¢q is 
given by 


wg = E,/S(q). (A22) 


The interaction Hamiltonian between the ion and 
the helium atoms is given in configuration space by 
Hin=D i 


X—xX;). (A23) 


One can now calculate the matrix element of Hjnt 


corresponding to the collision (k,q) =< (k’,q’), k, k’ 
being the momenta of the ion, q, q’ those of the phonon. 
Namely, we have 


(k’q’) Hin. kq)=V few —ik’-x+ik-x 
X oq'* A int 


¢qdXxdx\dx2---dxy. (A24) 


Let us here introduce a set of distribution functions 


defined by 
p= V f oaxadx -++dXy, 


p2\X1,Xe)= V( V-1 fe dx -++dXy, 


(A25) 


(A26) 


p3(X1,X2,X V(V-1 V=2) f didn --dey, (A27) 


If one writes p2(X),X2)=p?g(x;—X»), the function g is 


the radial distribution function, and S(q) is given by 


AND K. 


AIZU 


S(q)=1 tof g(x) exp(—iq-x)dx. (A28) 


Now from Eqs. (A21), (A23), apd 
v(x) in terms of Fourier series, i.e., 


\24 


), if we expand 


v(x)=V— > v4 exp(iq-x), 


then after carrying out the integration over the coordi- 
nates of the ion, we have 


(k’q’ Hint! kq)=V—{S(q)S(q’)} 


Xe 0f6(a+k—a/—k)LS(q—<a") 


+e f g(x) exp(iq’-x)dx+ of « x) exp(—iq-x)dx | 


1 
f exp(-itk’-h)-« +iq:X.—iq’-x 


X p3(X1,X2,X 


dX\dX2dx 
If we use the approximation! 


p3(X1,X2,X 
we have 


(k’q’| Hint! kq) = V- ve { S(q)S(q’)} 
X5(q+k—q’—k’){S(q—q’)+5(q)S(q’)—1} 


Since we are interested in the excitation of small q, q’, 


we can approximate this as 
(k’q’ Aint kq) 

= — V~vof S(q)S(q’)}~45(q+k—q’—k’ 

If one compares Eq. (A32) with the corresponding 

matrix element derived from Eqs. (12) and (13), 

may easily see that Eq. (A32) is two times the previous 

one. However, the dependence on q 


A32 


one 


and q’ is the same, 
so that no <« hange occurs in the te mperature de pe ndence 
of the ion mobility at low temperatures. 
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Among the unexplained properties of the slow pinch discharge observed 


in Zeta, Sceptre, and other ex 


periments is the gross magnetohydrodynamic stability of the discharge. Since the pinch of the magnetic 
lines of force is approximately constant within the main core of these discharges, the energy principle is 


applied to such a configuration. The stability condition for interchange modes is dp/dr> 
and, for kink modes, dp/dr should be greater than an undetermined positive quantity. Comparison with 


2y pBe?/r(B2+yp) 


experimental results suggests that interchange instabilities are occurring and limiting the negative pressure 
gradient to the above value, whereas the kink modes can be occurring with, at most, only small amplitude. 
Possible reasons are given to explain why the kink instability is not observed. 


1. INTRODUCTION 


N the toroidal discharge experiments Zeta' and 

Sceptre,? which use low electric fields, a type of 
pinch discharge is produced which persists in an 
approximately steady state for as long as the electric 
field is applied, i.e., for milliseconds. Similar discharges 
have been observed in other toroidal discharge tubes* 
and also in straight tubes.° In the Perhapsatron, where 
a considerably higher electric field is applied, the initial 
magnetic field configuration with skin currents can be 
seen to degenerate fairly rapidly to the slow-discharge 
configuration.®:7 These discharges have been extensively 
studied over the past few years and it is possible to 
tabulate many of their characteristic properties. This 
is done below in Sec. 2. 

Several of the properties of these discharges are 
unusual and have not been explained theoretically. 
The most notable of these are the gross magnetohydro- 
dynamic stability of the discharge, the large flux of 
electrons traversing the magnetic field and reaching 
the wall, the high positive-ion temperatures, and the 
nuclear reactions. This paper is concerned with the 

* This work was carried out under 
Atomic Energy Research 
thermonuclear reactions 

ft On leave of from Associated Electrical Industries 
Research Laboratory, Aldermaston, Berkshire, United Kingdom 
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Nations, Geneva, 1958), Vol. 32, p. 42. 
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§G. G. Dolgov-Saveliev, D. P. Ivanov, V. S. Mukhovatov, 
K. A. Razumova, V. S. Strelkov, M. N. Shepelyev, and N. A 
Yavlinsky, reference 1, Vol. 32, p. 82. 

*C. Etievant, P. Ginot, P. Hubert, P. Rebut, B. Taquet, and 
\. Torossian, Proceedings of the Fourth International Conference 
m Ionization Phenomena in Gases, Uppsala, Sweden, 1959 (North 
Holland Publishing Company, Amsterdam, 1960), p. 967. 

5T. N. Golovin, D. P. Ivanov, V. D. Kirillov, D. P. Petrov, 
K. A. Razumova, and N, A. Yavlinsky, reference 1, Vol. 32, p. 72. 

6 J. Honsaker, H. Karr, J. Osher, J. A. Phillips, and J. L. Tuck, 
Nature 181, 231 (1958). 

7J. P. Connor, D. C. Hagerman, J. 


Texas 


controlled 


a joint General Atomic 


Foundation program on 


absence 


, L. Honsaker, H. J. Karr, ’ 
J. R. Mize, J. E. Osher, J. A. Phillips, and E. J. Stovall, reference 
1, Vol. 32, p. 297. 


19 


gross stability of the discharge. Subsequent papers 
will deal with other aspects of the discharge. 

One of the experimental properties of these dis- 
charges is that within the main core of the discharge 
the magnetic field has approximately the same pitch 
at all radi Sec. 2). The well-known magneto- 
hydrodynamic energy principle* is therefore applied to 
a discharge with a constant-pitch magnetic field (B). 
Markedly different stability criteria are obtained de- 
pending on whether or not the pitch of the instability 
modes coincides with the pitch of B. The modes which 
have the'same pitch as B are “interchange” insta- 
bilities, since any particular line of force, with the 
plasma frozen to it, will undergo the same relative 
displacement at all the points along its length. In this 
way each line of force will accurately match the line 


(see 


it has displaced and, although B may change in magni- 
tude at any point in space, it will not change direction. 
When the discharge has a constant pitch magnetic 
field at all radii, the interchange instability can extend 
throughout the whole discharge. On the other hand, 
the instability modes which do not have the same pitch 
as B bend the lines of force. For brevity these modes 
will referred to as “kink” instabilities, following 
Johnson et al.® (It should be noted that the term “kink” 
as used here includes modes with all values of m and 
not just m= 1.) 

It is not surprising that different stability criteria 
are obtained for the two cases. What is at first sur- 
prising is that the stability condition is much less 
severe for the interchange modes than the kink modes. 
Whereas a substantial negative pressure gradient can 
built up before the interchange modes become 
unstable, the kink modes require a positive pressure 
gradient. The comparison between theory and experi- 
ment Sec. the interchange 
modes can be occurring in practice. 


be 


be 


in 4 suggests that only 
The outer region of the discharge, which has a varying 
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magnetic pitch, will not be considered. It is worth 
noting, however, that the positive pressure gradients 
observed for most of this region are of the right order 
of magnitude to satisfy the sufficient stability criterion” 
dp/dr>2Be2/3r. 


2. MAIN EXPERIMENTAL PROPERTIES OF THE 
SLOW PINCH DISCHARGE 


The following results refer in general to discharges 
for which the initial value of the axial field B, (i.e., the 
component parallel to the discharge tube) are in the 
approximate range from about a quarter to unity times 
the maximum value of By generated at the tube wall. 
Above this range little pinch effect occurs and with B, 
much below this range the discharge is grossly unstable.' 


a. Magnetic Field Configuration 


The axial magnetic field B, is enhanced in the dis- 
charge and its radial profile exhibits a characteristic 
bell shape with a maximum at the center of the 
discharge. (Since the enhancement persists for such 
times with little change, it cannot be due to 
trapping of the field in the initial discharge constriction, 
and it is not explained by the paramagnetic effect of 
the anisotropic conductivity.') component Ba, 
when converted to axial current density, shows that 
jz is a maximum at the center of the discharge and falls 
Ata 
dBs 


7 
| 


is radius 


lan 
long 


‘he 


off slowly with radius. radius which is often 


about half the tube radius, 
jz is much smaller beyond t 
often still large. 

Over the center of tl 


dr changes sign, and 


although jg is 


e discharge the pitch of the 
magnetic lines of force is approximately constant" or 
varies only slowly with radius (see the published field 
profiles for Zeta,' Perhapsatron S4,’ and TA 20004), 
but near the walls B, falls too rapidly with radius to 
maintain this condition (and sometimes goes negative), 
so that the pitch decreases appreciably in this region. 
Among the slow pinch discharges, only in the case of 
Sceptre III has the plasma pressure deduced from the 
magnetic probes measurements been published." The 
is a maximum in the center of the discharge 
and falls off with radius throughout the main core of 
the discharge. At approximately half the tube radius 
the pressure passes through a minimum and then rises 
towards the walls. A somewhat similar pressure profile 
was obtained for the faster discharge in Perhapsatron 
S4, except that the central maximum has a dip in it.” 


pressure 


b. Discharge Stability 


With zero or low applied axial magnetic fields, the 
slow pinch discharge exhibits violent kink instability 
and large magnetic field fluctuations. Within the 

E. W 
r/M 161, ) 

N. L en and ile reference 4, p 


Laing, Atomic Energy Research Establishment Report 
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magnetic field range considered here this large ampli 
tude kink instability no longer occurs.'* However, 
smaller magnetic field fluctuations remain 
amplitude is usually in the range 10 to 20% of the 
unperturbed field'! and whose mean frequency is 
usually in the range 10* to 10° cps. On streak photo- 
graphs light intensity variations are observed which 
sometimes helical patterns® and sometimes 
‘bars,’ these variations being correlated with the field 
fluctuations.” The fluctuations in the central core of 
the discharge have a wave velocity antiparallel to the 
axial current,!* whereas those in the outer regions have 
a different character and 
direction." 


whose 


show 


move in the opposite 


c. Particle Temperature 


The electron temperatures are in the range 7X 10 
to 510° °K. Values in this range have been obtained 
from the electrical conductivity’ and also by a fairly 
accurate spectroscopic On the other 
hand, the 
Doppler broadening of impurity ion spectral lines!” is 
due to thermal the positive-ion 
temperatures may be in the range 10° to 5X 10® °K. 


measurement.*” 


evidence is growing that the observed 


motion,” so that 


d. Electron Energy Loss 


Most of the ene rgy givel to the electrons by Ohmi 
’ Since it has been shown 
with Zeta that radiation is not sufficient to explain this 


loss,!® the energy must be carried to the walls by the 


heating is lost to the walls. 


electrons themselves. Large wall currents of low-energy 


electrons have been detected. Similar considerations 


apply to the beginning of the pulse in the faster dis- 


charges produced in ceramic tubes,!’ but the rapid 
vaporization of the tube walls raises the impurity level 


so that radiation soon becomes the main energy loss.’ 


e. Nuclear Reactions 


For currents of the order 10° amps and above in 
deuterium, nuclear reactions occur at rates up to about 


5X 10° per pulse.'?:?7 The centers of mass of the reacting 
particles have a mean velocity parallel to the current 
in the z direction in the range 4X 10’ to 6X 107 cm se 
(See Rose et al.,!° Jones et al.,2° and Conner et al.) 


2A. A. Ware, reference 4, I 931 
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3. MAGNETOHYDRODYNAMIC STABILITY OF A 
DISCHARGE WITH CONSTANT PITCH 
MAGNETIC FIELD 


In this section the energy principle will be applied 
to a cylindrical discharge whose magnetic field is 
assumed to have a constant pitch at all radii, namely, 


3/B,)= (2ar/dp) 


(1/B,)(dB./dr) = (r/ Be) (d/dr)(Bo/r), (1) 
where Ag is the constant pitch. Small normal mode 
displacements of the plasma of the form 


E(r) expli(w!— mO—kz) | 


are considered, and it is necessary to divide the modes 
into two classes depending on whether or not their 
crests (and troughs) are parallel to the magnetic field. 
The modes whose crests are parallel to the field, the 
interchange modes, are those which satisfy 

mBe+krB,=0, (2) 


and the kink modes are those for which Eq. (2) becomes 
an inequality. 

The energy principle* is derived from Maxwell’s 
equations, the continuity equation and the commonly 
used magnetohydrodynamic approximations: 

nM (dV/di)=jXB—Vp, 
E+VXB=0 
(1/p)(dp/dt) = (y 


b] 
n)(dn/dt), 


where 7 is the particle density, M the positive ion mass, 
V the plasma velocity, p the plasma pressure, j the 
current density, E the electric field, and y is the ratio 
of the specific heats. Rationalized electromagnetic 
units are used. (The simplifying assumptions associated 
with these equations are considered in Sec. 4.c.) 


a. Interchange Modes 
When the relation (2) is satisfied, the change in the 
potential energy of a cylindrical discharge caused by 
the displacement & reduces to the form given by 


Tayler”! 


0” HT 
bu | i [Be + Be T 7 p | Vv: é 2 


) 
d {Bs 4Be 
22 ( ) |e “Evel. 
dr\ r r 


When this integral is minimized with respect to & and 
£., the most unstable modes are found to satisfy 


(B°+yp)V-&=2(Be/r)é,, (7) 


1 R. J. Tayler, Atomic Energy Research Establishment Report 
1, 103, 1959 (unpublished). 


FINCH DISCHARGE 


and the energy increment becomes 


/ d s Be 
f - Bs ( ) . 
0 | dr rT 


The condition for stability is thus 


d Bo — 2B 
In : 
dr r r( B°+yp) 
This relation has been given previously by Tayler,”! 
and for the particular case where B,=0 and m=0 by 


Kadomtsev,”* who points out the convective character 
of the interchange modes. 


6W 


(9a) 


With the aid of Eq. (1), the initial equilibrium con- 
dition }X B= Vp can be written in the form 


7 > » 


ad Bs 2Be 1 dp 
in ) : — . 
dr r r B B? dr 


so that an alternative form of 


Eq. (9a) is 


— (dp dr) [27 pBe (9b) 


Since all the quantities on the right-hand side of (9b) 
are positive, it follows that in addition to all positive 
pressure gradients, negative pressure gradients up to 
this magnitude stable 
instabilities. 


r(B’+yp) |. 


are against interchange 

In the case of the plasma configuration for marginal 
stability which is given by the equality in Eqs. (9), a 
small displacement of the plasma produces no change 
in the magnetic field. Thus, by taking the curl of 
Eq. (4) and using the appropriate Maxwell equation, 
it follows that the change in B, namely 6B, is given by 
5B=VX (EXB), (11) 


so that to first order 


b6Bg 


(13) 


5B, is zero, and from Eqs. (7), (9a), and (1) it is seen 
that the right-hand sides of (12) and (13) are also zero. 
\ further property of displacements at 
stability is that 6p is zero. 

For configurations away from marginal stability it 
can be shown that 6B is small compared with £,(dB/dr) 
provided w/w;<<1, where w;. is the ion cyclotron 
frequency. (The condition w/a;< 


marginal 


1 is already a neces- 
sary condition for the validity of the energy principle.) 
Hence in discharges whose pressure gradients exceed 
that given by Eq. (9b) by only a small amount, the 


2B. B 
1096 


Kadomtsev, J Exptl 


(1959) 


Theoret. Phys. (U.S.S.R.) 37, 





interchange instabilities will produce only small fluctu- 
ations in B. The second-order effect of these interchange 
modes is to reduce the pressure gradient and hence to 
self-stabilize the discharge at the pressure gradient 
given by Eq. (9b). 


b. Kink Modes 


For the purposes of this paper it will be sufficient 
to consider those kink modes whose crests and troughs 
make only a small angle with the magnetic field. 
Therefore modes are considered with wave numbers 
m and (ko+é6k) where m and kp satisfy Eq. (2). For 
such an instability, the terms in the energy integral 
involving the quantity (mB,s+krB-.) no longer vanish, 
and the condition for the integral to be a minimum is 
the more usual condition V-&=0. In this case the 
integral reduces to 


mBs > 2Bgd(rBs) 
SW f i LEB 
r- dr 


bs " m 
Be 
or 
Oir\* ,mBg 
af ( 
Or r 


example Newcomb 


/ (n+) (14) 


) or expanding in terms of 


(mBg r—k)B 2Bzs d(rBs) 


(15) 


+Ak+Adk+--- 


where the coefficients A;, Ao, etc., are functions of m, 
ko, B,, &,, and (dé, 
For small 6% only the first term A,6k need be con- 


sidered, and the condition for stability is 


Or). 


(mBsg r—ky)B 2By d(rBg A 6k 


me +ker ; dr 
or using the relations (2) and (10), 


(dp dr) = — (rB°A ,6k 2Beé,), (16) 


(dp/dr) 2d’, (17) 
where \°= 1rB?A,6k/2B§?|, since in general A, will 
not be zero and the sign of 6k can be chosen so that the 
quantity on the right-hand side of (16) is positive. (In 


%W. A. Newcomb, Ann. Phys. 10, 232 (1960). 
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fact the sign of 5k required is negative; i.e., 
modes with wavelength longer than the interchange 
modes are the more unstable.) Hence for stability 
against the modes which are at a small angle to B the 


actual 


pressure gradient must be greater than this small 
positive quantity \*. For a given pressure gradient, 
instability will increase with [6k until the higher 
order terms become important, when IV will probably 
go through a minimum. For the purpose of this paper, 
however, it is not necessary to find the most unstable 
kink mode. 
For these 
sufficiently close to that for marginal stability so that 
w/we<<1, then the plasma displacement will satisfy 
approximately V-&=0 and the changes in By and B 
will be approximately &,(dB./dr) and £,r(d/dr)(Boe/r) 
A simple physical picture may help to explain why 
a small change in the angle of the instability mode with 
respect to B should make such a marked change in the 
stability condition. Consider a discharge with a negative 
pressure gradient given by the equality in Eq. (9b). A 
troughs and crests 


modes if the plasma configuration is 


normal mode displacement with 
parallel to the magnetic field 
will leave B and p unchanged at all points in space and 
will be neutrally stable. A similar displacement, with 
magnetic 
in p, but 


an interchange mode) 


crests and troughs at a small angle to the 
field, will also lead to practically no change 
] 


in this case the lines of force will 
particular line of force, at some positions along its 
length it will be carried outwards, and the plasma 


frozen to the line will expand to match the 


be bent. On any 


lower 
pressure at larger radii, and at other points the line 
will move inwards and the plasma will Thus, 
regions of differing pressures will be connected by lines 
of force and the plasma will the lines of 
force towards the This will 
enhance the outward displacement at the low-pressure 
region, making the original perturbation unstable. As 
the angle between the crests f the 
instability and the magnetic field tend to 


“17 
Iii te nd 


compress. 
flow along 


reé gions. 


low -pressure 


and troughs) of 
zero, the 
growth rate of the instability w to zero because 
the distances between high- and low-pressure 


becomes infinitely great. 


regions 


4. COMPARISON BETWEEN THEORY 
AND EXPERIMENT 


a. Pressure Gradient 


Since the experimental results show a substantial 
negative pressure gradient for the core of the discharge," 
the relation (17) predicts that the core should exhibit 
a gross kink instability. In the case of the interchange 
mode, to compare the predicted stability criterion [ Eqs. 
(9) | with experiment it is necessary to know the plasma 
pressure. Since there is an unknown integration constant 
in the pressure deduced from the observed pressure 
gradient, it is more convenient to compare observed 
and predicted pressures in this case. 
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TABLE I. Comparison between experimental and theoretical pressures 


Pressure observed by 
Allen and Liley."' 
(Po is the integration constant) 
(10° d cm~?) 


1.04+- po 
0.84+ po 
0.56+ po 
0.30+ po 
0.10+- po 
1.05+ po 
0.90+- po 
0 72+ po 
0.52+ po 
0.33+ po 


Radius 
(cm) 


| 


kwh Ue wn 


In Table I, the second column shows the plasma 
pressures obtained experimentally by Allen and Liley" 
for the discharge core. po is the integration constant 
and is the value of the pressure at r=6 cm, the position 
of the pressure minimum. The third column shows the 
pressures calculated from the equality in (9b) using the 
observed values for dp/dr, Bs, and B,. The last column 
the percentage difference between the two 
pressures if py is taken as 1.3X10° d cm™, the value 
for best fit. Assuming that this is the correct value for 
pc, the agreement between theory and experiment is 
as good as can be expected, since dp/dr will have a 
large experimental error and no allowance has been 
made for the toroidal geometry. 

The range of other values which could be taken for 
po is limited from other considerations. Thus, the lowest 
possible value for pp is zero; this would make the ob- 
served negative pressure gradients twice (at r=2 cm) 
to six times (at r=5 cm) the allowable gradient for 
interchange stability. The upper limit for pp cannot be 
much higher than the value taken, since the integral 
JS 2rrpdr already leads to a value of .V which is several 
times the initial gas filling’ even if the mean ion tem- 
perature is taken as high as 10° °K. (V is the number 
of particles per unit length of the discharge.) These 
considerations, therefore, suggest that the plasma 
pressure must be such that the negative pressure 
gradient is of the same order as, or somewhat greater 
than, the value for maginal interchange stability. 


shows 


b. Magnetic Field Fluctuations 


The expected fluctuation of B, due to the kink in- 
stability is approximately £,dB./dr. In the experimental 
results" for Sceptre III, dB./dr is approximately 
— B,/r at r=6 cm and hence the expected percentage 
fluctuations are 100£,/r. the observed fluctu- 
ations are only 15%, this means £, cannot be greater 
than about 0.15r~1 cm or about 6% of the tube 
radius. On the other hand, the interchange instability, 
which produces only smal] changes in the magnetic field, 
could be occurring with large amplitude. Since other 
workers have observed only small fluctuations these con- 
clusions must be general to all slow pinch discharges. 


Since 


Pressure calculated from 
(9b) using observed 
pressure gradient, et« 
105 d cm™?) 


Percentage error 
with po=1.3X 105 


> 


dynes cm? 
2.9 + 
2.19 4 
2.28 

1.32 

0.608 

2.68 

2.43 

2.07 

1.66 

1.1 


c. Discussion 


The above results indicate that the kink instability 
is either not occurring in the slow pinch discharge or, 
at most, is occurring with only small amplitude. This 
reveals an apparent discrepancy between experiment 
and the predictions of magnetohydrodynamic stability 
theory. Secondly, the observed pressure gradient sug- 
gests that the interchange instability is occurring and 
is limiting the negative pressure gradient to the value 
for marginal stability with these modes. 

Since stability theory considers only small displace- 
ments and neglects products of quantities proportional 
to the displacement, the discrepancy between theory 
and experiment could be due to the higher order terms 
causing stability at finite amplitude. It seems unlikely, 
however, that a kink displacement which is 6% of the 
radius is sufficiently large by itself to make second-order 
terms important. However, because of the large power 
being generated in the discharge by Ohmic heating, 
an interchange instability could be occurring con- 
inuously with large amplitude. The interchange dis- 
placements might be the cause of nonlinear stabilizing 
terms for the kink However, because of the 
simplifying assumptions of magnetohydrodynamic 
theory, there are other possible causes of the dis- 
crepancy which do not invoke these higher-order terms. 


modes. 


The major assumptions which must be made in order 
to derive Eqs. (3)-(5) from the exact Boltzmann 
equations are: 

(a) The particle collision frequencies are large com- 
pared with the perturbation frequency (w), so that the 
velocity distributions are approximately Maxwellian. 

(b) The electron-ion collision frequency is small 
compared with the electron cyclotron frequency, so 
that the resistivity term can be neglected. 

(c) p<L, where p is the ion Larmor radius and L isa 
characteristic length in the discharge. 

(d) wl sC,, 
velox ity. 


where C 


is the mean ion thermal 


When these assumptions are made, Eqs. (3)—(5) can 
be obtained from more accurate transport equations 
provided only terms of zero order in the parameter 
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p/L are retained (see for example Bernstein ef al.*). In 
applying these equations to derive the energy principle® 
the further assumption is made that the plasma has 
no mass motion. 

In most slow pinch discharges the electron tempera- 
ture and the magnetic fields have been sufficiently high 
for condition (b) to be satisfied. However, at the high 
ion temperatures observed in Zeta and Sceptre the 
deuteron-deuteron collision frequency is of the same 
order as, rather than larger than, the instability fre- 
quencies as required by assumption (a). This means 
that the perturbation to the deuteron pressure may not 
be isotropic, but from the work of Rosenbluth and 
Rostoker* it will still be isotropic at marginal stability 
and the stability condition will be unaffected. 

A further effect of the high ion temperatures is that 
the ion Larmor radius is not negligible compared with 
the characteristic lengths in the discharge. For example, 
in the results of Allen and Liley considered in Table I, 
the Larmor radius is about a third of the characteristic 
length p/(dp/dr). The higher order terms in the 
parameter p/Z could have a stabilizing effect. In con- 
nection with assumption (d).the observed fluctuation 
frequencies are too small to satisfy the equality wL~C,, 
but the kink instability growth rates predicted by Eqs. 
(3)-(5) are of the order required, so that the prediction 
is consistent with this condition. 

A further experimental property of the slow pinch, 
which is not consistent with the above assumptions, is 
the presence in the discharge of deuterons with directed 
velocities well in excess of their mean thermal velocity. 
That at least a small fraction of the deuterons have 
such velocities is shown by the energy shift exhibited 
by the neutrons and protons from the nuclear reactions. 
However, due to the presence of moderate concen- 
trations of highly ionized impurity ions in these dis- 
charges and the fact that Tg>T7., the fraction of 
deuterons with these high velocities may be large. (The 
main effect of the impurity ions is to reduce the electron 
drift velocity. On the other hand, the impurity 
concentration may be such that many of the deuterons 
can “run away” from the impurity ions. Such deuterons 
will reach a terminal velocity with respect to the 
electrons which is approximately equal to what the 
electron-deuteron drift velocity would be in the absence 
of impurities. The observed center-of-mass velocities 
for the reacting deuterons are in reasonable agreement 
with this expected terminal velocity.) 

The direction of this deuteron motion will be along 
the magnetic field lines, and hence, if a kink per- 
turbation is present, these fast deuterons will experience 
an effective frequency w’=k’Va, where Vq is the 
deuteron velocity and 2/k’ is the wavelength of the 


*M.N. Rosenbluth and N. Rostoker, reference 1, Vol. 31 


p. 144. 
8 A. A. Ware and J. A. Wesson, Proc. Phys. Soc. 77, 801 (1961). 


WARE 


perturbation measured along the field lines. Simpie 
considerations suggest that, if w’>w,., the deuterons 
will exert a stabilizing effect'on instabilities which bend 
the magnetic lines of force and if w’<w,, the deuterons 
have a destabilizing effect. In either case the deuterons 
close to resonance will be the most effective, so that if 
the number of fast deuterons is increasing with velocity 
at the point of resonance, there will be a net stabilizing 
effect. The observed velocity for the fast deuterons 
the center-of-mass velocity 
cyclotron resonance at wavelengths (27/k’) approxi- 
mately equal to the tube diameter. 


is such as to give the 


5. CONCLUSIONS 


The application of the magnetohydrodynamic energy 
principle to a discharge with constant-pitch magneti 
field shows that the stability conditions for interchange 
and kink modes are those given by Eqs. (9) and (17), 
respectively. Comparison between theory and experi- 
ment suggests that only the interchange instabilities 
occur with appreciable amplitude in practice. These 
modes are self-stabilizing and limit the negative pres- 
sure gradient to the value given by Eq. (9). 

The slow pinch configuration should still be grossly 
unstable to kink modes, but the the 
observed magnetic field fluctuations shows that they 
can be occurring at most with only small amplitude. 
The cause of the kink stability is not known, but it is 
pointed out that the slow pinch has properties which 
are not consistent with the assumptions of magneto- 
hydrodynamic stability theory, and which could have 
a stabilizing effect on the kink modes. Thus, the ion 
Larmor radius is not small compared with character- 
istic lengths in the discharge, and there are deuterons 
present with high velocities parallel to the magnetic 
field. A further possible cause of the small amplitude 
of the kink modes is the presence of a large-amplitude 
interchange instability making nonlinear terms 
important. 

Since the slow pinch discharges are sufficiently 
stabilized against the magnetohydrodynamic insta- 
bilities to make the observed fluctuation frequencies 
small compared with C,/Z, the standard magneto- 
hydrodynamic equations (3)-(5 
approximations. The Hall emf, the electron pressure 
no longer be 
extra 


smallness of 


are no longer good 


gradient emf, and heat conduction can 
neglected. Kadomtsev” that 
terms lead to new instability modes with lower growth 
rates. The presence of these modes in tl 
discharge will be considered in a future paper. 


has shown these 


1e slow pine h 
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The effect of longitudinal plasma oscillations on atomic spectra is examined. It is shown that they should 
give rise to satellite lines, disposed symmetrically in pairs about a forbidden line and separated from it 
by Q,, the plasma frequency. Discussion is given of the circumstances under which these satellites should 


be strong enough to be observed. Their observation would amount to a measuremer 


and intensity of plasma oscillations. 


PECTROSCOPIC observations of the light emitted 

by ionized gases can be used to determine various 
properties of plasmas, such as the ion density! and the 
temperature.’ Should there also be observable spectro- 
scopic effects of longitudinal plasma oscillations ?*. In 
the present paper, this question will be answered by 
the affirmative. It will be shown that, when plasma 
oscillations occur in a cool plasma, i.e., one containing 
atoms or ions emitting spectral lines, they should give 
rise to satellite lines in the spectrum. The authors are 
unaware of any experiment specifically designed ‘to 
observe this effect, although its existence might even 
be revealed by data already obtained. It is hoped that 
this paper will provide stimulation for someone to 
attempt the observation. The effect constitutes essenti- 
ally a new plasma probe which should permit, under 
certain conditions, a measurement of the frequency and 
the intensity of the oscillations. 


THEORY 


The simplest way to visualize the production of the 
satellites is as the result of a second-order transition 
involving the plasma field and the emission of light. 
Figure 1 shows three energy levels of an atom involved 


* Support was received from the Office of Naval Research, the 
Atomic Energy Commission, and the joint General Atomic 
Texas Atomic Energy Research Foundation program on controlled 
thermonuclear reactions. 

+ This work was reported at the annual meeting of the American 
Physical Society, Division of Plasma Physics, in Gatlinburg, 
Tennessee, November, 1960. 

1H. R. Griem, A. C. Kolb, and K. Y. Shen, Phys. Rev. 116, 4 
(1959); B. Mozer, Ph.D. thesis, Carnegie Institute of Technology, 
1960 (unpublished); H. R. Griem, M. Baranger, A. C. Kolb, and 
G. Oertel (to be published); and further work in preparation. 

2W. Wiese, H. F. Berg, H. R. Griem, Phys. Rev. 120, 1079 

1960). 

Since the original suggestion of L. Tonks and I. Langmuir 
[Phys. Rev. 33, 195 (1929)], oscillations that seem to behave 
like electrostatic plasma oscillations have been observed many 
times. Among the recent work, see for instance D. H. Looney and 
S. C. Brown, Phys. Rev. 93, 965 (1954); G. D. Boyd, L. M. 
Field, and R. W. Gould, Phys. Rev. 109, 1393 (1958); D. W. 
Mahaffey, J. Electron Contr. 6, 193 (1959); I. F. Kharchenko, 
Ya. B. Fainberg, R. M. Nikolaev, E. A. Kornilov, and N. S. 
Pedenko, Zhur. Eksptl. i Teoret. Fiz. 38, 685 (1960) [translation: 
Soviet Phys.—JETP 11, 493 (1960) ]. 


it of the frequency 


in such a transition. Hydrogenlike atoms are not 
suitable, because of their large Stark effect, so one 
could consider helium, for example. In Fig. 1, A denotes 
an allowed transition and F a forbidden transition for 
electric dipole radiation. The atom is assumed to be 
initially in state /’.4 Under the influence of the plasma 
field, it undergoes transition 1 to state /. This is followed 
by a radiative transition 2 to the final state J). The 
intermediate state / is virtual, i.e., energy is not con- 
served and the atom remains there for a short time 
only. But energy must be conserved in the over-all 
process, and since the plasma oscillation transfers the 
energy +f to the atom, where 2 is the frequency of 
the oscillation, the frequency of the emitted light is 
F+Q, where F is the frequency of the forbidden line. 
Thus there should appear in the spectrum two lines 
separated from the forbidden line by frequency Q, as 
shown in Fig. 2. 

The strength of the satellites can be easily calculated 
by second-order time-dependent perturbation theory.°® 
The interaction giving rise to transition 1 is —d-E, E 


{‘={ 1 











es iii 





Feenemee 





Fic. 1. Three energy levels of a non-hydrogenlike system. The 
two upper states have the same principal quantum number and 
are very close. The transition frequencies to the lower state are 
in the optical region 


‘For simplicity, we designate 
momentum quantum numbers 

5L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), Ist ed., Chap. 8. 


tates by their orbital angular 





M. BARANGER 


ANGULAR 
* FREQUENCY 














ra\ 


Fic. 2. Spectrum of radiation emitted by an atom with the 
energy levels pictured in Fig. 1 and perturbed by a plasma 
field oscillating with frequency 2 


being the oscillating plasma field and d the dipole 
moment of the atom, and one uses the usual® electro- 
magnetic interaction for the second part of the transi- 
tion. The strength (i.e., the integrated intensity) of 
the satellites in units of the strength of the allowed 
line is found to be 


hE,” 


6m*e?(A+Q)?, (1) 


where m and e are the mass and charge of the electron, 
A is the splitting (in angular frequency units) between 
the allowed and the forbidden line, (E,*) is the time- 
average of the plasma field squared, and 
dimensionless radial integral,’ 


Ki IS a 


L 


J Ri(r) Rv (r)rdr 
max(/,l’) 


Ri = (2) 


2/+1 a 

with do=h?/me*. The stronger satellite is the one closer 
to the allowed line. The appearance of the resonance 
denominator A+ is expected since, for A=+Q, the 
plasma field would have just the right frequency to 
induce transition 1 of Fig. 1 as a real transition. How- 
ever, Eq. (1) is not valid right at 


perturbation theory has been used; it is restricted to 


resonance, since 
cases where S turns out to be small compared to unity. 

Of course, the effect just discussed is none other than 
time-dependent Stark effect. If the plasma field were 
time-independent, it would produce a forbidden line 
Stark effect in the 
The excitation of the forbidden line may also be viewed 


through stati well-known manner. 
as the result of a second-order transition: The stati 
field transition 1, then 
interaction causes transition 2. The only difference is 


causes the electromagnetic 


that, in the present case, the field is not static so that 
energy +A is transferred to the radiation, causing a 


®W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1944), 2nd ed 

7 This is the integral that comes in the calculation of the 
oscillator strength. For an alternative expression, see Eq. (9 
It will usually be sufficient to use the hydrogenic approximation 
given by H. A. Bethe and E. E 
One- and Two-Electron Atom 
1957), Eq. (63.5 


Academic Press, Inc., New York, 
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Salpeter, Quantum Mechanics of 
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displacement of the forbidden line by the same amount ; 
the resonance denominator is correspondingly changed 
also. But, for a static field, Eq. (1) is actually identical 
to the result of ordinary Stark effect theory. As the 
frequency of the field is increased, the forbidden line 
splits into these two components that move away from 
each other,* and their intensity changes because of the 
modified resonance denominator. 

The perturbation treatment says nothing about the 
shape of the satellites. Obviously, they will always be 
wider than the allowed line. All effects that broaden 
the allowed line, Doppler broadening, and pressure 
But, in 
addition, the satellites have some broadening causes of 


broadening, will also broaden the satellites. 


their own: damping of plasma oscillations and spatial 
inhomogeneities which result in a spread in the fre- 
quency {2. To make a complete theory of the line shape, 
and also to treat the near resonant case when Eq. (1) 
does not give a small result, it is necessary to call upon 
the general line-shape formula, according to which the 
Fourier transform #(s) of the spectrum F (w) is given by® 


0 


P(s) - | exp\ — 1ws \F Ww dw 


r 
((/m| U(s)\lm 


Here |/m) is one of the substates of / and U(s 
interaction representation evolution operator 


obeys 
thdU /ds=exp(iHos/h)V(s) exp(—iHos/h)U(s 


where Ho is the unperturbed Hamiltonian and V(s 
= —d-E(s) the perturbation. The average is over all 
possible electric fields E(s 
quantum number m. The normalization has been chosen 
such that #(s) is unity, and therefore F(w) is a 6 
function, when there is no perturbation. The frequency 
of the unperturbed allowed line is taken as origin. 
With Eq. (3), one can compute the whole spectrum in 
the vicinity of A and F, one can show that there are 
besides the 


and also over the magnetic 


some additional weaker satellites two we 


have mentioned, one can compute the reduction in 
intensity of the allowed component which is necessary 
to compensate for the appearance of satellites, and one 
can treat the case of resonance. It seems premature to 
go into these questions at this time, hence it will only 
be shown here that Eq. (3) yields back Eq. (1 
the plasma field can be treated as small. 


1 


To do this, we assume that the electric field is of the 


when 


8 Actually second-order effects split the forbidden line even 
when the field is static. Similar perturbations of the spectrum 
calculated here will occur for time-deper but they will 
usually be small and completely masked by broadening 

*P. W. Anderson, Phys. Rev. 76, 647 notation is 
that of M. Baranger, Phys. Rev. 111, 494 
fying assumptions have been made to obtain I 3 
from Eq. (13) of the latter 
interaction in the final state (one-state case 
initial with the angular 
quantum numbers (no overlapping lines); all i 
equally likely (kT>>hA) 
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1958). Various simpli 
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LIGHT AS 
from 
E(s)= E, cos(Qs+ ¢). (5) 


Besides this plasma field, which is generated by the 
long-range correlations between the electrons, there are 
also random fields due to the electrons and ions in the 
immediate vicinity of the light-emitting atom. These 
latter fields give rise to pressure broadening”; they are 
neglected in the present simplified treatment. One 
expands U’(s) to second order. The zeroth order term 
gives the unperturbed allowed line. The first-order 
term averages to zero. The second-order term in ®(s) is 


©?) (s)=—h ‘xf arf dt’ expli(wi—w,) (t—0’) | 


Xm | V(t) ii) V(t) |lm) Jav. (6) 


Here the intermediate states 7 consist of the magnetic 
substates of level J’, hence one obtains (using Greek 
subscripts for Cartesian components) 


X(s)\=-—h? > at f dt’ exp[i(wi—wr) (t—t’) J 
B wo 0 


(lm! dq|l'm’){l'm’ | dg\lm) 
X[ oalog cos(Qt+ yg) cos (Qt + ey) les (8) 


The average over the phase, the direction," and the 
amplitude of the field is 


b0axE,”){expLiQ(t—?’) ]+exp[—i2(t—1/) ]}. (8) 


The sum over a and m’ of the dipole matrix elements is 
essentially the quantity ®, defined by Eq. (2), 


> am’ | (lm dq|l'm’) |? =Car Rw. (9) 


The time integrals are elementary and one finds 
ea PRiutE,’) 
[d(w + wr— wy +) 
Of 


+6(wtw:—wy—Q)], (10) 


»., the same spectrum as in Eq. (1) and Fig. 2. 
DISCUSSION 


One might think of using the effect to try to detect 
thermal plasma oscillations, i.e., the situation where 
each possible mode of vibration has average energy kT. 
Since the vibration frequency depends on wave num- 
ber,” this would give rise not to fairly sharp satellites, 
but to two bands extending out from the Langmuir 
frequency 


(11) 
Kolb, and G. Oertel (to 


Q,= (4rne?/m)!. 


” H. R. Griem, M. Baranger, A. C 
be published) 

‘Tt is assumed here that the direction of the plasma field is 
random. This may not always be the case. If the plasma field 
oscillates predominantly in one direction, the satellites will be 
emitted nonisotropically and will be polarized, but expression (1 
or (10) will still be valid for the integrated intensity. This is 
because one can replace the average over directions of E, by an 
average over m without changing the result. If the direction is 
random, the average over m is not necessary. 

24. Vlasov, Zhur. Eksptl. i Teoret. Fiz. 8, 291 (1938); D. 
Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949) 
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TABLE I. The splitting A between allowed and forbidden line,* 
in cm, and the dimensionless quantity Qi of Eqs. (2) and (9),? 
for various lines of helium. Other notations as in text. 


Wavelength 
(in angstroms) 


5016 
6678 
3188 
4472 
3965 
4922 
2945 
4026 
3614 
4388 31D 
2829 63D 
3448 ip 6'D 
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Berlin, 1950), Vol ® 


The shape of these bands can be computed from Eq. 
(10) and the knowledge of the dispersion law” for 
plasma oscillations. Their intensity must then be 
compared with that of the pressure-broadened tail of 
the allowed line," which acts as background. In typical 
cases, one finds that the plasma band would be only 10 
or 20% of the background. Since various broadening 
effects prevent the onset of the band from being sharp, 
it would seem that, with present techniques, such 
bands would be very hard to detect. 

Hence the best chance of observing the effect under 
discussion here lies in nonequilibrium situations such as 
realized in the experiments’ mentioned in 
reference 3. One needs to excite a strong level of plasma 
oscillations in a small range of frequencies,'* which 
would presumably be close to the Langmuir frequency 
(11). The narrower the range of frequencies, the sharper 
the satellites will be, and consequently the easier their 
detection. It will be seen in the following that, if their 
width can be made of the same order of magnitude as 
that of the allowed line, observation of the satellites is 
definitely in the realm of possibility. 

The integrated intensity in each satellite is given by 
Eq. (1). To illustrate its use, the values of A and Rw 
for a few helium lines are listed in Table I. To conform 
with spectroscopic practice, A is given in wave number 
units,'®> cm~'. In the same units, the plasma frequency 
Q, equals approximately 1 cm™ for an electron density 
n of 10" cm 
it would seem that, to make possible a spectroscopic 
measurement of 2,, 2 would have to be at least 10% 
cm~*. At lower densities, the width of the lines would 
interfere with the accuracy of the measurement. How- 
ever, at these low densities, it might still be possible to 
detect the existence of plasma oscillations, though not 
their frequency, through their excitation of the for- 


those 


> and varies proportionally to nm}. Hence 


8However, as will be seen shortly, the electron density m 
would have to be appreciably higher than in the experiments of 
reference 3 

4 This point was first stressed by S. Cunningham in a private 
conversation for which the authors are much indebted. 


18 Multiply by 27c to convert to angular frequency. 
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bidden line.'* That is, one is now talking about ordinary, 
time-independent Stark effect. Since the random fields 
of the plasma’ already excite the forbidden line, it 
would be necessary that the plasma field be larger than 
these random fields. 

It is seen from Table I that, by choosing an appro- 
priate line, one can always make Q, and A of the same 
order of magnitude. It might be thought desirable to 
have 2, and A as nearly equal as possible in order to 
achieve resonance. But this is not the case, because 
the satellite must be observed on the background of 
the tail of the allowed line, and this tail decreases like 
the inverse square frequency or faster, so that the ratio 
of satellite to background stays the same or improves 
as one goes off resonance. In fact, if the spectrum is 
very clean, one might want to look for the weaker 
satellite on the other side of the forbidden line. 

In order to estimate the relative spectral intensities 
of satellite and background, one can assume that the 


} 


allowed line has a Lorentz shape 

Ts rT wal(w'+tu " 1 (12) 
half-width (half the width at half- 
the position of the satellite, o=A+2 
if one is far from resonance, one has 


l4=% 


where “ is the 
maximum). At 


SO tnat, 


A+?) 
If the half-width of the satellite is called w, 
gives for the satellite intensity at its center 
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T4 OM-e-W Al's 
If 2 is small compared to A, it may be more relevant 
the satellite S, with that of 


Sr. This is easy because Eq. (1) is 


to compare the strength of 
the forbidden line, 
also appli able to the forbidden line, provided it be 
multiplied by a factor 2 since, for 2=0, the two satellites 
coalesce into a single forbidden line. Then the field 
should be the random electric field Ep, which is of order!’ 
2.6en'. Hence the strength ratio between a satellite and 
the forbidden line is simply 
A? 

(16) 
muni 


Drummond (private com 
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One possible cause of width is pressure broadening. 
This can now be reliably computed” and gives rise to 
half-widths of the order of 1 to 10 cm™ for n= 10"* cm“ 
and varying roughly in proportion with m. Another 
source of width, especially for light atoms and low 
densities, is Doppler effect. This gives rise to very 
steep wings, hence w4 in Eq. (15) should consist only 
of the pressure width. On the other hand w, should be 
the complete half-width expected for the satellite, 
including that coming from the possible spread in the 
frequency &. It might be thought that one could 
improve the ratio (15) by picking a line with large Riv, 
but this is futile because wy is itself proportional to 
Ry. Any line will do provided it be strong, in a clean 
region of the spectrum, and have associated with it a 
clear forbidden line. It is obviously desirable to try to 
decrease the ratio of the width of the lines to the 
plasma frequency. As long as pressure broadening 
dominates, this can be achieved by lowering the density, 
since w~n, but Q,~n'. When Doppler broadening 
takes over, the situation is reversed. So, it would seem 
that the most propitious densities for observing the 
effect would be those where the transition from Doppler 
to pressure broadening occurs, which is usually around 
10 cm~*, 

For a numerical example, one can consider the line 
3965 A of helium with n=10" cm™, hence 2,=10 
cm. For a temperature of 2 v, the pressure and 
Doppler widths are approximately equal to each other 
and to 0.5 cm™. Let it be assumed that one has suc- 
ceeded in putting one thousandth of the total thermal 
energy of the gas in plasma oscillations, which corre- 
sponds to an effective plasma field (£,”)' of 3300 v/cm, 
not an unreasonable value and one of the 
of magnitude as Er. Taking 0.5 cm™ for w4 and 2 cm 
for w,, one finds the ratio 7,/74 of Eq. (15) equal to 
unity. Hence, the satellites appear to be strong enough 
to be observed. If the absolute intensity of the satellite 
is a problem (it would be very weak in the above 
example), one can always try to match A and 2, more 
precisely, thus raising the satellite and the background 
simultaneously. 
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A study has been made of the development of the luminosity 
in the transition from a corona or a Townsend predischarge to a 
filamentary spark in atmospheric air for a wide range of gap 
geometry extending from a positive needle point-to-plane gap to 
large sphere-to-plane gaps very close to the parallel plate case. 
Two photomultipliers viewed thin slices of the gap perpendicular 
to its axis; the one fixed near the anode triggered the Tektronix 
517 oscilloscope and the other, which could be moved parallel to 
the gap axis, provided the signal for display. From the oscillo- 
grams, cross plots of the developing spatial distribution of lumi- 
nosity across the gap were obtained for a number of gaps. It was 
found that, in general, a primary and a secondary dendrite, and 
even a tertiary, in some cases, develop out from the anode to the 
cathode at high speeds and prepare the way for the growth of the 
main stroke. In divergent fields the primary dendrite consists of a 
number of simultaneous streamer filaments which, in all cases, 
cross to the cathode, while the branch streamers of the secondary 


INTRODUCTION 


HAT streamers, or what might be referred to as 

dendrites, at least for point-to-plane gaps, play 
an important part in the development of the filamentary 
spark in air now appears well established by well- 
coordinated observations using four different observa- 
tional techniques in several laboratories over the years 
from 1935 on.' There is also evidence that a streamer- 
like process occurs in some other gases when impurities 
are present. Some common misunderstandings can be 
avoided if a careful distinction is made between the 
terms breakdown and spark breakdown. The well-known 
filamentary spark discharge, or spark breakdown, in 
gases at pressures above tens of mm of Hg is one of a 
group of transient, irreversible, and very fast transitions 
from a low-order predischarge current to what, given 
proper external circuitry, would become a power arc. 
The filamentary spark, except at high, short impulse 
overvoltage, is now recognized as being preceded by a 
low-order self-sustaining discharge.* These lower order 
discharges are at times nearly imperceptible and at other 
times obvious as a Townsend glow discharge in uniform 
fields or as corona-like breakdowns in nonuniform fields. 
With the very high impulse fields in overvolted gaps the 
predischarge is not necessary. The breakdown thresholds 
of predischarges are governed by the Townsend threshold 


* This study has been supported by grants from the Office of 


Naval Research and from the Research Corporation. 

t Now at Kyungpook National University, Taegu, Korea. 

1L. B. Loeb, in Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 22, p. 484 ff; H. Raether, 
Ergeb. exakt. Naturw. 22, 73 (1949). 

2 E. Nasser, Arch. Elektrotech. 44, 157, 168, 455 (1959). 

3L. B. Loeb, reference 1, p. 492 ff; B. Bederson and L. H. 
Fisher, Phys. Rev. 81, 109 (1951); J. K. Vogel and H. Raether, 
Z. Physik 147, 141 (1957); H. W. Bandel, Phys. Rev. 95, 1177 
(1954); J. K. Vogel, Z. Physik 148, 355 (1957). 
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dendrite slow down in midgap and even fail to reach the cathode 
in the longer gaps. There are several sets of primary-secondary 
dendrites before each main stroke, in longer point-to-plane gaps, 
with about 200 usec between sets, and about 1 usec between the 
last set and the main stroke. While in the case of large sphere-to- 
plane gaps it was not possible to tell whether a dendrite consists 
of one or of several streamers, a primary (close to the cathode) 
and a secondary pulse can be observed in the longer gaps. With 
short gaps which are very close to the parallel plate case, only a 
secondary can be seen, and below about 1.0 to 1.3 cm a dendrite 
or streamer could not be resolved from the main stroke rise with 
the present equipment. In a few sphere-to-plane gaps, oscillograms 
and cross plots were obtained which show the development of the 
main stroke as its toe crosses from the anode to within about 
0.5 cm of the cathode, at which position the luminosity distribu- 
tion of the fully developed main stroke shows a trough, with a 
maximum near the anode vard the cathode. 


and a rise tov 


criterion and in most cases these breakdowns are re- 
versible processes with relatively long formative time 
lags.? In contrast, the spark-like transitions appear 
when, as a result of the antecedent predischarge current, 
alterations in the gap, by space-charge accumulations, 
by changes in the state of the cathode or of the gas itself, 
lead to the sudden creation of localized, excessively high 
space-charge densities. Such densities create fields that 
cannot be dissipated sufficiently rapidly by the normal 
diffusion-governed 4 Such fields 
sweep across the gap at high velocities augmenting 
charge distribution until the arc can continue to grow 
by the more normal processes to its steady-state value. 
In particular the filamentary spark will develop when- 
ever by geometry, the imposed field, or by space-charge 
buildup in uniform fields, the electron avalanches reach 
a certain magnitude of charge density at the anode, or 
in midgap.' This magnitude must be such that, aided 
by adequate photoelectric ionization in the gas near the 
space-charge augmented field, a self-propagating streamer 
or dendrite can proceed to cross the gap at high speed.® 
The word “streamer” is being reserved for a single 
luminous filament, while the term “dendrite” is intro- 
duced here to denote a more or less tree-like configura- 


charge movements. 


tion of a large or small number of streamers which start 
at the electrode as either separate filaments or as a 
single trunk which then develops into multiple streamers 
by branching (mostly in regions of highly divergent 
electric field). These multiple or branch streamers pro- 
pagate across the gap together and, in the cases observed 
here for air, cross a section perpendicular to the gap axis 


‘L. B. Loeb, Report of the Third International Conference on 
Ionization Phenomena in Gases, Venice, Italy, June 11-15, 1957; 
Italian Physical Society Report, October, 1957 (unpublished), 
pp. 646 674. 


5 L. B. Loeb and R. A. Wijsman, J. Appl. Phys. 19, 797 (1948). 
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so nearly simultaneously that the light signal at the 
PMO® viewing such a section cannot be distinguished 
from the signal due to a single ‘equivalent streamer.” 
The term dendrite may also be used in a general sense 
to include the limiting case of a single streamer. The 
streamers making up a dendrite, or a temporal succes- 
sion of dendrites, prepare the way for the main stroke, 
which follows the last of them after an interval which 
varies with geometry over a range from 1 or 2 psec 
down to some tens of musec. 

The misunderstandings earlier alluded to-come from 
the circumstance that in the uniform field gaps usually 
studied the positive space-charge buildup by the ante- 
cedent Townsend discharge generally increases the 
avalanche size, by virtue of a well-established theorem,‘ 
leading to a filamentary spark transition by anode 
streamer or dendrite action. Thus the threshold for the 
common filamentary spark appears to coincide with the 
lower threshold of the Townsend breakdown. In fact, there 
is only a small difference of from 4 to 6% overvoltage 
needed above the Townsend threshold for the direct 
streamer or dendrite breakdown in air, as recently 
shown.* In relatively pure argon gas the thresholds differ 
by more nearly 100%.° However, very slightly above the 
threshold for a self-sustaining Townsend discharge the 
space charge in both gases leads to a dendrite break- 
down, as suggested for air by the oscilloscopic studies 
of Bandel’ and Kluckow.” In air at 760 mm and 20°C 
a streamer or dendrite starts from the anode when the 
avalanche creates some 10° or more electrons, as shown 
by Loeb, Raether,'"' and recently more elegantly by 
Nasser.” 

The streamer mechanism first observed in a 
Wilson cloud chamber by Raether in 1935.' It was in- 
dependently observed by Loeb and his students with 
visual, electrical, and oscilloscopic techniques using the 
positive-point corona from 1936 on.’ Some early, very 
significant observations were made on impulse break- 
down by Allibone and Meek” with moving film camera, 
and later by Saxe and Meek” with a PM. Most re- 
cently Nasser? has used the Lichtenberg figures on a 


was 


photographic film in a plane normal to the point axis in 
point-to-plane geometry to study streamer branching, 
tip potentials, tip velocities, and to estimate critical 
avalanche size. The theory of streamer advance has been 


6 The symbols PM and CRO will be used for the terms photo- 
multiplier and cathode-ray oscilloscope, respectively. 

7A. von Engel and M. Steenbeck, Elektrische Gasentladungen 
Verlag Julius Springer, Berlin, 1934), Vol. 2, p. 51 ff and p. 184; 
R. N. Varney, H. J. White, L. B. Loeb, and D. Q. Posin, Phys 
Rev. 48, 818 (1935); R. W. Crowe, J. K. Bragg, and V. G. Thomas, 
Phys. Rev. 96, 10 (1954); A. L. Ward, Phys. Rev. 112, 1852 (1958) 

§W. Koéhrmann, Z. angew. Phys. 7, 183 (1955) 

9G. A. Kachickas and L. H. Fisher, Phys. Rev. 88, 878 (1952). 

1 R. Kluckow, Z. Physik 148, 564 (1957); J. K. Vogel, Z. 
Physik 148, 355 (1957) 
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Richter, Z. Physik 158, 312 (1960 

2T. E. Allibone and J. M. Meek, Proc 
A166, 97 (1938); A169, 246 (1938). R. I 
Nature 162, 263 (1948), and Brit. Elect 
Assoc., Reports, Ref. L/T 183 (1947) 
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Roy. Soc. (London) 
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and Allied Ind. Res. 
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developed by Meek,’* by Raether,'’ and more recently 
including photoionization by Loeb and Wijsman.® The 
availability of ultrafast oscilloscopes and sensitive 
photomultiplier tubes enabled first English'* at Chalk 
River and later Amin'® to achieve a temporal resolution 
of the electrical and luminous pulses due to preonset 
corona streamers. With access to the use of a 517 Tek- 
tronix oscilloscope of 7X10~* sec risetime, it became 
feasible'® to make the observations to be reported here. 
This technique has since been extended to relatively 
pure, and to very pure argon gas by Huang and by 
Westberg, respectively. In this method the objective is 
to observe and study the progress of any streamers or 
dendrites which cross the gap and the growth of the 
spark channel at spark threshold with steady, carefully 
stabilized high potentials with the highest time resolu- 
tion possible. 

The task undertaken'® was to observe streamer or 
dendrite growth by viewing the gap with two photo- 
multipliers with slits 2 cm long usually placed perpen- 
dicular to the axis of the gap. Analysis was carried out 
for a whole series of gaps ranging from needle point-to- 
plane, with gap lengths of 1 to 5 cm, to points of in- 
creasing radius opposite planes, and extending to spheres 
of 15-cm radius opposite planes with gaps from 1 to 9cm 
in length. In all cases atmospheric air at 760-mm pres- 
sure around 20°C at about 60% humidity was studied. 


FAST PHOTOMULTIPLIER TECHNIQUES 


A schematic diagram of the apparatus is shown in 
Fig. 1. High, steady potentials from a stabilized high- 
potential rectifier circuit proposed by H. J. White, and 
similar to that designed by him and used by Fisher® in 
spark lag studies, was used for work up to 74 kv. This 
gave a potential stable to better than 0.1%, as shown by 
potential measurements made with two 50-megohm 
wire-wound Taylor resistor stacks in series with a dial 
resistor box to form a potential divider, and with an 
L & N type A potentiometer to read the emf. A 70- 
megohm isolating resistor was used. For the breakdown 
at higher potentials with the longer sphere-to-plane 
gaps, a demonstration-type Van de Graaff generator 
driven by an air turbine motor was used. Sufficient 
charge to give a main stroke was stored on a piece of 
RG-8/U coaxial cable with both ends connected directly 
to the anode; the usual capacity was 150 pf. In the case 
of the work with the Van de Graaff generator the capa- 
city of the high-voltage terminal (about 35 pf) was in- 
creased to about 135 pf by using a piece of RG-17/U 
cable which had had insulating oil forced into the space 
surrounding the central conductor by N» at up to 2000 


13 J. M. Meek, Phys. Rev. 57, 722 (1940); H. Raether, Z. Physik 
117, 375, 524 (1941). See also L. B. Loeb, Office of Naval Research 


Technical Report, July, 1954 (unpublished), p. 74 ff 


4W.N. English, Phys. Rev. 77, 850 (1950) 

16M. R. Amin, J. Appl. Phys. 25, 358 (1954 

16 G. G. Hudson, doctoral dissertation, University 
1957 (unpublished) 
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psi. The anodes consisted of a fine steel needle, platinum 
wires with hemispherical or sometimes slightly ellip- 
soidal ends. Ni wires and rods, spheres of brass, copper, 
and chromium-plated brass were also used. The anode 
tip radius varied from that of needle points up to 
0.62-cm radius. For the spheres r ranged from 1.9 cm 
to 6.35 cm, and for the more nearly uniform field ge- 
ometry larger spheres of copper up to 15-cm radius were 
used against planes. The small point electrodes were 
polished with rouge or tin oxide and wiped dust free 
with a clean cloth. Larger rods and spheres were buffed 
and cleaned with solvents. The large plane brass cathode 
of 12.8-cm diameter used with the smaller anodes was 
grounded and mounted in a large grounded metal box, 
together with the anode, gap condenser, and isolating 
resistor (Fig. 1). The gap length was varied by moving 
the anode holder or the cathode vertically. The inside 
of the top of the large (four-foot cubical) duraluminum 
shielding box used with the Van de Graaff generator 
served as the anode, and 6 was varied by moving the 
generator vertically. The ‘rigger PM, with suitable optics 
and viewing slit, was mounted so as to observe the space 
near the anode tip. It could be moved by rack and pinion 
to other points across the gap but was usually kept near 
the anode. The signal PM, with its optics, was moved 
by a calibrated screw and by a rack.and pinion in the 
vertical and horizontal directions, respectively. Its posi- 
tion could be read to about 0.2 mm. It could be placed at 
any distance x below the trigger photomultiplier to view 
the light of the advancing streamer tips (whether a 
single streamer or a dendrite) as they cross the gap. To 
prevent electrical pickup, the PM unit had to be kept 
outside the shielding box. When the smaller shielding 
18 cm 
9.5 cm and of 2.3-cm diameter were employed. 
The slit was in the focal plane of the second lens. The 


box was in use two achromatic 
and fe 


lenses with fi 


first lens was adjusted so that its focal point was on the 
gap axis. With the larger shielding box only one lens 
was used. For the sphere of r=6.4 cm with 6=6.4 cm, 
18, u 39.5 cm were taken, 
where u and v are the object and image distances, re- 


values of f 33, and 
spectively. For the larger spheres, values of f=9.5, 
u= 63.2, v=11.5, and 2S=0.7 cm were employed. (25 is 
the height of the lens aperture.) The signal photomulti- 
plier included a horizontal and vertical slit at Sin Fig. 1. 
Thus, openings V and H of the horizontal and vertical 
slits could be varied from 0 to 8 and 0 to 23 mn, re- 
spectively, by means of graduated knobs. Generally for 
study of streamer or dendrite crossing V was set at from 
0.1 to 0.5 mm and H was at its maximum. For off axis 
studies V was increased and H reduced to a small value 
or else both V and H were reduced to form a small 
square aperture. The 1P28 signal PM was just behind 
the slits and the photocathode had projected dimensions 
of 8 and 24 mm with the long side horizontal. The 
center of the cathode was 1.2 cm behind the slit. A 
simple shutter was mounted just behind the slits. A 
series tube regulated selenium rectifier circuit was used 
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CRO Thig Input ~ 


CRO Sig input 
Fic. 1 


Schematic diagram of apparatus 


to give the potentials of from 450 to 1500 volts applied 
to the PM. This supply voltage usually went directly 
to the trigger photomultiplier, but a potentiometer was 
inserted ahead of the signal photomultiplier to vary its 
voltage independently. 

P\M was transmitted to the 
CRO® by a 3-foot length of 170-ohm beaded coaxial 
cable. This matched the input impedance of the CRO 
which then also served as the anode load impedance. A 


The signal from each 


second shielding braid was placed over each cable. In 
the case of the signal PM this was part of a complete 
outer shield that enclosed the unit and was isolated from 
the inner shield except where both were connected to the 
CRO. This double shielding, together with the complete 
enclosure of the gap and adjacent circuit components 
R, and Cg in a metal box, was necessary to reduce the 
very troublesome electrical pickup that results from the 
spark. Although the pickup was not completely elimi- 
nated until near the end of the study, it was reduced to 
where it appeared only at the time of the main stroke, 
which gave a large signal. The streamer or dendrite 
pulses shown here were not affected by pickup. 

rhe proper interpretation of the oscillograms requires 
an understanding of the way in which a luminous ‘‘space 
wave,” i.e€., a moving, time-varying distribution of 
luminosity in the gap, is transformed into the trace on 
the screen of the CRO. Ideally the PM should receive 
light from an infinitesimally thin sheet perpendicular to 
the gap axis. This light signal, or ideal “time wave,” is 
then converted into an electrical signal and should be 
amplified by the PM and the amplifiers of the CRO and 
finally displayed on the CRO screen without distortion. 
A set of such oscillograms, each taken for a different 
value of x, could then be used to obtain, by cross- 
plotting, a corresponding set of luminosity-distance 
curves with ¢ as a parameter. Such cross-plots would 
show the changing shape and motion of the space wave 
as it crosses the gap. A graph of x vs / for corresponding 
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points (such as the toe, a peak, or a minimum point) on 
these cross-plotted space waves would yield the speed 
as a function of x (or of ¢) by differentiation. The correct 
v—t plot for the toe, or other zero point of the space 
wave can also be obtained directly from the zero points 
on the oscillograms. This is not possible for the peak of 
the space wave, since this spatial maximum is generally 
at a point in the gap different from that point which is 
experiencing a temporal maximum at the same instant. 
his can be visualized by studying a three-dimensional, 
luminosity-distance-time figure. The intersections of 
this surface with constant x and constant / planes are 
the time waves and the space waves, respectively. 

The actual time waves displayed on the CRO will 
differ some from the ideal, due to limitations in the 
optical and electronic systems. The PM actually receives 
light from a double wedge-shaped region, the “‘edge”’ of 
which is the optical image of the slit at the PM. This 
edge thickness can be made sufficiently small by re- 
ducing the opening, V, of this slit. For points at a dis- 
tance z from the x— y plane the wedge thickness depends 
mainly on the focal length of the lens and the x dimen- 
sion of its aperture. (The origin of the rectangular co- 
ordinate system is at the anode tip; the x axis coincides 
with the gap axis, the z axis is parallel to the axis of the 
PM telescope, and the y axis is horizontal and perpen- 
dicular to the telescope axis.) Mathematical analysis 
shows that the light flux, Z, entering the PM due toa 
luminous filament of constant and uniform intensity at 
the distance z from the x—y plane, will vary by about 
+15% from Jo, the value at 
ranges 


? 


3) Z 


z=0, when z covers the 
2) zs=—4 to +6 cm, and 
= —8 to +10 cm for the optical systems used, re- 
spectively, with (1) the small shielding box and point 
anodes, (2) the large shielding box and the sphere with 
r=6.4 cm, and (3) the large box and all other spheres. 
However, the total light flux for a bundle of such line 


1) s=—3to +3 cm, 


sources, or for a cylindrical luminous volume lying 


within these ranges of z will be very nearly the same as 
for a single filament on the x axis and which has the 
same intensity per unit length. This means that, by 
means of the trace on the CRO, one cannot distinguish 
between a bundle of simultaneous streamers, a luminous 
channel of large diameter, and a single filamentary 
though in the last case the amplitude varies 
. To determine the distribution in 


streamer 
with z to some extent 
to use a vertical slit or a 
the PM and to scan the 
noted that the 
cept of depth of focus used in photography cannot be 
employed here. 

When actual moving space waves are considered, it is 
seen that the toe of a streamer not in the x—y plane 
enters the double wedge earlier, and its heel leaves later 
than a simultaneous streamer in the x—y plane. As a 
result the rise of the corresponding trace on the CRO 
will be somewhat earlier than it should and its return to 
zero will be somewhat late. In addition the dip between 


the y—z plane, it 
very small square aperture at 
gap horizontally. It should be 


is necessary 


con- 
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closely 


two maxima that follow in time will be 
reduced. The resolving power of the electronic system is 
limited by the rise time rz of the CRO. Even though the 
light time wave at the photocathode of the PM may 
rise (or fall) more quickly, the CRO trace cannot rise 


very 


in a time less than rr. Accurate cross plots cannot be 
made from portions of 
limitation. 


an oscillogram subject to this 


EXPERIMENTAL OBSERVATIONS 


The investigation began with fine point-to-plane ge- 
ometry, the anode radius increasing progressively to 
that of a 31-cm diameter sphere as the study proceeded. 
Figure 2 shows the traces for a needle point below spark 
breakdown in a 5-cm long gap for the first 2 cm of the 
gap taken by Amin and Hudson. Here the streamer 
process is cle arly seen to be con pose d of a fast primary 
streamer or dendrite and a slower secondary which are 
not at first resolved. The primary emerges and increases 
in amplitude as il proceeds at high speed into the gap. 
The repeated primary traces show some scatter after 
traversing about 40% of the gap length and show a 
cessation of advance shortly beyond. The initially very 
bright but slower secondary dendrites at first mask the 
primaries but attenuate rapidly, being barely percepti- 
ble at 0.33 cm from the 
Fig. 2 are due to ten or more repeated sweeps. The 


anode. The osc illograms of 
nearly complete overlapping of these traces out as far 
as 0.93 cm (frame omitted from Fig. 2 
remarkable uniformity of the primary dendrite process 
over this distance. But there is considerable jitter in 
time as_ the The} low- 
amplitude oscillations immediately following the pri- 


indicates the 


primary reaches x=1.93 cm. 


mary pulse are due to electrical noise that had not then 
been eliminated, but was_later. 

In order to deal only with 
breakdown and to eliminate those 
fvould only complicate the record, the gap length 6 was 


dendrites that lead to 


which do not and 


ANODE 
x 
0.03 


0.05 
0.07 
0.13 
0.23 
0.28 
033 
043 


(cm) 


1.93 
O8 (yu sec 
CATHODE 


| 


' 


2. CRO traces showing primary and secondary dendrites 
below breakdown for a needle point with 6=5 cm. 
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Fic. 3. Oscillograms, 
taken at slow sweep 
speeds, of the succession 
of dendrite sets preced- 
ing a single main stroke 
for several gap lengths 
with the same point (tip 
r=(0.04 cm). Primaries 
and secondaries are un 
resolved. 


shortened and the anode radius 7 was increased, that is, 
5/r was made less than 160 in air at 760 mm."? Under 
this condition dendrites, other than those at corona 
onset, occur only as part of the breakdown mechanism. 
A number of point-to-plane gaps for which 6/r<160 
were included in this study. Values of r ranged from 
r=(0.025 to 0.62 cm, and gap length was varied from 
5=1 to 3.75 cm. In most of these cases there is a steady 
corona glow on the anode surface below the sparking 
voltage; otherwise there is undoubtedly a Townsend 
predischarge which prepares the way for the streamer 
or dendrite process. All previous investigations with less 
time resolution had led to the expectation that there 
was just a single straight or branched streamer crossing 
the gap before what Loeb initially called the return 


stroke, but which is now best called the main stroke 
(i.e., the incipient arc phase). In this range of gap ge- 
ometry the main stroke is preceded by one or more sets 
of dendrites separated by intervals from 20 to over 
200 usec. Each set consists of a primary and a secondary 
dendrite, and the number of sets, m, depends on the 
geometry. For example, for an anode of tip r~0.04 cm 


n=9 for 6=3.75 cm, and n=1 for 6=1.0 cm, as seen in 
Fig. 3, the oscillograms of which were obtained with a 
Tektronix 511 A CRO. Because of the long rise time 
and low writing speed of this instrument, it was neces- 
sary to increase the RC of the PM output circuit. As a 
result each pip on one of the traces in Fig. 3 represents 
one set of primary and secondary dendrites which, 
however, are unresolved. The rise point of the main 
stroke, M, is shown satisfactorily, but its shape is dis 
torted due to the rise time limitation and to overloading 
of the CRO amplifier. For this range of geometry all 
primaries cross the gap. The secondaries cross in the 
shorter gaps but they become too feeble to be seen in 
the cathode region of the longer gaps. There could be a 
lower order current due to electron multiplication and 


17 H. W. Bandel,’Phys. Rev. 84, 92 (1951). 
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with lower relative light output. Perhaps this could 
extend the space charge of the secondary to the cathode, 
provided there is time before the rise of the main stroke. 
In the point-to-plane gaps reported on here (except for 
the case of r=0.1 cm and 6=1.7 cm), the main stroke 
rise follows the primary of the last set in something 
like 1 usec. 

For a slightly smaller point with r=0.04 and 6=3.0 
cm Fig. 4 shows the primary and secondary pulses 
clearly resolved. Here superposed sweeps record events 
taking place when there were about 7 dendrite sets 
preceding a single main stroke, which is off scale to the 
right. Especially at x=0.3 cm secondaries show a 
definite progression in arrival time and amplitude in 
each breakdown sequence, but the direction of this trend 
is not indicated. For x=0.8 to about 1.9 cm some sets 
do not include a secondary, and beyond x~1.9 cm no 
secondary pulse is seen. The main stroke follows within 
0.3 to 1.7 usec after the last primary. 

A rather unusual case is presented in Fig. 5 for a gap 
with r=0.1 cm. The first trace shows the first streamer 
or dendrite set, which crosses the entire gap but with 
such low relative intensity that it is difficult to tell 
whether it includes both a primary and a secondary. Its 
speed is low—about the same as that of the secondary 
of the second set. Though the intensity of the final 
primary increases as it crosses the gap, it travels with a 
rather constant speed of 1 to 2108 cm/sec, while the 
secondary toe slows down markedly near the cathode 
and has an average speed of ~2 10’ cm/sec. Near the 
cathode the interval between the final secondary and 
the main stroke is so short that the secondary appears 
as a shoulder on the rise of the main stroke, which, of 
course, appears highly distorted in Fig. 5. No significance 
can be attached to the variation with x of the time of 
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lic. 4. Superimposed traces at varying x of the seven, or so, 
primary-secondary dendrite sets preceding a single main stroke. 
(Two main strokes at x=2.6 cm.) r=0.04 cm, 5=3.0 cm. 
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120 (musec) 


lendrite sets preceding the main 
t the right on the second trace. 


rise of the in Fig. 
siderably from spark to spark at any given x for this gap. 

For a gap with r=0.62 cm and 6=1.5 cm there is no 
orona below breakdown and only one streamer set 


5 as this time varies con- 


. } 
main Stroke 


precedes each main stroke, which follows the primary 
in about 1 on the average. Both primary and 
secondary reach the cathode. 


the point surface in a narrow range 


Mscc, 
If 6 is increased to 2.5 cm, 
corona appears on 
of voltage, and two streamer sets precede each main 
stroke. The intervals from the first and second primaries 
to tl in stroke are, respectively, 100-200 usec and 
1-2 usec. The primaries cross to the cathode, but the 
secondary luminosity fades out at x 
With this same anode (r 


was possible ‘ 


~=2 cm. 
and 6=3.0 cm it 
conditions, to make both 
observations of what 


0.62 cm 
under special 
visual were 
lendrites in the absence of the 


and photographic 
Sse! tially breakdown 


is apparently came about be- 


{ 
blinding main stroke. 7 
ieol 


slight cusp rema 


ined at the tip of the electrode 
after the polishing operation. After this was removed in 
later repolishing, the dendrite was always followed by 
the main stroke. In the of the main stroke 
perhaps 30-40 faintly luminous filaments could be seen 


wit 


cause a 


absen e 


. the aid of the telemicroscope in the cathode portion 
{ the gap at the same time that one primary pulse 
appeared on the CRO. These filaments were shown to 
constitute a primary dendrite by the fact that only a 
primary pulse appeared on the CRO trace in this region 
«> 2cm). Though the oscillograms showed considerable 
fine structure, possibly indicating additional primaries 

ning the particular va 


| lue of x at various times, the 


itial, or principal, pulse was due to the simul- 
s streamers forming one developing dendrite lying 
1.6 cm 
lemonstrated by reducing H/, 
[ he PM, and also 


a small square 


1 volume having a diameter of at least 
1.9.cm. This was 


the horizontal dimension of the slit at 


? 
{ 
by scanning the gap | xontally with 


aperture instead of a slit. These streamers in such a 
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dendrite could be followed all the way to the cathode, 
where they terminated in bright spots, which are prob- 
ably due to the photoelectrons that are produced by 
photons from the streamer tip and, then produce electron 
multiplication and excitation in the high electric field 
between the streamer tip and the cathode. These indi- 
vidual streamer filaments, which are a fraction of a mm 
in diameter, can be seen, though faintly, on the original 
negative of Fig. 6(a). Only a small number of them are 
recorded on this negative, due to the small depth of 
focus (2 mm) of the camera lens. In the reproduction of 


this figure only the image of three 


successive secondary 
dendrites can be seen. These are identified as secondaries 
by means of the CRO. They are seen to be straight for 
about the first 0.3 cm, beyond which branching occurs. 
Beyond x~2 cm the secondaries are 
duce a deflection on the CRO traces observed. Acous- 
tically the development of one of these dendrites is quite 


too feeble to pro- 


noisy, though not as loud as a main stroke. Figure 6(b) 
is a time exposure produced by about 40 successive 
dendrites. Individual streamer filaments cannot be seen, 
but it is clear that the primarie s cross the gap and pro- 
duce cathode spots. A somewhat similar time exposure 
very ¢ lose to break- 
down was made by Kip,'* but at tha 


possible to tell whether a pulse on the CRO was due to 


due to streamers from a needle point 
time it was not 
a single streamer or to a dendrite. Streamer branching 
in a positive point-to-plan 
and high overvoltage was photographed by Gorrill'® in 


impulse voltage 


a cloud chamber. One of his pictures, which probably 
records a secondary dendrite, is shown in Fig. 7. Similar 
cloud track photographs of the branching of streamers 
st studies, 
but were not then interpretable. In the work of Saxe and 
Meek” a ‘“‘corona head” 
advancing leader in the impulse breakdown of long gaps. 


from a point had been made in Raether’s earlie 
Was obse rve d 


to precede the 


It is conceivable that this may 
and branched primary streamers, that is, 


ave been due to multiple 
to a rapid 
succession of primary dendrites emanating at high speed 
from the more slowly advancing leader tip. The leader 
stroke itself, with a maximum speed varying from 10’ 
to 4K10" cm/sec, 
streamer or dendrite observed here and which has speeds 
of the same order of magnitude in divergent fields. The 


may be similar to the secondary 


I'1c. 6. Still photograph under unique 
just at breakdown and resulting 


geometry 


5A. F. Kip, Phys. Rev. 55, 549 
dissertation, University of California, 1939 


1939 S 
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leader stroke, however, does have a much larger diam- 
eter (~1.7 cm) than that of the secondary streamer 
filament. In general, branching is greatest where fields 
are highly divergent in point-to-plane gaps, with long 
gaps, and in highly overvolted impulse breakdown. 
They spread least in short, uniform field gaps where the 
observed spark channels are short and straight. The 
photograph in Fig. 6(c) shows a single spark in the 
present gap, which is straight for the same distance as 
the intense, straight secondaries in Fig. 6(a). It may 
be that the main stroke follows the path of the most 
strongly developed secondary. 

The length of the secondary streamers, the branching, 
and the time between the first primary and main stroke 
are not affected by the size of the gap condenser, C, in 
the range 150 to 2000 pf. They are purely functions of 
the field distribution in the gap. 

The existence of such branching has recently been 
confirmed and investigated in detail by Nasser? using 
the Lichtenberg figures created at the point of impact 
of the streamers on a photographic film placed parallel 
to the plate at various distances x from the anode. Here 
each primary streamer produces a Lichtenberg figure 
ilong the surface of the film, the maximum length of 
which is proportional to the potential of the streamer 
head at that point. He has studied these both above and 
below breakdown threshold with impulse potentials of 
short duration. The branching increases as the distance 
x from the anode increases. It is the greater the higher 
and more divergent the field. As many as 100 branches 
observed near the cathode. 


were Where primary 


Fic. 7. An early cloud chamber photograph of branched 
secondary streamers in interrupted point-to-plane impulse break 
lown by Gorrill 
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Fic. 8. Cross plots of 
streamer luminosity across 
the gap at different times 
in musec, illustrating move 
ment of primary and se 
ondary space waves. 
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streamers do not cross the whole gap the photographic 
plate for a mm or two beyond the point where streamers 
end is blackened by the photons emitted from the 
streamer tips. This confirms Kip’s'® early observations 
with ion currents using a screening grid over the cathode 
with auxiliary field. 

One of the remarkable features concerning these 
primary streamer branches is that within the limits of 
resolution of the system the tips appear to advance 
across the gap to reach the same horizontal plane at x, 
at about the same time, irrespective of the value of the 
The results in this 
particular gap suggest that there is a dendritic structure 


radial distance from the x axis. 
of simultaneous streamers in other gaps where the PM 
reveals a rather large envelope of the streamers. 
Figure 8 shows a cross plot for a gap with r=0.62 cm 
and 6=1.5 cm. Here ordinates represent luminous in- 
tensity as sensed by the photomultiplier corrected for 
variations in gain, while abscissas correspond to the 
distance x, with anode to the left and cathode to the 
right. These are presented for different times from 30 to 
200 musec. The scatter of points read from the traces 
at 60 musec gives some idea of the accuracy of cross- 
plotting. Later investigations gave much improved 
accuracy. Each point is based on the average of the 
five or so oscillograms on a single frame. Points were 
taken from a total of 22 frames for each gap. Fine 
structure on the oscillograms, due to delayed multiple 
primaries and secondaries, was ignored, so that the 
cross plots represent the initial or principal dendrite. 
The dashed lines indicate that the oscillograms, and 
hence the cross-plotted space waves, are not too accurate 


in these regions due to the limitation imposed on resolu- 
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tion by the CRO rise time. Since the photomultiplier 
integrates the light from the dendrite as it crosses a thin 
slice of the gap, these space waves also represent the 
“equivalent streamer”’ with the same total intensity per 
unit length as the actual distributed luminosity. The 
growth, development, and crossing of the equivalent 
streamer is clearly depicted. 

Figure 9 gives a plot of x for the peaks against ¢ for 
the primaries and secondaries taken from the cross plots 
of Fig. 8. Here the constant and high speed of the pri- 
mary dendrite is noted. The secondary is seen to undergo 
a marked change in speed after traversing the first third 
of the gap. The primary dendrite advances with the 
uniform speed of about 7X10" cm/sec. In the first 
third of the gap near the anode, where there is not much 


high initial density of ionization and its speed is 
2107 cm/sec. Once the secondary branches the speed 


decreases to 3X 10* cm/sec. 
+} 


Che secondary toe reaches 
1e cathode at about ‘=0.2 usec. The peak should arrive 
at ‘=0.33 usec but its intensity is very low near the 
cathode. The main stroke rise occurs at about 1 usec. 
For the 2.5-cm gap with the same 
anode the primary speed is 6X 10’ cm/sec and the initial] 
and final speeds of the secondary are 1.7 X 10’ and about 
4X 10° cm/sec, respectively. As already mentioned, in 
this large gap the secondary becomes too feeble to be 
observed on the CRO trace beyond x~2 cm, but if the 
secondary peak were to continue with the same speed as 


midgap 
7 


somewhat longer 


observed in it should reach the cathode at 


1.7 pwsec, which lies in the 
range for the time from the last primary to the main 
stroke rise. Since this primary-main stroke interval 
time of arrival of the ‘“‘extra- 
polated secondary peak” at the cathode for 6=2.5 cm, 
but defi 1.5 cm, it is difficult to 
explain n that the longer the gap 


middle of the observed 


agrees roughly with the 
i¢ 


nitelv does not for 6 
It is see 


] 


speed 
r 


is interval 
the lower the dendrite s, as might be expected. 
It was decided to begin wit 


and the 


h small spheres as anodes 


n to increase r and to vary the gap lengths so as 
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x(cm from Anode) 
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lic. 10. Near the cathode the main stroke and tertiary, second 
ary, and primary pulses appear in successive frames as the PM 
slit width increases from top to bottom. The origit ime is the 
same for all frames. Sweep rate=20 cm. r=1.9 cm, 
5=1.5 cm. 


ol time 


myset 


to approach the parallel plate case and at the same time 
keep the sparks sufficiently localized to permit observa- 
tions with photomultipliers. The electrostatic generator 
was used to supply the higher voltage needed for the 
longer gaps (and also to make it possible to eliminate 
pickup in the PM circuit by having all electrical com- 
ponents related to the gap entirely enclosed in the large 
shielding box), but with this device the voltage rises 
after each spark along some sort of a curve wl 


proaches asymptotically the 


ich ap- 
ximum attainable volt- 
age for this machine. This means that the 
rising fairly rapidly as it nears the bre 
for the gap under study, and that tl 


ma 

voltage is 
ikdown threshold 
consider- 
able overvoltage, unless triggering electrons are supplied 


ere may be 
at a sufficiently high frequency. A small quantity of 
thorianite ore was used in all cases to provide these 
electrons. Very rough estimates of the 
the sensitive volume 
of the gap gave values 
1.9 and 6=1.5 cm, 


Ove rvoltage, 
based on the activity of thorianite, 
and the “counting efficiency” 
between 5.6% for the gap with r 
and 0.006% for the case of r=15.5 and 6=6.0 cm. No 
doubt the first figure is much too large, because when 
ultraviolet light was also used on this gap and the 
overvoltage was estimated to be of the order of 0.01% 
the oscillograms were unaltered. It is very easy to have 
so much ultraviolet incident on the cathode that, just 
below breakdown, the gas-amplified photoelectric cur- 
rent equals the charging current (1 wa) and the break- 
down voltage is not reached. In addition some brief 


‘ 


tests with pulsed voltages on point-to-plane gaps sug- 
gest that the nature of the breakdown mechanism may 
not be materially altered for overvoltages as high as 
about 10%, though the primary-main stroke interval is 
reduced. Another interesting observation with pulsed 
voltages is that the sparks are much more crooked in 
the cathode portion of the gap at hig! his 
may be due to the fact that during the application of 


ove rvoltage 


e addition of the pulse 


the approach voltage, prior to tl 
harge in the gap, which 


voltage, there is more space « 
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Fic. 11. The development of the single primary-secondary 
dendrite set preceding each main stroke for r=6.35 cm and 
5=6.4 cm. The main stroke overloads the CRO, but its rise 
appears at the right. 


makes it easier for the main stroke, and probably the 
antecedent streamers or dendrites, to follow devious 
paths. 

Since there has been difference of opinion as to whether 
streamers actually play a role in the development of the 
common filamentary spark in uniform field geometry 
where the pre-main stroke Towsend discharge builds up 
a positive ion space charge that could give rise to a 
streamer, it was urgent that gaps approaching as nearly 
as possible the uniform field geometry be investigated. 
Since for observation by means of photomultipliers 
the spark and streamer channels must be created near 
the x axis with a maximum radial displacement of 
perhaps 1 cm, actual parallel plate, or uniform field 
geometry could not be used. With that geometry the 
breakdown may occur at any chance point over the 
large electrode area. The nearest approach that gave 
axially centered breakdown was with a sphere of 31-cm 
diameter opposite a plane. 

The first step in this approach to the parallel plate 
1.9 and 6 
‘Itraviolet, as well as thorianite, was used to provide 


gap was made with values of r- 1.5 cm. 
triggering electrons. A set of four oscillograms is shown 
1.43 
ckup had been reduced to essentially zero when 
these oscillograms were taken near the end of the pro- 


in Fig. 10 for a position close to the cathode (4 


a 
- 
Pi 


cm). 


ject. The relative gain increases from frame to frame 
beginning at the top, but without changing the voltage 
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on the PM soas not to shift the origin of time by altering 
the electron transit time in the PM. The traces in the 
top frame show the main stroke, M, without distortion. 
(The peaks in the other three frames are distorted due 
to overloading of the CRO amplifiers.) In the second 
frame a tertiary pulse, 7, is observed at the toe of M. 
In the two lower frames the primary and secondary 
pulses, P and S, can be seen at the toe of T. Though 
oscillograms for various values of « were made for only 
the main stroke pulses in this gap, visual study of the 
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lic. 12. Cross plots 
showing the luminous 
primary and secondary 
space waves Irom 9 to 
110 mysec, taken from 


oscillograms 1 





of Fig. 11 
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Fic. 13. Time-distance plots for space-wave features of Fig. 12. 
pulses due to P, and T showed that the primary 
could be resolved only near the cathode, the secondary 
throughout the gap, and the tertiary beyond x=0.79 cm. 
Even though the speeds of P and S are so high that the 
direction of motion could not be determined by visual 
study of the traces on the CRO, these are no doubt 
primary and secondary dendrites, since the pulses are 
similar to those seen in longer gaps where the motions 
are definitely revealed by 
the time scale of the 


the cross plots, and also since 
breakdown mechanism tends t 
become compressed as r increases and 6 decreases. The 
oscillograms photographed for the main stroke show 
that the toe about 6107 cm/sec out to 
x=1.2 cm, where it is met by the cathode luminosity. 
Cross plots, if made, that the main stroke 
space wave has a maximum at «~0.5 cm and a trough 
at x~1.1 cm. 

Oscillograms for the case 
are shown in Fig. 11. 
any one frame 


advances at 


would show 


of r=6.35 and 6=6.4 cm 


records single set of primary and 
The 
but the 
The development of the 
space wave with time is seen in the cross plots of Fig. 12. 


secondary pulses which precedes each main stroke. 
rise of the main stroke appears at the right, 
rest of this pulse is distorted. 


The speeds of the various ante on the space wave are 
derived from the x—/ plots of Fig. 13 and are given on 
that figure; they range from a constant value of about 
5.6X 10° cm/sec for the primary to an average speed of 
about 5.4X 10’ cm/sec for the sec ondary peak. It should 
be noted that all speeds increase as the gaps approach 
the uniform field condition with higher fields out in the 
gap. Neither the toe nor the peak of the sec ondary shows 
any advance beyond x~6 cm, though, during the inter- 
val ‘= 60 to 90 musec, there is a rise in luminosity within 
0.5 cm of the cathode. Possibly there is also a narrow 
dark space next to the cathode, though the shape of the 
space wave in this region is not absolute] 
indicated by the dashed portions of the cross plots in 
Fig. 12. Except for the narrow region near the cathode 
the cross plots are reasonably 
the plotted points at ‘=25 musec in Fig. 12. 

For the spheres with r=6.35, 10.2, and 15.5 cm com- 
mercially-made copper float balls were used. Though the 


y certain, as 


‘accurate, as suggested by 


Each of the five traces shown on‘ 
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surfaces of these showed noticeable variations in curva- 
ture, the portions of the surfaces used in the sparking 
area were sufficiently uniform for the purposes of this 
study. 

For the largest sphere (7 
cm the oscillograms of Fig. 


1.65 
14 show what may be con- 
sidered a streamer or dendrite, S, at the toe of the main 
stroke in the cathode half of the gap. This can probably 
be called a secondary dendrit 
the main stroke, even though a primary pulse cannot be 
seen in this short gap, at least with present equipment. 
If this secondary dendrite, or its toe, actually 
across the gap its speed is so high (perhaps greater than 
610° cm/sec) that the motion is not revealed in 
Fig. 14. Since the main stroke peaks are distorted in this 
figure, it would be order to see them 
correctly displayed, to look at traces, taken with reduced 
gain, which unfortunately cannot be shown. However, 
the cross plots derived from them shown in Fig. 15 
exhibit a definite motion of the stroke toe from 
anode toward the cathode. The average speed for the 
toe, as obtained from several sets of oscillograms and 
from the cross plots, is of the order of 6X 10° cm/sec for 
of the 
except at 
the height of the trace varies considerably 


15.5 cm) and a gap 6 


e, since it comes just before 


moves 


necessary, in 


main 


the main part of its motion. Though the rise point 
main stroke is fairly constant at a given 2, 
=0.16 cm, 


ANODE 


x 
(cm 
O16 


159 


CATHODE 
Fic. 14. CRO traces, for nearly parallel plate geometry showing 
a streamer or dendrite, in the cathode hal f of the gap, and the 
main stroke toe. (Its peak overloads the ¢ “RO r=15.5 cm, 
6=1.65 cm 
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from spark to spark, and “average” traces were used to 
obtain the cross plots of the space wave. The main stroke 
peak also shows some motion until a maximum is 
reached at x=0.5 cm and (= 30 to 35 musec, after which 
it appears to recede toward the anode. There is also a 
marked minimum at x= 1.3 cm for />30 musec. In the 
cathode region the intensity rises again to an inter- 
mediate value. The dashed lines on these cross plots 
represent those time waves for x=0.16 cm which show 
a late rise but a higher maximum. While there is definite 
motion of both the toe and the peak of the main stroke, 
the over-all buildup of space-wave intensity throughout 
the gap is at least as pronounced as the motion across the 
gap. It appears that the total light output of the main 
stroke (area under the wave) increases more 
rapidly after the secondary peak has reached the cathode 
at [= 


space 


12.5 to 15 musec. 

Sets of oscillograms for a gap with the same anode 
(r= 15.5 cm) and 6=6.0 cm are shown in Figs. 16 to 18. 
Cross plots of the developing space waves in this gap.are 
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. 15. Cross plots showing the main stroke space wave at 
successive times for r=15.5 cm and 6=1.65 cm. 
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Fic. 16. Oscillograms on fast sweep at varying gains near 
cathode for r=15.5 cm and 6=6cm, showing primary, secondary, 
and main stroke. The origin of time was fixed as only the PM 
slit was varied. 


presented in Figs. 19 to 21. The four frames of Fig. 16 
were taken at x~5.7 cm with varying relative gain, as 
indicated on the figure. In the bottom frame the main 
stroke, M is already slightly distorted. The secondary, 
S, overloads the circuits in the two top frames. The 
pulse P, which is clearly seen in the two top frames and 
can even be detected in the two bottom frames, is 
probably due to a primary dendrite, even though it is 
not possible to see any motion of its toe in the oscillo- 
grams of Fig. 17. This primary also produces the slight 
rise of the space wave close to the cathode for t=7.5 to 
12.5 musec in Fig. 19. Nor can one see any motion of the 
secondary toe, except in the cathode region (x>5.4 cm 
in Fig. 17) where it is resolved from the primary. This 
checks with the cross plots (Figs. 19 and 20), which 
show only a slight motion of the toe out to /=15 musec. 
At 1=12.5 musec, just before the secondary toe reaches 
the cathode, the first sign of the secondary-main stroke 
minimum appears at the anode. The secondary peak 
shows a very definite motion across the gap (Figs. 19 to 
21) at a speed of about 1.5108 cm/sec for the main 
part of this motion. In this gap also the total light out- 
put of the main stroke begins to increase rapidly at 
about the time the secondary peak reaches the cathode 
(t= 30 musec in Fig. 20). Movement of the main stroke 
toe (secondary-main stroke minimum) from the anode 
to within 0.5 cm of the cathode is clearly revealed both 
in the oscillograms of Fig. 18 and in the cross-pilots 
of Figs. 20 and 21 especially. Its speed is variable but 
is about 1.4X10* cm/sec between x~2.2 and 5 cm. 
The peak of the main stroke moves out to about +=0.7 
cm at f=78 musec. At about this same time the space 
wave reaches its maximum value at all points in the gap 
almost simultaneously, as seen in Fig. 21, with a peak 
at x~0.7 cm, a trough at x~5.5 cm and probably a rise 
in intensity close to the cathode. Though this rise is in 
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Fic. 17. CRO traces showing the primary (near the cathode), 
the secondary (with CRO overloaded for x>0.95 cm), and the 
t stroke (for x<0.95 cm). r=15.5 cm, 6=6-cm. 
Electrical pickup on trace below 


toe of the main 


a re gion where the points on the ¢ ross plots show some 
scatter, it is no doubt real since a similar rise appears 
in Fig. 15, tl 
interesting to note that, at this same time, the distances 
and of the trough from the 
as the values found with 

1.65 cm. The over-all 
growth of the lun 1 for both the 
secondary and the main stroke is as significant as their 


motion from the anode toward the cathode, as in pre- 


e data for which are more accurate. It is 


r + L ¢ my th 
of the peak Irom the anode 


thad 


cathode, are about the same 


this sphere and a gap length 6 


} 


distribution 


inosity 


vious cases. 
DISCUSSION 
that, in general, 


simultaneous 
streamers, crosses from anode to cathode and produces 


pre s( nted Snow 


cCONsIStins le OF 


The observations 
dendrite, more 


he transition from the steady corona or the Townsend 
stroke in the spark 
breakdown of room air at one atmosphere for the range 


geometry studied, that is, 


pre-spark discharge to the mai 


of gap from the positive 


needle point-to-plane gt point- 
lon to positive sphe re-to- 


or rod-to-plane 
gaps of 1 to 3.cm in length, an 
plane gaps with sphere radii up to 15.5 cm and gap 
tween 1.3 and 6.4 cn 


Townsend pr 


and even 9.5 cm in one 


lengths be 
case). That a harge occurs in the gaps 
is observed i 


and of Bandel.’ T} 


accumulation in the gap produces an increase in 


no corona 


whe indicated by the results 
of Fisher 


e resulting space-charge 
the 
field near the cathode and, in many cases, near the anode 
with the result that the number of electrons per ava- 
lanche is increased, whether that avalanche starts with 
a photoelec tron produced it the cathode or in the gas. 
Probably there is a fina 

served by Bandel, and at some point on this rise the 


rapid rise in current, as ob- 


AND L B. LOEB 


dendrite is initiated at the anode and progresses into 
the gap. In general, it soon divides into a fast primary 
and a slower secondary. The primary may be a kind of 
traveling space-charge dipole wave which carries its 
own high axial field ahead of its advancing positive tip 
and thus is able to cross the entire gap, even through the 
low applied fields near the cathode of point-to-plane 
gaps. Propagation of the primary probably depends 
mainly on the avalanching of electrons produced by 
photoionization of the gas ahead of the advancing tip, 
with perhaps some avalanching of electrons produced in 
the predischarge phase and suddenly accelerated by the 
tip field. The fact that many successive avalanches pass 
axially through a fixed volume element ahead of the 
tip may contribute to the high speed of the primary, 
which is constant for a given gap but increases as the 
geometry is changed from the point-to-plane to the 
near uniform case. Values of the primary speed range 
from 2X 107 to 6X 108 cm/sec, and higher. In point-to- 
plane gaps the dendrite is found to consist of a number 
are probably 
Chese individual 
produce a single, 
sharp primary pulse on the ( ae ‘tent of the 
branching or the multiplicity treamers 
could not be determined f 
may be that the dendrite 


of streamers, or single filaments, which 
the result of branching near the anode. 


streamers cross simultaneously and 


gaps; it 
amefr as 
the parallel plate gap is approached 


It has been suggested by Loeb‘ tl 


and main st 
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Fic. 19. Cross plots show- 
ing secondary space wave 
and first appearance of main 


stroke toe. r=15.5 cm, 
6=6 cm. 

















L L 
3.4 


x (cm from Anode) 








for too short a time, no one of the primary streamers 
produces enough ionization in its channel to permit the 
immediate development of the main stroke, but instead 
prepares the way for the secondary dendrite. Loeb has 
also suggested that the secondary may be initiated by 
an ultrafast return wave, similar to those observed by 
Westberg,"’ and which is in turn triggered by the photo- 
electrons from the cathode spot evidently formed by 
each primary streamer. However, more evidence is 
needed on this point since in some cases the secondary 
is well under way before the primary has reached the 
cathode with appreciable intensity. The secondary may 
develop through a combination of (1) radial expansion 
due to photoelectrons avalanching radially inward to 
the primary streamer channel, as proposed by Loeb,” 
and (2) ionization accompanying the axial motion of the 
electrons in this same channel, especially after the 
passage of the secondary toe has begun to increase the 
density of ionization. An attempt to measure a differ 
ence in the diameters of the primary and secondary 
channels yielded a negative, though possibly not a con- 
clusive result. That the second process may be import- 
ant is indicated by the fact that the development of the 


G. Westberg, Phys. Rev. 114, 1 (1959). 
B. Loeb, Phys. Rev. 94, 227 (1954). 
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secondary evidently depends strongly on the pre-exist- 
ing field distribution, since it branches and slows down 
markedly at a short distance from the anode, and be- 
comes too feeble for it to be seen beyond midgap in 
longer’ point-to-plane gaps. The secondary speed also 
increases as the uniform field case is approached, with 
values ranging from 10° to 6X 108 cm/sec, and greater, 
for the secondary toe. In addition to the axial motion 
the secondary also shows a pronounced rise in intensity 
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Fic. 20. Cross plots 
for secondary streamer 
and rise of main stroke, 
r=15.5 cm, 6=6 cm. 
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Fic. 21. Cross plots of 
secondary and main stroke 
to waning of arc, r=15.5 
cm, 6=6 cm. 
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simultaneously throughout the gap. The separation into 
a primary and a secondary dendrite is very definite in 
divergent fields, and there are more than one set of such 
dendrites before each main stroke in the case of longer 
point-to-plane gaps. At the other extreme, the near 
parallel plate gap, streamers could not be resolved from 
the main stroke, at least with the present equipment, 
for gaps shorter than 1.0 to 1.3 cm. 

In the sphere-to-plane gaps for which cross plots were 


t 
4 
i 


obtained, the main stroke begins its development as the 
secondary peak nears the cathode. Possibly the second- 
ary produc es, or reactivates, a cathode spot which 
supplies the electrons needed for a rapid rise in current 
in the ionized channel prepared by the secondary, or 
perhaps its strongest branch. This increased current 
produces the further rise in ionization and excitation 
throughout the gap and the advance of the toe from the 
anode toward the cathode which characterize the main 
stroke development, as revealed by the cross-plots of its 
space wave. In the cases studied, the main stroke, at its 
height, shows a maximum in intensity near the anode, 
a trough about 0.5 cm from the cathode, and a rise near 
the cathode. The oscillograms show that the main stroke 
toe appears earlier in the 2 mm, or so, adjacent to the 
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cathode than further out in the gap. In the point-to- 
plane gaps where the interval between the last primary 
and the rise of the main stroke may be quite long (1 or 
2 usec) and where the secondary may not even be 
observed in the cathode region, it is not clear as to what 
happens in this interval to initiate the main stroke. 

It is difficult to give a criterion for the closeness of 
approach to the uniform field case, but on the basis of 
symmetry considerations and discussion in Craggs and 
Meek,” in which the work of Toepler, Clausnitzer, 
Meek, and others is cited, it can probably be said that 
a sphere-to-plane gap is essentially the same as a parallel 
plate gap when 6<6x/4 ,where 6x is the gap length at 
the Toepler discontinuity for a sphere-to-sphere gap 
with the same value of r. For the two largest spheres 
used here, with r=10.2 and 15.5 cm, 6x/4=1.6 and 
2.0 cm, respectively, while the minimum value of 6 at 
which it was possible to observe streamers is somewhere 
between 1.0 and 1.3 cm, which value is also greater than 
half the gap length at which the breakdown surface 
field begins to increase with decreasing 6 between two 
spheres for the same two values of r. Hence, it appears 
likely that a dendrite or a streamer would be observed 
in a parallel plate gap at the sparking threshold for 
6>1.3 cm. The actual observation, though difficult, 
should be attempted. 

Whether a dendrite or a streamer could be observed 
with better resolution in near uniform field gaps much 
shorter than 1.0 to 1.3 cm is problematical, since the 
streamer-main stroke interval decreases with decreasing 
gap length. It is conceivable that the “cathode glow” 
seen within about 0.5 cm of the cathode and the early 
rise evident within about 0.2 cm of this electrode in the 
few cases where this region was studied in some detail, 
may become the dominant features of the main stroke 
development in gaps shorter than about 1.0 cm. This 
would be in agreement with the Kerr cell pictures of 
Dunnington™ and of White, 
doubtless the main stroke developing first at the cathode 
and in midgap at the sparking threshold in gaps of 
about 0.4 to 0.6 cm in length between 4-cm diameter 
spheres. It is important to note that with the Kerr cell 
one records, as a function of position in the gap, the 
the 


what is 


° 4 : 
which show 


light output integrated up to the time at which 
shutter closes. 

The streamer speeds inferred by Loeb, 
served by Amin’® for corona onset streamers, and the 
speeds given by Saxe and Meek” for the leader in gaps 


with low series resistance lie in a range that begins just 


those ob- 


below that for the primary streamers, and is well within 
the range for secondary streamers found in this study. 
Probably the leader observed by Saxe and Meek is simi- 


lar to a secondary streamer. Nasser? undoubtedly re- 


#1 J. D. Craggs and J. M. Meek, Flectrical Breakdown of Gase 
(Clarendon Press, Oxford, 1953), Chap. 7, p. 311; and High 
Voltage Laboratory Technique (Butterworths Scientific Publica 
tions, London, 1954), pp. 224-229 

2K. G. Dunnington, Phys. Rev. 38, 1535 (1931 


4H. J. White, Phys. Rev. 46, 99 (1934), and 49, 507 (1936) 
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corded the primary streamer tips, but perhaps with their 
motion somewhat moditied by the nonconducting photo- 
graphic film in their paths. Whether Raether’s' cloud 
track pictures show either a primary or a secondary is 
difficult to determine, since he was working with uniform 
field geometry and highly overvolted impulse break- 
down. It is possible that he observed secondaries of 
high speed under these conditions. 
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Using techniques developed by Hudson on air and reported in 
the preceding paper, the phenomena were studied in Linde’s 
spectroscopically pure grade Ar gas admitted to a system using 
Alpert vacuum techniques, and on that gas further purified by 
gas cataphoresis. Study was made in a point-to-plane gap with a 
2.36-mm hemispherically capped cylinder opposite a 3-cm distant 
thin out-gassed Ni plane in the pressure range from 300 mm to 
50:mm. For the spectroscopically pure grade Ar, transition from a 
positive point corona through a fine filamentary spark to an 
incipient arc breakdown on a time scale of 1077 sec down to 100 mm 


pressure proceeds by movement of primary and _ secondary 


streamers progressing from anode to cathode at slower speeds 


INTRODUCTION 


VIDENCE has been presented by Hudson! for the 
positive point 
corona or glow discharge of low order to an incipient 
transient arc through the filamentary spark in conse- 
quence of a sequence of luminous streamers or dendrites 


transition from an antecedent 


starting from the anode and crossing to the cathode. 
Phese streamer-like luminosities taken from oscillograms 
of the light pulses crossing the slit at various distances 
from the anode may be depicted as luminous space 
waves moving from anode to cathode at various times 
by means of cross plots. This enables the velocities of 
the different portions of these waves to be evaluated. 
Quite complete data are thus obtained for the longer 
gaps with regions of low field where velocities are low. 
As one progresses to gaps with more uniform and higher 
fields and especially for the shorter gaps, velocities be- 
come so high and times so short in air that the complete 


* This study has been supported by the Office of Naval Re 
search, the Research Corporation, and a National Research 
Council Fellowship 

t+ Now at Philips Laboratories, Irvington-on-Hudson, New 
York 

t Now at University of Malaya at Kuala Lumpur, Malaya 

1G. G. Hudson, doctoral dissertation, University of California, 
1957 (unpublished); G. G. Hudson and L. B. Loeb, preceding 
paper [Phys. Rev. 123, 29 (1961) ]. 


Unlike the 
\r appears to move from anode 


and lower luminous intensities than air at 760 mm 
case for air, the main stroke it 
towards the cathode. At 50 mm a somewhat diffuse spark channel 
did not reveal any streamer-like progression but the time scale 
was still in the 10~7-sec range. One percent air in Ar at 60 mm 
restored streamers. Purified Ar at 240 mm revealed a 2-mm wide 


diffuse channel breakdown occurring across the whole gap by a 


process unknown with a rise time of several microseconds and 


sustained luminosity for tens of usec with no indication of 


streamers. This demonstrates the necessity of adequate photo 


ionizable impurities in Ar for the development of the filamentary 


streamer spark transitior 


analysis is no longer possible within the resolving time 
of the oscilloscopes. However, even then the presence of 
some of the pulses as they approach the cathode strongly 
suggests that the anode streamer mechanism persists, a 
matter consistent with the remarkably short time scales 


of breakdown’ which any Townsend-like 


preclude 
mechanism. 

As the streamer mechanism was initially invoked by 
Raether*? and Loeb and Meek,? it was believed that when 
an electron avalanche reached a magnitude to yield 
an adequate positive ion space-charge density at the 
anode, together with intense photoionization in close 
proximity to the space ¢ harge, a single positive streamer 
gap from anode to cathode at 
high speed. From this point on, Raether working with 


progressed across the 


overvolted gaps considered that the conducting channel 
was established and that the are materialized by steady 
but fast increase in current. Loeb and Meek, in analogy 
to the lightning stroke and Allibone and Meek’s’ ob- 


servations on long sparks, believed that the heavy 


2] B. Loeb, in Encyel edia f Physics, 
Springer-Verlag, Berlin, 1956), Vol. 22, p 
Ergeb. exakt. Naturw. 22, 736 (1949 

é r E Allibone and . M Meek, Proc Roy 
A166, 97 (1938), A169, 246 (1938). F. F. Saxe, J 
I. E. Allibone, Nature 162, 263 (1948 


edited by S. Fliigge 
484 ff; H. Raether, 
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Ar by gas cataphoresis cleansing 
photoelectric emission at the cathode by streamer tip 
photons accelerated by the very high field of the ap- 
proaching streamer tip sent 
luminous return stroke back | 


a heavy and probably 


the anode, at once rendering 
highly conducting. It was recognized by all 


that in highly divergent 
} 


the channe 
fields and with heavily over- 
volted and 
was mucl 


long gaps, 
branching of 
Hudson’s new studies 
the mechanisms active 
peared likely in all gaps s 


impulse breakdown, there 
node streamers. 

revealed that 
in detail. It ap- 
ied that the triggering 


howe Ver, 


different 


avalanche initiated a primary streamer that crossed the 
gap at a constant high speed and increased in luminosity 
as it crossed the gap. In more divergent fields and longer 
gaps this primary streamer was highly branched, ex- 
hibiting the dendritic structure so named by Hudson 
and later confirmed more in detail by Nasser.‘ In all 


he primary streamers were followed by a secondary 


t 


Cases | 
streamer of much greater luminosity, which was in- 
terpreted by Loeb! from these and other studies as 
It ad- 
many primary dendritic 
sections near the i 


related to a radial influx of ionizing electrons. 


vances down some of the 


channels. In the straight anode its 
speed is high but less than that of the primary. It de- 


The 
arrival of this streamer at or in close proximity to the 


creases materially once it follows the branches. 
cathode appears to initiate the rapid increase in lumi- 
nous intensity characteristic of the transient ar 
channel, across the whole gap designated by Hudson as 
the main stroke. In air the main stroke shows no marked 
advance from cathode to anode as had been expec ted 
by Loeb and Meek for their assumed return stroke. 
Likewise, there was no marked motion from anode to 
cathode. From the appearance of the filamentary spark 


* E. Nasser, Arch. Elektrotech. 44, 157, 455 (1959 
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longer gaps, the spark generating secondary appears 


in 
to be a more vigorous one following just one of the 
dendritic branches of the primary across to cathode. In 
shorter, more uniform field gaps, evidence seems to 
point to the absence of the branching and dendrites and 
primary and secondary streamers follow a single straight 
path. 

The unexpected observations prompted Loeb‘ to 
propose the following picture of what he terms cata- 
strophic transitions or breakdowns of this character. The 
picture arose from a recent study by Westberg® of the 
transition of a low-pressure glow discharge of some 
20 ma to a transient power arc of some hundred amperes 
in a few tens of microseconds in long discharge tubes 
where temporal resolution of potential changes as well 
as luminous pulses was sufficient to reveal the events in 
detail. In that case the sudden breakdown of a thin film 
of oxides liberated an enormous number of electrons 
which accelerated in the cathode fall of some 1000 volts 
changed the glow current of 20 ma at the cathode to 
rhis burst of current propagated 
a highly luminous ionizing potential wave down the 
relatively slightly ionized glow 
speeds ranging from 210° to 
luminous fronts coincide with the 


12 amperes in 2 musec. 


discharge channel at 
$x 10° cm/sec. These 
sharp potential gradi 


ents of the rapidly advancing ionizing electron burst. It 


might be considered that the passa such a burst 
would render the region behind 


| y conducting 
to yield the arc current. However, despite its high-field 
gradients, owing to higl i 


' > 


speed, 


enough time in any section of the column to ionize the 


Thu 


much decreased gradients, there is a return pulse of 


gas sufficiently. arrived at the anode, despit 


because of 


A 


peed 


greater luminosity and equally high 


ey 


Kilovolts 








2. Spark breakdown trar 


pressure tor 


°°... Be. Loeb, Proc eedings of the Third International Conference 
on Ionization Phenomena in Gases, Venice, Italv, June 11-15, 
1957; Italian Physical Society Report October, 1957 (unpub 
lished), pp. 646-674 

*R. G. Westberg, Phys. Rev. 114, 1 
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FILAMENTARY SPARK 
the increased conductivity created by the initial burst) 
that sweeps back from anode to cathode. By this time 
multiplication of carriers is adequate to allow the arc 
channel to increase to the arc by the normal diffusive 
processes. 

In Westberg’s study, one of the striking indications 
of this breakdown were the highly luminous light pulses 
initiating the breakdown at the cathode. It is to be 
noted that one of the characteristics of the arrival of the 
primary streamers, which themselves are also ionizing 


potential space waves, at the cathode observed by 


Hudson and even earlier by Kip was precisely the flashes 
of luminosity at the cathode on arrival. Although 
Hudson’s cross plots are perhaps not of sufficient relia- 
bility to permit firm conclusions, there is some evidence 


that when the primary streamer reaches the cathode a 
burst of ionization signaled by the cathode flash travels 
up the channel. In this case the high ion density in the 
primary streamer channel and the high air pressure will 
give space-wave speeds in excess of 10° cm/sec, which 


Fic. 3. Oscillograms for 
(Ar at 300 mm, low gain, 
50-mysec/cm sweep speed, 
at various distances x from 
below) to cathode 

Time increases 


anode 
above 
right to left 


BREAKDOWN IN 


AIR AND Ar 


1.0 


O Q2 04 06 08 J 3.0 
Anode Cathode 


lic. 4. Cross plot of Fig. 3 at 75, 100, 150, 200, 250, 
and 300 mysec 


As in Westberg’s ob- 
servations, this enhances the primary conductivity and 


the oscilloscope cannot resolve. 


speeds up the secondary streamer advance. It will be 
only the more vigorous of the primary dendrites that 
achieve this increase accounting for the reduction in 
number of se ondary dendrites observed. Whether the 
secondary streamer on arrival at the cathode launches a 
new space wave at high speed to leave the arc channel 
of the main stroke fairly complete is at present an open 
question. The sudden increases in luminous intensity in 
the cross plots on arrival of the primary and secondary 
streamers at the cathode noted by Hudson could be 
attributed to such action. In any event, it is clear, as 
recent papers of Raether’ and his students, using ether 
and methane, indicate, that when an avalanche of ap- 
propriate magnitude reaches the anode in uniform field 
geometry a highly distorted field gradient aided by the 
ready photoionization of the gas or vapor launches the 
catastrophic streamer process. This process in Hudson’s 
work and, as will be seen, in this study causes ionizing 
potential space waves either as streamers or cathode-to- 
anode pulses of higher velocity to sweep back and forth 
across the gap until the arc channel is completed in the 
form of Hudson’s main stroke. As the filamentary spark 
breakdown in air and organic vapors exhibits this be- 
havior, it is of importance to determine whether other 
gases also do so. 

Pure Ar gas should not be susceptible to photoelectric 
ionization by its own photons at sparking fields, unless 
through a prolonged Townsend predischarge a very high 
concentration of metastable states is created across the 
whole gap. Thus Ar should not reveal a catastrophic 
filamentary spark breakdown transition despite high 
fields. 

Most studies of the breakdown of Ar gas, including 


7H. Raether and J. Pfaue, Z. 
Richter, Z. Physik 158, 312 (1960) 


Physik 153, 523 (1959). K. 
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supposedly pure Ar, reveal filamentary spark transi- 
ti It thus becomes of interest to study the break 
down of Ar using techniques that can detect the streamer 


ons. 
at varying degrees of purity. It was for this reason that 
this study was undertaken. It was recognized that such 
a study would present difficulties owing to the relatively 
weak light emission and the use of low gas pressures, 
since most photomultiplier studies in air were under- 
taken 


molecular gases. 


at 760 mm with the high luminous intensities of 


ARGON STUDIES 


Westberg undertook a study of argon using a 2.36-mm 
diameter hemisp!} ly capped Ni point and a thin Ni 
7 3 cm, mounted inside of a 
of 3 liters capacity. 


erica 


plate 7 cm in diameter, distant 


glass vessel Chis was connected to 
the vacuum system depicted in Fig. 1 equipped with two 
Hg Vapor diffusion cold 
ig shut off from the system 
, | and 6. The Ar came from three liter 
flasks A A A of Linde’s “spec troscopically pure” grade 
gas provided wit! 
Rt 


needed. The whole 


pumps DP operating throug! 
traps CT ar d capable of bei 
by Alpert valves 1 


devices for breaking the seals as 
’ was mounted on a Marinite 
base and could be outgassed by baking at 360°C. Pres- 


system 


was read by means of a mercury manometer, M, 


Fic 5 


pressure 


Traces at 
300 mm. 
mysec/cm sweep speed 
at different gains, high 
st at right, anode be 

v, time right to left 
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kept separate by a cold trap and valve 5 except when 
read. Alpert gauges measured the low pressures. Elec- 
trodes and metal parts could | 
heating to 950°C. Area V; cont cooled dis- 
charge tube connected to the discharge space 


induction 


for cata- 
phoretic cleansing of the argon w! spectroscopic 
and No. 
iS used by 
Since the 


park break- 


ictive so 


observation was found contaminated wi Kr 
The operation of the cataphoresis tube 
Westberg will be discussed at a 
standard Linde gas exhibited filamentary 
down, it was believed that 


ater point 


Streamers mu 
that after a quick survey indi 
streamers, Westberg proceeded to 
argon which was achieved just before 

In order to complete the study, Huang investigated 
the spectroscopic argon. Some of the gas cata- 
phoretically treated using a modification of Westberg’s 
oil-cooled system, without the cooling, that did 
serve materially to improve the purity. A curve of 
the transition potentials from corona to filamentary 
spark leading to an incipient arc as a function of pres- 
sure of the gas using both untreated and treated Ar gas 
admitted to the system outgassed and exhausted to 
4X10-" mm Hg is shown in Fig. 2. The circled points 
are for the Linde argon while the treated argon corre- 


Was 


not 





FILAMENTARY SPARK 


IG es at 110 
mm: Linde Ar at 100 


myusec/cm showing fast 


primary and slower sec 


ondaries 


sponds to the crosses. The one point with a triangle 
is that for the Ar with 1% air. The transition potential 
for Westberg’s pure Ar at 240-mm pressure was 4800 
volts which does not differ sensibly from Huang’s curve. 
Thus removal of traces of Kr and N» did not alter 
transition potentials. The observing system was the 
same as that of Hudson’s except for greater difficulty 
in screening out the electrical noise of the spark with the 
glass-enclosed bakable system. Since the transition po- 
tentials at the pressures from 300 mm down to 50 mm 
were about one-third or less of those applicable to air 
in a similar gap, the electrical energy available in the 
breakdown was much reduced. In addition, the Ar giving 
largely a line spectrum yields light of much lower in- 
tensity than air with its mixture of lines and bands 
in the visible. This rendered photomultiplier observa- 
tions difficult especially for the weak primary and sec- 
ondary streamer processes. In Fig. 3 are presented a 
set of traces taken on treated Ar at 300-mm pressure 
at low gain with a sweep speed of 50 musec/cm. Time 
goes from right to left in all Huang’s traces and the 
graticule marks represent 1 cm each. Seen are the rise 
and peak of the main stroke. The anode trace is at the 
bottom and the traces reading up apply to 0. 5.3, 10.8 
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16.1, 21.4, 26.7 mm from the anode to 30 mm which 
is at the cathode. The movement is seen distinctly to 


be from anode to cathode, the temporal displacement 
of the peak being 3 times as great as that of the rising 
toe indicating that the peak of luminous intensity also 
crosses the gap but at a speed about one-third of that 
for the unresolved primary and/or secondary streamers 
concealed in the rising toe. A cross plot of this sequence 
is shown in Fig. 4. The cross plot reveals what is 
probably a secondary followed by the main moving 
from anode to cathode beginning at the bottom trace 
and reading up in time. The speed of the peak is seen 
to be roughly 3.710’ cm/sec while that of a point 
0.17 of peak value on the rising toe is 1X 108 cm/sec. 
Figure 55 shows a sequence of traces for treated Ar at 
300-mm pressure and 50 musec/cm sweep speed. Here 
the anode trace is at the bottom with traces at 5.3, 
16.1, 26.7, and 30 mm from the anode reading up. There 
are four traces for each distance with increasing gain. 
All of these quite clear on the negative and on primary 
prints had to be reinforced. The furthest trace to the 
left is lowest gain and represents the undistorted main 
stroke. With increasing gain, the main stroke flattens 
by overloading; however, even at the anode it is seen 
that there is fine structure about 2 cm to the right of 


Fic Pa) 
50 mm, 
sweep 


Traces at 
100-mysec/cm 
There is no 
streamer motion ap 
parent 
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Fic. 9. Ar with 1°% air 
at 60 mm at 20 mysec/cm 
and highest gain. Note re 
appearance of streamers 


; 


> toe of the main suggesting streamers. As these prog- 


ress across the gap they reveal themselves at 16.1 mm 


to be two close streamer peaks that in intensity 


as they cross the gap moving from right to left with 
speeds of about 6.6X 107 cm sec. It 1 i ult to identify 
these but later observations at lower pressures where 
reduced speeds give bette lution suggest that these 
may represent the secor 1 

which leads to the main stroke. If so, the light of the 
primary at the higher speed is too weak to be observed. 
Clearer resolution is seen in Fig. 6 for treated Ar at 
180 mm, at 50 mysec/cm and maximum gain. Figure 
7 is for Linde Ar at 110-mm pressure and sweep speed of 
100 myusec/cm instead of the one at 50 musec’/cm which 
is reproduced here because of clarity. The data were 
taken from the one at a swee p speed of 50 musec/cm. 
The traces show sweeps at four different gains. On 
highest gain the secondary begins to rise at coordinate 


0.5 to the left of zero time. At 26.7 mm it has pretty 
well merged into the rise of the main with a speed of 
1.4X 10° cm/sec. The primary peak starts near the 
origin at 16.1 mm showing a peak at the cathode at 
coordinate 0.3 cm. It has a speed of the order of 5X 107 
cm/sec. Figure 8 is for treated “Ar at 50-mm pressure 
using a sweep of 100 mysec/cm and it is again shown 
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in place of the higher resolution at 50 mysec/cm be- 
cause of reproducibility, despite its lack of resolution 
for which the high speed sweep will be used in discussion. 
Here the clearly defined primary and secondary pips are 
no longer discerned. In fact, there is no apparent motion 
across the whole gap. Luminosity is greater at the cath- 
ode, even the main stroke appearing three times as 
intense there. If there is motion, it would be from cath- 
ode and anode to midgap. The spark channel was more 
diffuse having an apparent diameter of 1 mm with 
pronounced higher visual luminosity at the cathode. 
The formative time lag, however, showed no sign of 
increasing as was the case when streamer breakdown 
ceased in Westberg’s work. It is nonetheless clear that 
some change in spark mechanism was beginning in this 
gas at 50 mm. Using 1% air in Ar at 60-mm pressure, 
the traces shown in Fig. 9 were obtained. Here sweep 
was 20 myusec/cm and the traces are so faint that for 
reproduction reinforcement must be resorted to. At 5.3 
mm from the anode the start of an anode streamer may 
be perceived which is clearly developed at 16.1 mm, 
reaching considerable prominence at 26.7 mm. The 
speed is of the order of 1X 108 cm/sec. This shows clearly 


Fic. 11. Pure Ar 
Sweep speed 200 
usec/cm at maxi 
mum _ gain Con 
ditions, otherwise, 
same as in Fig. 10 


BRI 


LK DOWN 


Fic. 12. Two traces at 5 usec/cm at tip of anode, 
low gain; lower trace, high gai: 
current arc pulses. 


upper trace, 
Shows long duration of low 


the importance of even small quantities of a readily 
photoionizable gas that restores streamers at pressures 
at which they are disappearing in purer Ar enhancing 
their speed as well as their luminosity. 

It is now of interest to present data on the purifica- 
tion of the argon by cataphoresis. This technique was 
developed by Diesz and Dieke* for the purification of 
gases at some 20-30 mm pressure at which pressure 
currents in the glow discharge needed were only 20-30 
ma. For studies at 300-mm pressure it was estimated 
that at least 300 ma of current would be required. In 
Diesz and Dieke’s work the chamber with the gas to be 
purified was in direct contact with the discharge tube. 
time at the rated cur- 
impurities 
chamber was 
cut off from the discharge tube and some of the gas 
at the cathode was withdrawn by the pump. The pump 
was then cut off and the gas chamber was again placed 
in contact with the discharge tube. In this case diffusion 
of the impurities to the discharge tube with no doubt 


Che discharge was run for some 
more ionizable 


could be noted at the cathode. Then the 


rent and concentration of the 


some gas circulation induced by the discharge current 
served rapidly to cleanse the The same principle 
was followed by Westberg using a system, which is 
shown in Fig. 2, to Alpert vacuum techniques, 
bakeout being at 360° for 24 hours and the induction 
heating of electrodes at 950°C for 6 hours. The gas 


gas. 


subject 


h its 6-mm inner 
diameter and 20-cm length was 5% of the total volume. 


volume of the cataphoresis tube wit 


V3; had a volume of 3/. The argon flasks A were in 
parallel. Since these and the associated tubing could 
not be outgassed, the space between valves 2 and 3 
was a bleeder space to flush out the gas in the section 
which had not been baked when the seals were broken. 
Alpert ion gauges (not shown) were located near valves 
3 and 1. Gas pressure was measured after gas was ad- 
mitted to the system by opening valves 4 and 5. Valve 
5 was then closed and with only valve 4 open the dis- 
charge was run for 3 to 4 hours. The discharge quickly 
changed color from bluish to pink at the anode, the 

§R. D. Diesz and G. H 


Dieke, J. Appl. Phys. 25, 196 (1954). 
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gas at the cathode assuming a green color. Spectro- 
scopic study revealed Kr and N, at the cathode with 
mainly Ar at the anode. Valve 4 was then closed and 
5 and 6 were opened, removing all gas in the discharge 
tube. Valves 5 and 6 were then closed and valve 4 
opened and current run for another 3 to 4 hours. This 
process was repeated five times. After the first run the 
new gas admitted did not show the grayish cast but 
was pink in color for the whole length of the column. 
However, as time went on green again collected at the 
cathode. It appeared as if towards the last runs the 
green became less intense. By this time the pressure 
in the system had dropped to 240 mm. Using extra- 
polated data from Diesz and Dieke, Westberg estimated 
that the impurity could have been reduced by a factor 
of 0.33 for each run. This was undoubtedly optimistic, 
impurity probably being reduced by a factor of 0.1 
instead of 0.041. Attempts to monitor the purification 
by using photomultipliers on the light of the green Kr 
line was unsuccessful owing to its low intensity. The 
gas finally used, however, showed breakdown properties 
entirely different from that previously studied. The 
spark channel had a diameter of 2 mm at 240 mm and 
light intensity was feeble with highest intensity at the 
cathode, less at the anode, and least in midgap. Tran- 
sition occurred at 4800 volts for 240-mm pressure pos- 
sibly meaning that removal of traces of Kr, which lower 
breakdown threshold, at the same time removed traces 
of N2 
radically altered. First is shown a series of traces starting 
with anode at the top and going to the cathode at 
0, 0.35, 0.70, 1.21, 1.89, 2.11, 2.93 to at the cathode in 
Fig. 10. The sweep speed was 1 wsec/cm. Time goes 
from /eft to right. Here difficulty lies with the triggering. 
The 517 scope triggers best on a light pip at the anode 
with rise time of the order of 10-5 sec or less. Gradual 
rise times with indefinite beginnings and shapes that 
do not repeat lead to poor trigger pulses. In the first 
trace at the anode there are two sweeps and the faulty 
triggering is clearly demonstrated by difference in break- 
down time. The declining traces noted below are un- 
avoidable retriggering of the scope during later phases 


and QO, which raised it. The oscillograms were 


of the sparks. Ignoring the differences in starting times, 
it is clear that the breakdown is distinctly different 
from the phenomena occurring on time scales of 10=7 


sec with less pure argon. Here there is a gradual rise 
to an overloaded peak in all cases consuming more than 
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10-6 sec for the steep part and of the order of a gradual 
rise from zero of several The rise of 
luminosity was faster at cathode and anode than in 
midgap. Here there was a very slow rise to half in- 
tensity in some 4 to 6usec and a final sharp rise to 
peak in a half a microsecond. The long duration of 
the luminosity in the channel extending beyond 6 usec 
in some cases indicates that the discharge current was 
of an entirely different order, taking a long time to 
discharge the capacity. Figure 11 shows a sequence 
taken at 200 mysec/cm sweep. While the noise was not 
eliminated as well in these traces as in those of Huang 
and Hudson, still at a sweep of one-fourth to one-tenth 
that used by Huang there is seen to be no fine structure 
even at maximum gain. Rise to overloading at this high 
gain occurs on a scale of 1 usec or so relative to one-twen- 
tieth of this on Huang’s traces. Figure 12 shows two 
traces taken with sweeps of 5 usec/cm. The light ob- 
served was just at the anode tip. The first trace at low 
gain shows the full pulse shape indicating that the dura- 
tion of most of the light output is in the first 2 or 3 usec. 
Increasing the photomultiplier gain comparable to that 
of high gain in Figs. 7 and 8 in the second trace showed 
that there was light output for some 35 yse« 
of the secondary pulses. 

It is clear that when the argon is purified in the ab- 
sence of adequate photoionization the streamer mecha- 
nism does not occur. Breakdown starts as some 
constriction of the Townsend glow discharge 
which funnels to a fairly broad confined column and 


microseconds. 


it the level 


sort of a 


proc Css 


builds up to heavy localized glow in some 3 usec of time. 
The current is possibly of the order of one-tenth as heavy 
as with the streamer spark so that the luminous dis- 
charge lasts of the order of ten times as 
streamer sparks since the quantity of cha 
is constant. 

From these data it is possible to conclude tha 
the sharp filamentary spark is observed it 
an anode streamer mechanism and that the gas in which 


long as with 


rge dissipated 


t where 


is caused by 


it occurs is sufficiently mixed or impure so as to yield 


adequate photoionization in the gas by avalanche- 
produced photons. In slightly soiled Ar gas streamers 
persist to about 50-mm pressure. If 1% Oz is added 
even at this low pressure, the streamer transition occurs. 
In relatively pure Ar even at 240-mm breakdown is 
diffuse and requires a formative time at 10 or 


more times that for streamers. 


least 
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A novel method of solving added carrier transport problems in 
semiconductors is presented. The usual procedure in treating 
problems of this type is to derive a continuity equation for charge 
carriers on the basis of carrier conservation, allowing for genera 
tion and recombination, and to solve this equation under ap 
propriate boundary conditions. The resulting fluxes or currents 
are obtained from diffusion and drift current equations, which 
involve the concentrations and concentration gradients. In the 
formulation presented here, equations embodying conservation 
of flux (again with due allowance for generation and recom 
bination) which incorporate the proper boundary conditions from 
the outset are solved in the steady-state one-dimensional case to 


I. INTRODUCTION 


N solving problems dealing with added carrier 

transport in semiconductors, it is customary to 
derive 4 continuity equation,'* the basis of which is 
the computation of the gain or loss of charge carriers 
by diffusion, drift, generation, and recombination per 
unit time in an infinitesimal volume element, and to 
solve this equation under appropriate boundary con- 
ditions. The currents which flow are then computed 
from current equations which relate the average flux 
of carriers to the already computed concentrations and 
gradients by way of simple Fick’s law diffusion theory 
and first-order Boltzmann transport theory. The 
validity of the results so obtained is limited by certain 
assumptions which are made in connection with simple 
random-walk theory,’ the most important of which is 
that the number of free paths which a particle ex- 
periences be, on the average, large compared with unity. 
This, in turn, requires that the physical dimensions of 
the system being studied be large compared with the 
mean free path, and that the probability of recom- 
bination within the mean time between collisions be 
small in comparison with unity. 

In a discussion of the scattering and absorption of 
light in diffuse media, Coltman, Ebbigshausen, and 
Altar* and later Longini® have shown how diffuse light 
fluxes can be calculated as a function of thickness of 
scattering medium by a method based upon internal 
multiple reflection and absorption. Certain aspects of 
their approach have been extended in connection with 
carrier recombination studies in semiconductors by 


* This work has been supported in part by the U. S. Air Force, 
Wright Air Development Division 

!'W. Van Roosbroeck, Phys. Rev. 91, 282 (1953). 

2 W. Van Roosbroeck, Bell System Tech. J. 29, 560 (1950) 

3E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1938), p. 268ff. 

‘J. Coltman, E. G. Ebbigshausen, and W. Altar, J. Appl. Phys 
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yield a Green’s function for the desired carrier fluxes directly. 
The method is more general than the commonly used continuity 
equation formulation in that the physical dimensions of the system 
and the diffusion lengths are not restricted to be large compared 
to the mean free path; in particular it is unnecessary to assume 
Fick’s law diffusion Otherwise the method is 
equivalent to the continuity equation analysis. An example 
involving carrier generation in a plane region bounded on one 
side by a surface of arbitrary reflection coefficient (or recombina- 
tion velocity) and on the other by a collecting p-m junction is 
worked out. The results are shown to reduce to those obtained 
via the continuity equation in the appropriate limiting case. 


for processes. 


McKelvey.® Since the basic assumptions upon which 
these calculations are founded, that conservation 
(with due allowance for absorption) of flux and com- 


is, 


pletely random or diffuse scattering at each collision or 
reflection, hold under a great variety of conditions for 
the transport of charge carriers in semiconductors, it 
should be possible to formulate a mathematically 
analogous steady-state flux theory of carrier transport 
in semiconductors. This general approach forms the 
basis for certain rather restricted calculations involving 
recombination at surfaces or internal boundaries which 
have been made previously.** It is the purpose of this 
paper to formulate this general steady-state theory as 
it applies to semiconductors and to show the relation 
between the results of this theory and the results ob- 


tained in a more conventional manner from the steady- 


state continuity equation in a simple case of some 
practical interest. 


II. FLUX RELATIONS IN A DIFFUSE 
SCATTERING MEDIUM 


Coltman, Ebbigshausen, and Altar‘ consider the 
physical situation which is illustrated in Fig. 1. A layer 
of scattering material of thickness x is considered, and 
an additional scattering layer of thickness dx is inter- 
posed between the source and the original material. A 
steady-state, one-dimensional situation is assumed. A 
diffuse flux A (of light or of charge carriers, as the case 
may be) which is generated just at the surface of the 
layer of thickness dx and which proceeds initially to 
the right in Fig. 1, is incident upon the system, and 
gives rise to the reflected and transmitted fluxes F,, 
Fy’, Fo’, and F3 as shown. The distance dx is considered 
to be so small that the probability of multiple scattering 
or absorption events in that distance is negligible; in 


6 J. P. McKelvey, Phys. Rev 
7J. P. McKelvey and R. L 
(1954 
8 J. P. McKelvey and R. L. Longini, Phys. Rev. 99, 1227 (1955). 
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106, 910 
Longini, J 


1957). 
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of dX —_—_—_— X-—— 


kdXx 
l-adXx 


R(X) 
T(X) 


Reflection Coefficient: 
Transmission Coefficient: 
Fic. 1. Fluxes arising between a layer of bulk material of 
thickness x and an incremental layer of material of thickness dx 
which is interposed between the bulk layer and a generation 
source. The reflection coefficient of the thin layer is defined as 


kdx and the transmission coefficient as 1—adx. 


other words, the reflection coefficient and the absorption 
coefficient of the layer are considered to be strictly 
proportional to dx. According to this view, the reflection 
(backscattering) coefficient of this thin layer is defined 
to be dx and the transmission coefficient to be 1—adx. 
The parameter @ includes both scattering and absorp- 
tion and it follows therefore that a>, the 
equality holding when there is no true absorption (or 
recombination), but only scattering. It is shown by 
Coltman ef al. that under these circumstances, dif- 
ferential equations for the reflection coefficient and 
transmission coefficient of the layer of thickness x 
[the reflection coefficient and transmission coefficient 
being defined as R(x+dx)=F.//A and T(x+dx) 
=F;/A, respectively] can be written, which, upon 
integration, yield the following results: 


effects, 


sinhgx 


R(a 


cosh ]X+ \a q) sinhgx 


and 
[ oshgx T (a q) sinhg<x | e 
where 


a? — k? i 


A brief resumé of the analysis, using a rather more 
general method of attack®:’ than the “multiple re- 
flection” treatment of Coltman ef al. is given in Ap- 
pendix A. 

It is necessary to identify the quantities a, k, and 
g with physical parameters such as the mean free path, 
mean carrier lifetime and the mean thermal velocity. 
Since the differential scattering probability kdx is 
assumed to be strictly proportional to dx, it is obvious 
that & is related inversely to the scattering mean free 
path A. Likewise, if the differential “nonsurvival” co- 
efficient @ is written 


(4) 


then w represents a differential recombination co- 
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efficient which, since the differential recombination 
probability wdx is assumed to be strictly proportional 
to dx, must be inversely proportional to the quantity ¢ér, 
where 2 is the mean thermal velocity [¢= (8k7/m*)! | 
and r is the mean carrier lifetime. The constants of 
proportionality may be arrived at by suitable averaging 
calculations. A derivation of these numerical constants 
is given in Appendix B, and using the results obtained 
there to complete the definition of & and w, 

write 


one may 


k=3/4d 


= 2 


W—4 


where 


and 


q 
Note that in the limit y—+0 (which is a necessary 
condition for the applicability of the continuity equa- 
tion analysis), using the definitions of w and & given 
by (5) and (6), g— 1/L. Since y a function 
of the ratio of \ and ¢ér, it is inversely proportional to 
the square root of the number of free paths which a 
carrier experiences before it recombination. 
One would therefore expect that the results of this flux 
analysis would coincide with the results of conventional 
diffusion theory only in the limiting case where y<1. 
That this is indeed the truth is shown in the following 
section for a simple example of some practical interest. 


is solely 


is lost by 


III. FLUX ANALYSIS OF A SURFACE REGION 
BOUNDED BY A COLLECTING 
p-n JUNCTION 


The application of the flux analysis outlined in the 
preceding section will be illustrated for the case of a 
plane layer of semiconductor of thickness a, bounded 
on one side by a surface of reflection coefficient (non- 
recombination probability) Ro 
by a perfectly absorbing collecting p-n junction. 

The problem of finding the current 
junction will be solved first by the flux method, then 
by use of the continuity equation analysis, and a 
comparison of the results obtained by the two ap- 
proaches will be made. The geometry which is used in 
formulating the flux approach is shown in Fig. 2. It is 
assumed that a carrier flux dA is generated isotropically 


and on the other side 


across the 


at a distance x from the surface'so th: 
4dA proceed initially to the right and to the left, and 
that these fluxes give rise to the reflected and trans 
mitted fluxes dF, dF)’, dF 2, dF 2’, and dk 
These fluxes are assumed to represent fluxes of excess 
carriers only ; the principle of detailed balancing assures 
that any such flux system arising from equilibrium 


it equal fluxes 


as illustrated. 


carrier generation will be balanced by an equal and 
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opposite system caused by equilibrium recombination 
processes. It is assumed that a steady state has been 
reached, and that no electric fields act upon the carriers 
in the region of the crystal which is of interest. The 
latter assumption is equivalent to the assumption of 
highly extrinsic bulk semiconductor material.'! The 
geometry is similar to that which is encountered in 
p-n photovoltaic devices. 

Referring to Fig. 2, one write the following 
relations between the fluxes which are illustrated there: 


dF\=4dA +R dF )'+T dF, 
dF\'=4dA+RedF, 
dF,=RdFY, 

dF,’ =T dF \'+RidF:, 
dF3=TdF. 


can 


[hese simultaneous equations may be solved to yield 
the following expressions for the fluxes: 

dF = (dA/2A)[(1— RoR) (14+Ri)+ Ro? ], 

dF’ = (dA/2A)(1—RoR1) (14+ R2), 

dF,= (dA/2A)RoF\(1+R2), 

dF,’ = (dA/2A)T\(1+R2), 

dF 3= (dA/2A)TL(A— RoR1) 14+ Ri)+RoTV ], 


where 


A= (1— RoR) (1— RiR2) — RoR.T iY. (12) 


Phe flux collected by the junction is dF3. Note, how- 


R(x) 1 
= 
T(x) T (x) JLT (x) 


R(x) 
as = 
T (x) 


R(x) 


+R 
T (x) 


R(a—x) 


T(a)tT (x) T(a—x) 


[27 (1+ ‘2 )* coshgx T (2y°+1— Ro) sinhgx 


‘ coshgx+ (2y?+1— Ry) sinhgx [27 (1 


dF 3=®(x,y)dA. (14) 

In general, the flux source strength dA will be a 
function of x. Since the carriers generated within a 
sufficiently thin elementary layer contribute to the 
flux across the boundaries of that layer without first 
order losses by recombination, the flux d4 may be 
related to the generation rate of carriers per unit 
volume, g(x), by a simple conservation argument, the 
result being 


dA 2A \dx. (15) 


Substituting this result into (14) one obtains a Green’s 
function for the junction current which may in prin- 
ciple be integrated over any given generation function 
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Reflection Coefficient Ro R, 
Transmission Coefficient ¥, 
FIG Disposition of fluxes in a plane semiconductor layer 
bounded on one side by a surface of reflection coefficient Ro and 
on the other by a perfectly absorbing p-n junction. These fluxes 
generation 
reflection and 


) 


source ol 
Bulk 


| 


are assumed to arise from an 
at a distance x to the right of the 


transmission coefficients are defined 


plane 


isotropi 
suriace 
as illustrate¢ 


ever, that according to the results of the preceding 
section, one may express R; and 7, as R(x) and T(x), 
and R, and T, as R(a—x) and T(a—x), respectively, 
through the use of Eqs. (1) and (2). Making these 
substitutions and simplifying, using the mathematical 
identity 


R(x)R(a— x) 

: (13) 
T(x)T(a—x ‘(x)T(a—x) T(a) 
which is easily proved from (1), (2), and (3), and 
writing out the differential flux dF across the junction 
produced by the differential generated flux dA, it can 


be shown that 


4 coshga T , os <'y T *)R 


! 


’ 


coshga+ (1+ 24 sinhg(a—.) 


to give the total flux across the junction. Thus, 


o(y 
5 


In some instances, the integral must be evaluated by 
approximate or numerical methods, or by a computer. 
It is instructive to examine the rather simple case where 


g(x)=g9(x—x0), (OS xo<a). (17) 


6(x) referring to the Dirac 6 function. In this case, F3 
can be evaluated analytically, the result being 


F3= gu (x0,7). (18) 
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The continuity equation applicable to this example 
may be written as 
D(d*p/dx*)— p(x)/r=0, (19) 
where D (=})2) is the diffusion coefficient and p is 
the excess carrier concentration (actual concentration 
minus equilibrium concentration). It may be solved 
under the boundary conditions: 


D(dp dx), sp(Q), 


where s is the surface recombination velocity’; 
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(11) lim p(xo— €) = limp(xo+€) ; 


(iii) p(a)=0; 
lim[D(dp/dx) 20-.— D(dp/dx 


ee) 


(iv) 


to yield the excess carrier concentration. The flux at 
the junction may then be obtained by evaluating the 
quantity — D(dp/dx) at x=a. The boundary conditions 
so chosen define precisely the same conditions of carrier 
generation as Eq. (17). The result of the continuity 
equation analysis subject to these boundary conditions 
can be shown to be 


(sL/D)+tanh(xo/ L) 


cosh{ (a—xo)/L]+ 


1+( 


sinh[{ (a—x 


sL/D) tanh(xo/ L) 


It is to be expected that (18) reduces to (20) in the limit where the continuity equation analysis is valid. Ac- 
cordingly, we shall examine the behavior of (18)-in the limit y<1. If in the expression for &(x9,y), the radicals 
are expanded by the binomial theorem, and if subsequently all terms in y* are neglected (this assumes y*<1—R 


as well as y<1), one obtains 


[24 ( oshgx +(1—Ro) sinhgx l(y ( oshg rot+sinl ga 


:? 


| 2y coshgxo+ (1— Ro) sinhgxo |(2y coshga+sinhga)—2yR 


(21) 


sinhg 


In this expression, if one divides numerator and denominator by 


and then expresses the hyperbolic functions of ga in terms of functions of gx and « 


[2y coshgxo+ (1— Ro) sinhgxo ](y coshgxo+sinhgx9) 


7(a— xo), neglecting terms in ¥ 


where they arise, assuming also that 1— Ry<<1, one obtains the expression 


) nhary 
ey ttanhga 


( oshg( @— 2 


y+tanhgxy 14+[(1—Ro)/27] 


According to (9), for + 
coefficient of 
tanhgxo(y+tanhgx 
under these conditions 


that one takes 


1, g=1/L; likewise, for x)>>d, 
and the expression 
approach unity. Therefore, 
18) agrees with (20), provided 


the 


coshg(a—x 


D(1—R 
(1—R,). (23) 
4 
For 1—R,<1, this is in close agreement with previ- 
ously published results.’ In the case where the sinhgx 
terms in ®(xX»,7y) for x<)) 
inspection of (14) reveals that it is necessary to retain 
terms of the order of y’. It is easy to show that in this 


case (again for y<1) 
sinhga ) 


(x0) 


may be neglected (i.e., 


; 


1—R 
1+R 


(24) 


*W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 321. 


tanhgx 


tanhgxo+ (1— Ro) / 2 
sinhg(a- 


tanhga 


This is again in agreement with the predictions of (20), 
provided that s is taken as $@(1—Ro)/(1+R)); 
in exact agreement with previously obtained results’ 
23) for 1—Ry«1. The 
slight discrepancy in the expression obtained for s may 
be due to the fact that the assumption 1—R)<1 was 
used to obtain (22), but was not used to obtain (24 

It should be emphasized that the fulfillment of the 
condition y<1 (i.e., X<L) does not by itself 
agreement between the flux theory presented 


this is 


and in close agreement with 


guarantee 
} 


lere and 
the classical diffusion-recombination theory as applied 
via the continuity equation. In addition, the physical 
dimensions of the system under consideration must, in 
general, be large in comparison with A for the classical 
continuity theory to be applicable. It is apparent, for 
example, that (22) no longer corresponds in a simple 
way with (20) when tanhgxy~7 y~d). 
This occurs not only because the quadratic term in the 
numerator of ®(x%»9,7 
previously, but also because of a breakdown in the 


(i.e., when a 


must be considered, as mentioned 


assumptions upon which the classical diffusion-recom- 


bination analysis is based—notably the assumption 
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that many free paths are involved, on the average, 
between the generation and subsequent collection or 
recombination of a carrier. 


In the limit where y<1, and x, a<Z (this special 
case is discussed in detail for simplicity), it is found 
that ®(xo,7) reduces to 


1+ Rot (3x0/4A)[2+ (1— Ro) J+ (1— Ro) (9x0?/ 8d?) 


P( x0,y)= 


2+ (3x0/2A)+(1— Ro) (3a/2d)(1+329/4A) 


This expression is obtained by expanding the sinh, 
cosh, and (1+)? functions in (14), and simplifying 
numerator and denominator, neglecting terms of higher 
order than quadratic in y, xo, a, or their products. If, 
in addition, it is assumed that 2, a, a—xo>>A, then 


1+ (3x0/4A)(1— Ro) 


P( x,y) (x9, @,a—X0>A) (26) 


1+ (3a 4x)(1—Ry) 


Equation (26) agrees with the result of the continuity 
equation analysis, which predicts that = (1+sx)/D) 
(1+sa/D), provided s is defined as in (23). If the 
condition xo, a, 


a—xo>d does not hold, then the ex- 


pression (25) must be used to compute ®, and the results 
no longer correspond in any simple way to those derived 
by way of the continuity equation. On the other hand, 
if xo is identically zero, then (25) gives 


2 3a (1— Ro) \ 
?(0,y) + , (ee=0) ( 


)7 


27 
1+R, 2d (1+R») 

which does in this restricted case again agree with the 
result of the continuity equation analysis if 1—Ry<«1 
and if s is defined as $¢(1— Ry)/ (1+ Ro); this definition 
of s agrees closely with that set down in (23) for 
1—Ry<«1. 


In comparing the results of the flux analysis with 


T(1—Ry)[(1 


dF=34dA 


(1—R R,)LA—R,R2)(1—Ry’'R ae: 


where, as usual, R), Ro, 7), Ts are to be identified with 
R(x), 
by (1) and (2). This expression reduces to the expression 
given for dF; in (11) and (12) for Ry’=0. 


R(a—x), T(x), T(a—x), respectively, as given 


IV. DISCUSSION 


It has been demonstrated that results concerning 
fluxes of added carriers in semiconductors usually 
obtained by solving a continuity equation and com- 
puting currents from concentrations and concentration 
gradients obtained thereby can be obtained by a 
consideration of scattering and absorption phenomena 
acting on the fluxes themselves. The results of the flux 
analysis, while as yet having been derived only for the 
steady-state, one-dimensional, zero-electric-field case, 
are nevertheless in some respects more general than 


those obtained from the continuity equation, it has 
been assumed in various contexts that 1— R)<«<1. That 
this is indeed the case for most experimentally realizable 
surface conditions, at least for germanium and silicon, 
has been demonstrated by recombination 
measurements.’!? It should be noted, however, that 
a boundary such as the one characterized as the 
“surface” in this example need not necessarily corre- 
spond to a real crystal-atmosphere interface, but may 
describe any boundary which is partially reflecting to 
carriers such as, for instance, a p-n junction which is 
maintained at arbitrary bias. 


surface 


In instances where the physical dimensions of the 
system are not large compared with A, where L is not 
very much greater than A, where y? is not small com- 
pared with 1—R, or, finally, where 1— Ry is not small 
compared with unity, the use of the continuity equation 
must be abandoned in favor of a more general treat- 
ment, such as the one outlined here. The first of these 
instances may be encountered in sufficiently thin 
surface p-n junction structures, the second may arise in 
certain of the III-V intermetallic compounds. 

It should be pointed out, parenthetically, that this 
example can be solved by the same general procedure 
even if the absorbing p-n junction is replaced by a 
partially reflecting surface of reflectance Ro’. In this 
case the flux crossing this boundary is given by 


R,)(1—R R,)+R, T; 


‘RT 2 }— (1—Ro'Rz)RoR2T 2— RoRo' T YT 2 


those obtained from the continuity equation, in that 
no restrictive assumptions regarding the dimensions 
of the system or the average number of free paths 
experienced by the carriers before absorption need be 
made. 

In familiar semiconductors, even those characterized 
by high carrier mobility, the mean free path is always 
less than 10-4 cm at room temperature. In very pure 
germanium at low temperatures (~10°K) the mean 
free path may be of the order of 10~* cm, It is thus 
clear that only if the system dimensions are very small, 
or if the diffusion length LZ is very low, will there be 
appreciable departure from the results derived from 
the continuity equation analysis. The effect of short 
lifetime will not be appreciable in germanium at low 


W. Heywang and M. Zerbst, Z. Naturforsch. Ila, 256 (1956). 
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temperature if the lifetime exceeds about 10~° sec, and 
at room temperature will not be apparent for lifetime 
in excess of about 107" sec. 

It should be kept in mind that the evaluation of the 
scattering and absorption parameters is based upon a 
simple kinetic model which assumes strict equality of 
probability of forward and backward scattering, and 
in which no account of the effect of either applied 
electric fields or internal electric fields! (arising from 
the tendency of the crystal to maintain local electrical 
neutrality in situations where the hole and electron 
mobilities are unequal) has been taken. The effect of 
the internal fields may be expected to play an important 
role when large added carrier concentrations or high 
concentration gradients exist, but may be expected to 
be negligible in small-signal situations where the added 
carrier density is small compared to the equilibrium 
carrier density. There will be, on the average, no 
internal fields even at high added carrier concentrations 
in cases where the hole and electron mobilities are 
equal, and the flux analysis may, of course, be expected 
to apply unequivocally under those conditions. The 
desirability of extending the analysis presented here 
to include cases where nonnegligible electric fields are 
present is obvious, and indeed it is possible to effect 
such a generalization on a simple phenomenological 
modifying the scattering and absorption 
parameters with additive terms varying linearly with 
the electric field. It is, however, not a simple matter to 
arrive at expressions for field-dependent scattering and 
recombination parameters on a rigorous, physically 
correct basis, and (although the results of the phe- 
nomenological theory agree with the results given by 
the continuity equation in the appropriate limit), it 
appears that the simple phenomenological model may 
not be sufficient to describe the physical situation 
correctly in a completely general way. It is expected 
that continuing research effort on this subject will 
yield a physically rigorous solution to the field-de- 
pendent problem. 


basis by 


Despite the fact that rather cumbersome algebraic 
procedures have been necessary in the foregoing analysis 
to exhibit in detail the relationship between the flux 
theory and the conventional analysis, it should be 
noted that the flux analysis is generally no more tedious 
nor difficult to apply in a given situation than the 


conventional method. The ease and precision with 


which surface or interfacial boundary conditions can 


be introduced, and the generality of the results obtained 


A;= 


whence 
(B.1) 


The quantity @ is the azimuthal coordinate about the 


LONGINI, 


AND BRODY 


render it, where applicable, a powerful tool for the 
analysis of excess carrier problems in semiconductors. 


APPENDIX A. REFLECTION AND TRANSMISSION 
COEFFICIENTS 


Referring to Fig. 1, the following flux relations can 
be written for the fluxes illustrated therein 


F\=A(1—adx 
F,'=RF,, 

Fy! =kAdxt+ (1—adx) Fy’ 
F;=TF,. 


LbF,'dx 


Here kdx and 1—adx are assumed to be the reflection 
(backscattering) and transmission 
backscattering or recombination 
tively, of a layer of thickness dx. 
may be solved to give 


(survival without 
coeffi ients, respec- 


The equations (A.1) 


1—adx 
=A ; 
1—kRdx 


1—adx 
F,'=AR ; 
1—kRdx 


Then (following Coltman et al.‘ 
F,’ RA 
R(x+da kdx-+ 
A 1—kRd 


and (neglecting second-order terms in dx 


dR R(x+dx)— R(x) ) 
= A(1 +R ). 
dx di k 


This equation can be the constant of 
integration being evaluated by the requirement that 
R(0O)=0. The result is Eq. (1 The 
coefficient can be derived in a somewhat similar manner 
to give (2). Note that if there is no absorption (a=k, 
g=0), then R+T 


integrated, 


transmission 


1, as ¢ xper ted. 


APPENDIX B. DERIVATION OF PROPORTIONALITY 
CONSTANTS 


In deriving Eq. (5), it is necessary to show that the 
average distance from which flux, entering an element 
of area normal to the x axis and being scattered in that 
element, originates, projected upon the x axis, is 2/3. 
Referring to Fig. 3, one can write 


\r 2r kd Qn 
A COSA) ay f f d\ cos#) cosé 2 sinadode / f f cos@ \? sinédéd®@, 


polar (x) axis. The extra cos@ factor in the integral is, of 
course, the Lambertian cosine factor, necessitated by 


the fact that the area subtended, and thus the flux inter- 
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AR 


cepted, by dS varies with angle as cos@. The result is 
consistent with the conclusions of previous treatments 








Fic. 


3. Geometry assumed in calculating average separation of 
scattering events along the x axis. 


€ x hr € 
t(e ( ) f [ 0 exp(—mv?/2kT)v cosé sinédéd: / 
v cos 0 %  vcosd 
[ f v” exp(—mv*/2kT)v cos6 sinddédv. (B.2) 


The cos@ siné terms arise from the assumed spherica! 
isotropy of velocities, and the factor included 
because the flux associated with an element of the 
velocity distribution is the particle density associated 
with that element times the velocity which pertains 
to it. The factor v? exp(—mv?/2kT) represents the 
familiar Maxwell-Boltzmann distribution of velocities. 
Evaluating the integrals in (B.2) and recalling from the 


v is 


t 
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involving this subject.’* Effectively, then, so far as the 
fluxes are concerned, scattering events are separated, on 
the average, by distance 2/3 along the x axis. The re- 
flectivity kdx, 
the scattering 


should thus be } for dx=2)/3, assuming 
to be isotropic (i.e., the probability of a 
backward scatter equals that of a forward scatter 
equals 4). Writing down this equality and solving for k, 
3/4, or Eq. (5). 


To derive Eq. (6), it must be noted that the fraction 


one obtains at once, k 


of flux absorbed in a layer approaches asymptotically 
i/r as the layer thickness approaches zero, where f is 
the mean traversal time for the flux. For an elementary 
layer of thickness ¢ and an angle of approach @ relative 
to the x axis, the time of traversal is e(v cos@)~', where 
v is the flux velocity. This, accordingly, is the quantity 
which must be averaged in order to find t. The weighting 
factors are those which are used in classical kinetic 
calculations which involve particles striking a wall or 
streaming through an aperture; the average is thus 


computed according to Eq. (B.2). 


definition of w that we also represents the fraction of 
flux absorbed in an elementary layer of thickness e¢, 
it can be shown that 

(B.3) 


whereby 


as represented by Eq. (O). 
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The effective g factor for ferrimagnetic resonance frequencies 
in rare-earth iron garnets is calculated by direct inspection of 
eigenvalues rather than study of the equations of motion. The 
rare-earth ions are treated as captive in the exchange field from 
the iron, but subject to decomposition of their energy levels by 
crystalline fields and/or spin-orbit interaction. With a crystalline 
field, the problem is tractable in a simple way only if these 
decompositions are large or small compared to those which could 
be produced by the exchange field acting alone. Anisotropy, 
actually very important at low temperatures, is neglected except 
insofar as it can be represented by an anisotropy field. The 
of spin” is useful, and the spectroscopic 


concept “fictitious 


N the early days of ferromagnetic resonance, there 

was considerable confusion between the spectro- 
scopic splitting factor and the true gyromagnetic ratio. 
Some of this confusion seems to still persist in the 
ferrimagnetic garnets, as we hope the present paper 
will show. 

There are two general methods commonly employed 
for calculating 
One is the use of classical equations of motion; the 
other employs spin wave or harmonic oscillator approxi- 
mations applied to the secular problem of the coupling 
between two large angular momentum vectors. The 
two methods are essentially equivalent.' In our opinion, 
the second is a little clearer in exhibiting the physical 
nature of the approximations. 

In this paper we present still a third method which is 
more primitive, but in our opinion more intuitive and 
less likely to be misleading. We shall assume that the 
specimen is spherically cut so that there are no de- 
magnetization corrections. Also, we will forget about 
of insofar as it can 
handled phenomenologically by the usual artifice of 
an anisotropy field. We will develop our theory explic- 
itly for the garnets, but it is readily adapted to any 


ferrimagnetic resonance frequencies. 


anisotropy, except, course, be 


situation in which the magnetization of one sublattice 
is a “captive” one created by the exchange field from 
the other. 

If the crystal exists in a state of spontaneous magnet- 
ization, which is not substantially changed by the 
applied field, it will have 2n+1 equally spaced eigen- 
values in an applied field, where 27+ 1 is the number of 
of the magnetization 
n may be called the 
an enormous number. 


possible quantized orientations 
of the specimen. The quantity 
fictitious spin and is, of course, 

' For references and some discussion of this point, see J. Van 
Kranendonk and J. H. Van Vleck, Revs. Modern Phys. 30, 18 
1958). The harmonic oscillator approximation, incidentally, is 
more or less similar to that employed by S. Golden and J. K 
Bragg in the mathematically related chemists’ problem of approx 
imating high eigenvalues of the asymmetrical top [J. Chem. Phys 


17, 439 (1949) ]. 
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splitting factors turn out to be more relevant than the true 
gyromagnetic ratios. For europium garnet, our theory becomes 
essentially that of Wolf. It is shown that Kittel’s formula ges 
=2(Mre+Mre)/Mr. has approximate validity if most of the 
magnetic moment of the rare earth arises from nondiagonal 
matrix elements joining ionic energy levels with separations 
large compared with the Zeeman energy in the exchange field. 
The fact that in certain cases the experimental results are rep- 
resented fairly well by Kittel’s formula is hence not necessarily to 
be construed as evidence that the rare-earth ion is highly damped 


by spin-lattice interaction as in his original model 


We may define quantities mF,., 
iron and rare-earth sublattice, and may take 
N=NretNreE Inasmuch as in the garnets, the moment 
of the captive rare-earth lattice is created by the 
exchange field largely from the iron, and so the moment 
of the rare-earth lattice is practically parallel or anti- 
parallel to that of the iron. Assumptions fully as 
restrictive as those we have just made, and probably 
introduced the 
standard procedures described above when it is assumed 


NreE Similarly for the 
we 


1e 


essentially equivalent, are in two 
in them that the moduli of the magnetic moment of the 
two sublattices are each constants of the 
state of lowest energy is that where the moment is 
parallel to the applied field, so that 


E=—H(Mr-+Mre) 


motion. The 


The effective g factor in ferrimagnetic resonance, when 
multiplied by 8H, is the spacing of two adjacent 
eigenvalues and is, hence, 


gett = (Mret+Mre)/ ENRE)D (1) 


where 8 is the Bohr magneton. 

As the ferric ions are effectively in S states, we may 
take np.= Mr,/28. To make our expression (1) ac quire 
a form superficially like that usually employed in the 
literature, we define a ratio Grr by 

Gre=Mre/L+(nre)é | 
Then 
3) 


get= (Mret+Mre) (;Mre+Gre'Mre ( 


We have taken Mr,.>0, and then Wry 
most of the rare-earth garnets; but 
and also for samarium at low temperatures 
the same sign as M p-. 

Our problem is now to evaluate 
essential point is that this is a matter of numerology 
rather than of calculating true angular momentum. 
We assume that in the absence of the exchange and 


is negative for 
up to samarium, 
M re has 
and 


CMRE, our 


applied fields, an individual rare-earth ion has a number 


of energy levels Ey which are separated. from each 
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other because of the crystalline field and/or spin-orbit 
interaction. Each of these levels is in general (2.Sp+1)- 
fold degenerate, and we speak of Sy as the fictitious 
spin of the level. For spin-orbit splitting in the absence 
of a crystalline field, Sp is, of course, the same as the 
inner quantum number J. We use capital letters 
throughout for spins and gyromagnetic ratios or 
spectroscopic splitting factors which have only a 
pseudo-meaning. For a cubic field Sp can be 3 or 3 for 
an odd ion, and 0 or 1 for an even one.? The important 
thing is that inside each of these degenerate manifolds, 
the transformation properties of the angular momentum 
and magnetic moment matrices are, except for a 
proportionality factor, the same as those for an ion 
with an honest spin of Sp. Consequently, we can write 


titre=—A > Me kT (4) 


Here Fry is one of the substates into which Fr is 
decomposed by the exchange field H.. emanating from 
the iron sublattice, and the proportionality constant 
A is the number of rare-earth ions divided by the 
partition function of an ion. The negative sign in (4) 
is necessary, as the ferrimagnetic lattice has a negative 
gyromagnetic ratio because of the negative sign of 
electronic charge, and so the spin of the ferric sublattice 
in the direction of My, is negative if Myr.>0. The 
question of sign choice in (2) is eliminated when (4) 
is used, since the right side of (4) is negative when the 
minus sign applies. To compute Mre we introduce for 
mathematical convenience a small applied field H 
parallel to the exchange field. We then can use fhe 
relation 


Mri —-A> dw | ~0F/A0H»)e—EUM FT, 


a! 


After the derivative is taken, Hy) may be set equal to 
zero, as any applied field is negligible compared with 
the exchange one. We now assume that BH,,x is small 
compared with the splitting of the energy levels £; 
produced by the crystalline field or spin-orbit interac- 
tion. Then the energy levels can be expressed as a 


2 It should, however, be noted that the method of fictitious spin 
is rigorous for the case S= 3 only if the first-order Zeeman energy 
is linear in the magnetic quantum number M, as assumed in our 
Eq. (6). Actually, this need not be the case in a cubic field, and 
instead it is either necessary to include a term in M® or alter 
natively to assume that g depends on the magnetic quantum 
number M [Cf. A. Abragam and M. L. Pryce, Proc. Phys. Soc. 
(London) 63, 409 (1950), and especially B. Bleaney, ibid. 73, 939 
and 74, 493 (1959)]. The cubic term gives anisotropy in the 
Zeeman effect, though not the susceptibility ; and in the framework 
of our isotropic theory, which of necessity neglects the cubic term 
in M, the best approximation is probably to use the single g value 
which yields the proper susceptibility or, in other words, proper 
second moment. It should also be mentioned that for even ions 
in a cubic field there can be doubly degenerate levels (Bethe’s type 
I';); since they are void of any magnetic moment, it is immaterial 
whether they are formally treated as having a fictitious spi: 
S=} or as two cojncident Jevels with S=0, 


REQUENCIE: 


series 


Epu = Ert+ (GrHot+GrH «x)BM 


+ {ay vH T 2a vA A xt ay uw Hx? |. (6) 


Note particularly that the quantity Gr, which may 
be termed the exchange spectroscopic splitting factor, 
is not the same as the conventional splitting factor Gr, 
since the exchange field acts only on the spin moment, 
whereas a true magnetic field acts on the total moment. 
(The relation between the two G’s isGr= 2(g7—1)Gr Lu; 
where gy is the Landé factor of the multiplet component 
is derived.) We will 
keep only the terms of the first order in the development 
of (4) and (5) in the exchange field. With this approxi- 
mation, we find from (4) and (5), evaluating >> M? in 
the usual way, that (2 


J of the free ion from which [ 


be omes 


Yr (2Sp+1)[Sr(Sr+ 1) GrGr+3kT a8 Jer"? 
Gri <a a 
>a Gr(2Sp+1)Sp(Sp+ Le Erik? 


, 
! / 
(7) 
where 
Gr= > w Gru /(2Sp+1). 


It is to be cautioned that formula (7), or even the 
expression (4) for the enumeration of states and our 
whole concept of fictitious spin for the RE sublattice, 
should not be used unless 6H,x is small compared to 
the intervals Ey— Ey separating the various states Fr. 
Fortunately, this condition is usually met in the rare- 
earth garnets, especially at higher temperatures, 
where the exchange fields are smaller. It is clear that 
(7) cannot be employed for arbitrary values of BH x. 
for (7) does not in general reduce in the limit Erp— Er =0 
to the value g, for the free ion. (This difficulty does 
not arise, however, if the splittings are caused solely 
If the crystalline field is 
small compared to the exchange fields, it is, of course, a 
better approximation to treat the ion as free. In the 
no simple 


by spin-orbit interactions. 


intermediate there 
formula. 

Another difficulty is that, actually, in the garnets 
the field is not cubic locally, although macroscopically 
the symmetry is cubic. We can, however, regard our 
model as the first approximation and treat the local 
from cubic symmetry as a_ perturbation 
which we ignore or, rather, relegate to the catch-all of 
An alternative procedure, in 
case the deviations from cubic symmetry are quite 


case, appears to be 


deviations 
anisotropy corrections. 


pronounced, is to treat all levels as at most two-fold 
degenerate (Sp=4) and use for each Kramers doublet 
an isotropic G equal to the mean of that for the three 
principal local directions 

Equations (3) and (7) are to be compared with the 
l'suya-Wangsness* formula: 


Left (Mx. 4 M ry ) (3Mr. + g Mre), (8) 
Kvoto) 7. 263 


(1953) 


Tsuya, Progr. Theoret. Phys (1952); 


Wangsness, Phys. Rev. 91, 1085 
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and the formula of Kittel*: 
(Mro+Mre) ‘M Fe. (9) 


The quantity g in (8) is the gyromagnetic ratio (in 
units of —e/2mc) of the rare-earth lattice, or equally 
well, its Landé g factor, as Tsuya and Wangsness did 
not consider crystalline fields or more than one multi- 
plet component. Comparing (8) and (3), we see that 
our formula is similar to that of Tsuya or Wangsness 
except that it involves Gre, which we may call a 
fictitious gyromagnetic ratio, instead of a real one. 

The relation of our formula to the Tsuya-Wangsness 
and Kittel ones, and its meaning, will be clearer if we 
consider some specific examples: 

(i) Gadolinium iron garnet. Here the crystal field 
can be considered as negligible compared to the 
exchange field, =2. Then (3) 
reduces to the Tsuya-Wangsness formula, which is 
known to work quite well in gadolinium garnet. This is 


and one has Gre=g 


not surprising, as this is the case where the ions are 
least influenced by the crystalline field. 

(ii) Europium iron garnet. Analysis of the suscept- 
ibility shows that it is a pretty good approximation in 
europium to treat the ions as free, the reason being 
that the two lowest levels, J/=0 and J=1, are unde- 
composed by a cubic field. The decomposition of the 
levels is then to be considered as due to spin-orbit 
interaction, and it is well-known that Eu and Sm are 
the two rare earths for which it is necessary to include 
more than one multiplet component. The case of Sm 
we will discuss elsewhere. 

If we neglect the crystalline field, the quantity Grr 
is the same as the gyromagnetic ratio 2 in an exchange 
field. In Eu the formula for 7 is 


15X—5)eX+... 


48+ OY—3 e* 


j 
x 


X=(Eyui—Ey 480/T. 
This is not quite the same as the expression given in 
my book® for the gyromagnetic ratio of Eu but is 
obtained by adaptation to the case that the field acts 
only on the spin, as discussed by Wolf and Van Vleck.® 
Since the denominator of (10) vanishes except insofar 
is the upper multiplet components are inhabited, 1/7 
as tl m é é , 1/2 
is quite small (~ 0.04 at 300°). As a first approximatien, 
one can take 1/7=0, and then one has the same formula 
as that used by Wolf? to explain the results of Miyadai® 
on ferrimagnetic resonance in the europium garnet. 
Thus, the formula which Wolf? employed is, as he 

*C. Kittel, PI eV 5, 1587 (1959 

6 J. H. Van Vieck, The Theory of Electric and Magnetic Suscepli 
bilities (Oxford University Press, New York, 1932), p. 256 

®W. P. Wolf and J. H. Van Vleck, Phys. Rev. 118, 1492 

7W. P. Wolf, J. Phys. Soc. Japan 15, 2104 (1960) 

8 T. Miyadai, J. Phys. Soc. Japan 15, 2205 (1960); Y 
I. Miyadai, and H. Takata, ibid. 15, 530, 1534 (1960). 
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observed, the same as that of Kittel, but derived by a 
completely different mechanism. Wolf noted that in 
europium the state J=0 does not contribute to the 
angular momentum. As long as one is dealing with free 
ions not subject to crystalline fields, angular momentum 
is a measure of the number of states. Thus, though 
couched in different physical language, the physical 
picture which Wolf uses is basically similar to our own. 
By means of (10), we can correct for the effect of upper 
states. Unfortunately, this gives a slight correction in 
the wrong direction, the discrepancies with experiment 
becoming respectively about 4%, 12%, rather than 2%, 
10% at T= 300°, 500°. These annoying corrections can 
be avoided if it is assumed that the level J=1 is split 
by the noncubic portion of the field by an amount large 
compared to the Zeeman energy in the exchange field. 

(iii) Ytterbium iron garnet. Besides Gd and Eu, 
this is the only garnet for which the crystalline field 
theory of the susceptibility seems pretty well under 
control. The lowest level is a Kramers doublet whose 
Gr value is moderately isotropic and has approximately 
the value Gr=24/7 appropriate to a cubic field.’ The 
next level is about 580 cm™ up, so that its Boltzmann 
factor can be neglected, and (7) becomes 


Gre= (24/7)[14+ (7/310) ]. (11) 
The factor 1+(7/310) results from including the 
a@r part of (7), or in other words, the temperature- 
independent portion of the susceptibility, which is 
known in YbG both theoretically and experimentally.” 
For a free Yb ion, the Landé g factor or gyromagnetic 
ratio is 

(12) 


and this is the value of g to be used in the Tsuya- 
Wangsness formula taken literally or naively. Compari- 
son of (11) and (12) illustrates the danger of confusing 
spectroscopic splitting or fictitious gyromagnetic factors 
with true gyromagnetic ratios. As YbIG has a compen- 
sation point Mge=—My. near T=0, there is a 
temperature at which (8) has a zero denominator if 
(12) is used, but this catastrophe does not take place 
with (11) in (3). 

If one interprets the resonance data of Rodrigue, 
Meyer, and Jones" by a formula of type (3), then the 
value of Grr which is needed is about 4.0 at room 
temperatures and above; while at lower temperatures, 
the empirical value of Greg so obtained drops gradually 
1.0 at T=0. The experimental error in so 
Grr is_ considerable; 


to about 


determining Rodrigue states 


*Y. Ayant and J 
D. Boakes, G. Garton, M J 
Phys. Soc. (London) 74, 663 
White, J. Appl. Phys. 31, 535 (1960 
M. Ball, G. Garton, M. J. Leask, and W. P. Wolf, Proceedings 
of the Seventh International Conference on L Tem perature 
Physics (University of -Toronto Press, Toronto, Canada, 1960) 
1G. P. Rodrigue, H. Meyer, and R. V. Jones, J. Appl. Phys 
31, 376S (1960) 


Compt. rend. 248, 387 (1959); 
d W. P. Wolf, Proc. 
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(unpublished thesis) that it may be as much as 50%. 
Even so, the fit with (11) is not good, though at least 
better than with (12) or with the value Gre= ~~ 
demanded by (9). The reason for the discrepancy is 
not clear—whether it is caused by difficulty with 
anisotropy corrections, failure to correct for the 
repercussions of the exchange field on the spin of the 
iron lattice, or what. 

(iv) Kittel’s formula. For certain garnets at high 
temperatures, Kittel‘ has proposed the formula (9) 
which is identical with the limit 1/Grr=0 of our 
expression (3). His model is, however, quite different 
from our own, as he has the rare-earth ion heavily 
damped by spin-lattice interaction, whereas we have no 
damping and simply utilize the static crystalline field 
(and in Sm and Eu, the natural multiplet splittings). 
We believe our model is the more plausible. Our 
rederivation of essentially his result as a limiting case 
by another mechanism under certain conditions we 
regard as the main contribution of the present paper. 

Our reluctance to interpret (9) as mainly the result 
of a damping or spin-lattice process is chiefly because 
this interpretation would imply that the spin-lattice 
interaction distorts the Zeeman pattern as much as 
does the crystalline field, and this does not seem very 
reasonble. Also, we have some doubts as to whether the 
Landau-Lifshitz damping term used by Kittel is, in 
general, an adequate representation of the necessarily 
complicated spin-lattice coupling effects. 

In a certain sense, however, the difference between 
our theory and Kittel’s is a semantic one, and it is 
easy to see why we get somewhat similar formulas. 
The important thing to obtain his formula is that the 
contribution of the rare earths to the number of 
eigenvalues of the specimen be suppressed. At the same 
time, however, the rare earths must make a substantial 
contribution to the magnetization of the crystal, as 
otherwise one has the trivial case gers=2. Under such 
circumstances the magnetic moment of the rare-earth 
sublattice may be said to be semiquenched. One can 
immediately understand why (9) usually applies, if at 
all, only at high temperatures, for a necessary condition 
for semiquenching is that the exchange field be small 
compared to the crystalline field, be it static or oscil- 
latory, and this condition is more likely to be met at 
high temperatures. We prefer to think of semiquenching 
not as damping of angular momentum, but rather as 
relegation of the rare earths’ magnetic contribution to 
being via second- rather than first-order Zeeman effect. 
As already mentioned, this difference is to a certain 
extent semantic. There does remain, however, the 
question as to whether the semiquenching is a static or 
dynamic effect ; i.e., is caused primarily by the ordinary 
crystalline field or by the modulations of this field by 
lattice vibrations. No doubt both effects are present, 
and in this sense Kittel’s theory and ours are com- 
plementary. However, we wonder whether it would be 
possible to have most of the semiquenching caused by 
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spin-lattice interaction without introducing excessive 
real quenching at high temperatures; i.e., suppression 
of the rare earths’ magnetic susceptibility when the 
temperature is raised and spin-lattice interaction 
becomes stronger. 

To obtain exactly the Kittel formula with our model, 
we would have to have the degeneracy of the inhabited 
rare-earth states lifted completely with a decomposition 
large compared to H.x. This could conceivably happen 
for even ions in sufficiently asymmetrical fields. How- 
ever, we doubt if this is the actual situation. In odd ions 
there is always the Kramers degeneracy, so that, with 
our theory, the Kittel formula would never apply 
accurately [barring very fortuitous cancellation of the 
various terms in the denominator of (7), for as we 
shall see later, Gp can have different signs for different 
states ]. In our opinion, the explanation is rather that a 
large part, but not all, of the 
arises from the 


susceptibility often 
nondiagonal part of the magnetic 
moment which does not contribute to the number of 
states. Furthermore, oftentimes the spectroscopic 
splitting factors Gr involved in (7) are quite large. 
We thus expect that normally Kittel’s formula is but 
an approximation, and so it is experimentally. All told, 
on our model one might expect Kittel’s formula to 
apply somewhat better to even than to odd ions. 
Actually, of the two ions for which Kittel’s formula 
holds best—-Ho and Er—one is even and one is odd. 
Possibly this is evidence for the dynamic rather than 
static interpretation, for with overpowering spin-lattice 
coupling, though Kramers’ theorem retains its validity, 
there are so many energy levels that it ceases to be of 
interest and the even-odd distinction disappears. 
Another argument in favor of the dynamic view can be 
made from considerations of linebreadths, since the 
damping model nicely explains the anomalously large 
linebreadth over a certain temperature interval when 
small amounts of certain rare earths are added to YIG. 
It seems clear that the anomaly occurs in the transition 
region where the exchange field becomes large enough to 
overcome semiquenching. Such a situation can arise 
with either the static or oscillatory crystal fields, but 
whether the dependence on temperature is critical 
enough with the static model is uncertain. 

We should not forget to mention the possibility that 
sometimes the denominator of our expression (3) can 
be larger than in Kittel’s formula (9), either because 
Gre<0; Mae<0O, or Gae>0; Mre>0. The expression 
on occasion be 
negative, since some states carry negative Gr. An 
example of a negative Gr is provided by the I’, triplet 
of a J=3 level in a cubic field, for which Gr= — $gy.” 
We doubt, however, that negative values of Gre are 
very common. The situation Mpr>0, however, arises 
in the first part of the rare-earth sequence, since here the 
exchange field works in the opposite direction from an 


(7) for Gre can, indeed, in principle, 


2 A. Abragam and M. Pryce, Proc. Roy. Soc. 


London) A205, 
135 (1951); J. H. Van Vleck, Physica 26, 544 


1960). 
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applied field, and, in consequence, the coupling between 
the rare-earth and iron sublattices, though basically of 
antiferromagnetic sign, makes the moment of these 
sublattices parallel rather than antiparallel.” 

In closing, we should emphasize that the present 
paper makes no pretense of including anisotropy, and 
it can be regarded rather as an attempt to see how far 
one can push the theory with a purely isotropic model. 
Of course, the effects of anisotropy are particularly 

SV. Jaccarino, B. T. Matthias, M. Peter, H. Suhl, and J. H. 
Wernick, Phys. Rev. Letters 5, 251 (1960); G. Goldring, M. 


Schieber, and Z. Vager, J. Appl. Phys. 31, 2057 (1960); W. P. 
Wolf, ibid. 32, 742 (1961). 
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important at low temperatures. The theory usually 
does not appear to work too well at low temperatures if 
the correction for anisotropy is made in the usual 
way by introducing an anisotropy field. The question 
of how far it is warranted to include the anisotropic 
part of the crystalline potential simply through this 
artifice is a subject into which we do not want to 
enter here. 
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\ simple calculatior 
processes and corres] 
nal conversi 

ray or electror 
interference con 
Méssbauer contribution 


} 
emitted yy ray 1s measured (e.g., 


1 is presented of the effects of lattice dynamics on interference between 


Mossbauer 


ponding atomic processes, i.e., between Méssbauer and Rayleigh scattering, or between 
f Méssbauer radiation and the photoelectric effect. When the energy of the emitted 
not measured, it is necessary to sum over all possible final states of the lattice. The 
ution is found to be attenuated by the same “Debye-Waller” factor as the ordinary 
, depending only upon the momentum of the incident y ray. If the energy of the 
by a Bragg scattering experiment), the atomic contribution is atter 


uated 


by the usual x-ray Debye-Waller factor, depending upon the momentum transfer, the Méssbauer contribu 


by the square 


atomic and Méssbauer factors 


that the effects of lattice 

dynamics in Méssbauer experiments are expressed 
very simply in terms of the fraction f of gamma rays 
emitted from the source without energy loss due to 
recoil. This is the Debye-Waller factor* 


f=] exp(—ik-X,)\i [?, (1) 


where |7) is the initial state of the lattice, #k is the 
momentum of the gamma ray, and X, is the coordinate 
of the nucleus emitting the gamma ray. Interest has 
ret ently been expressed in interference between atomic 
effects and the between Ray- 


leigh and or between atomic 


T is now generally known 


Mossbauer effect: e.g., 
Méssbauer scattering,°® 


photoelectric absorption and Méssbauer absorption 


a conversion electron.* The 
to point out that the effect of 


followed by emission of 
purpose of this note is 


| Proceedings of Illinois ( 
edited by H. Frauenfelder and H 
Urbana, Illinois, 1960 

2H. J. Lipkin, Ann. Phys. 9, 332 (1960 

3C. Tzara and R. Barloutaud, Phys. Rev 

*T. Waller, Ann. Physik 79, 261 
Schiffer, Atomic 
unpublished) 

+P. J. Black and P. B. Moon, Nature 188, 481 


$L. J. Tassie (to be published 


Vosshauer F-frect, 
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nierence on the 


Lustig 


Letters 4, 405 (1960). 
1926); W. Marshall and J. P 
Energy Research Establishment Report, 1959 


1960) 
See also reference 1, p. 25 


the usual Méssbauer factor, and the interference term by the geometri« 


mean of the 


the lattice dynamics on the interference term is given 
by the same factor f which appears in the direct Méss- 
bauer term. 

Let us consider the scattering of a gamma ray of 
momentum #k,; into a state of momentum 7k, by an 
atom whose motion in the lattice is described by the 
coordinate X-. Let M be the probability amplitude 
for the process due to the Méssbauer effect, and let A 
be the amplitude for Rayleigh scattering by the 
electrons. Then the 
given by 


atomic 


scattering cross section will be 


where C is a factor expressing the degree of coherence 


of the two elementary processes. Chis factor C is inde- 
pendent of the lattice and is not considered further here. 

We wish to investigate the effect of the lattice dy- 
namics upon Eq. (2). Mossbauer and 
Rayleigh scattering we know that the direct Méssbauer 
term M )? is proportional to f, that the direct 
Rayleigh term | A ? is independent of the lattice dy- 
namics. The dependence of the interference term upon 
the lattice is not evident, @ priori. 


From ordinary 


and 


The coherence properties of the final lattice states 





DEBYE-WALLER FACTOR IN 
must first be investigated. Although the Méssbauer 
resonance condition requires that the gamma ray be 
absorbed (either really or virtually) without excitation 
of lattice vibrations, no such restrictions exist for the 
re-emission process. Thus the lattice can be left after 
the scattering in a final state | f) which is different 
from the initial state. The same is true for Rayleigh 
scattering, where there is no resonance condition. How- 
ever, interference can only occur between two ampli- 
tudes, Méssbauer and Rayleigh, describing processes 
in which the lattice is left im the same final state | f). 
We must therefore define atomic and Méssbauer scat- 
tering amplitudes A(k,,k2,7,f) and M(ki,ke,7,f) for 
scattering in which the lattice goes from a definite 
state |i) to a definite state | f) during the transition. 

Because lattice forces are weak in comparison with 
atomic and nuclear forces, the perturbation of internal 
atomic and nuclear structure by the lattice can be 
neglected, and the internal and lattice degrees of free- 
dom can be separated. The scattering amplitudes can 
therefore be separated into a factor Age (or Mauc) 
depending upon the elementary atomic (or nuclear) 
process, and a lattice factor describing the transfer of 
momentum to the atom X, in the lattice. The latter is 
simply the matrix element of the operator exp[7Ak- X; |] 
between appropriate lattice states, where Ak is the 
appropriate momentum transfer.? Thus, 


A (ki, ke,7, f) = Aar(f| exp[i(Ki— ke) - Xz]! 2), 


M (ky, ke,7, f) = Manuel {1 exp(—ike- Xz) | 7): 

X (¢ exp(7k,- Xz) | 7). 
In the atomic the total momentum transfer 
(k,— kz) is given to the lattice during the scattering 
process. Whether or not this is considered as a two-step 


case, 


process involving virtual absorption and re-emission is 
irrelevant, as there is no resonance in the intermediate 
state. The sum over all intermediate virtual states can 
be performed directly by closure to yield the result 
(3a), neglecting the variation of the energy denominator 
which is very large compared to lattice energies. This 
is not true for the Méssbauer case, as the resonance in 
the intermediate state is so narrow that only a single 
lattice state is relevant, namely the initial state. In the 
Mossbauer case, the lattice remains in the initial state 
during the absorption of k,; and goes to the final state 
in the emission of ko. 

The total amplitude for the process is just the sum 
of the two terms of (3). The total cross section is ob- 
tained by squaring the total amplitude and summing 
over all lattice final states | f), since the lattice final 


MOSSBAUER INTERFERENCE 


state is not measured. Thus, 
ax > ¢| Age |?]( fl exp[i(k,—k2)- Xz] ) AP 
+ | Maue|?](f| exp(—ke- Xz) | 7)? [| exp(tki- Xz) |7)P 
+2C Ref Aat*Mnucli exp[i(k2—k,)- X; f 
X (f|\ exp(—ike- X_)|7)(7| exp(7k,- Xx) |7)}. (4) 
The summation over final states | f) is simple matrix 
multiplication. The result, obtained by closure is 
ox {| Aael?+ | Maue|?f (ki) 
+2C Re(Aat*Mauc) f(Ki)}, (5) 


where {(k;) is the ordinary Méssbauer fraction, Eq. (1) 
for momentum k;. We now note the following points: 


(1) The derivation of Eq. (5) does not depend spe- 
cifically upon the nature of the processes of Rayleigh 
and Méssbauer scattering. It is valid for any process 
in which a particle of momentum hk, is absorbed by an 
atom in a lattice and a particle of momentum “#k2 is 
emitted. It is therefore also valid for the case where a 
conversion electron is emitted. 

(2) The interference term is attenuated by exactly 
the same lattice factor f(kK,) as the direct Méssbauer 
term. 

(3) The attenuation is independent of the emitted 
momentum k». This surprising effect is particularly 
interesting in the case of the conversion electron, where 
k. is large because of the electron mass, and f(Kke) 
would be very small. 


It is also of interest to note that Eq. (4) can describe 
lattice effects in coherent “Bragg” scattering from many 
atoms in a single crystal. For this case Eq. (4) should 
not be summed over all final state | f); rather | f) 
should be set equal to |7), since there is constructive 
interference at the Bragg angle only if the outgoing 
gamma ray has the same wavelength as the emitted 
one; i.e., if there is no energy transfer to the lattice. 
For this case, we obtain 


x { Aat 2f(ki—k:2)+4 M awe { f(ki)}? 
+ 2C Re to Mf 1 TC f(ki— ke) }} f(k1)}. 


Bragg 


The direct atomic term has the familiar Debye-Waller 
factor for Bragg scattering, depending upon the mo- 
mentum transfer. The direct Méssbauer term has the 
square of the usual factor. The interference term has 
the geometric mean of the two direct factors, as is to be 
expected when there is only a single final state. 
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The temperature dependence of fluorine and proton nuclear 
magnetic resonance (NMR) in polycrystalline samples of the 
solid solution (NH,)2(BeF,),(SO,4);_, has measured for 
several x. This solid solution is ferroelectric for high and low x 
and is paraelectric in between. A sharp transition in the second 
moment of the F” resonance was observed but found to be inde 
pendent of x, while the ferroelectric properties are dependent on 
x. The proton NMR showed the nonequivalence of the NH, 
groups, but again the temperature dependence could not be cor 
related with the ferroelectric properties. Thus, the ferroelectric 


been 


INTRODUCTION 


NE of the methods of investigating compounds 
that have phase transitions, in particular, ferro- 
electric compounds, is the nuclear magnetic resonance 
(NMR) technique. This method is particularly suited 
to the study of the rotational and vibrational prop- 
erties of ionic groups that contain nuclei with spin 3 
i.e., H' and F'*). The NMR technique has already been 
applied to several ferroelectric or closely related com- 
pounds.' In this paper, a number of ferroelectric com- 
pounds and one solid solution are studied by the NMR 
technique. In particular, ionic groups of high symmetry 
are studied NHsg, etc.). Inthe ferroelectric { NH,)oBeF 4, 
both the positive and negative ions are studied. The 
object of this work is to understand better the connec- 
tion between the rotational properties of the ions and 

ferroelectricity. 
NH, 


} 


lldS 


BeF ,).(SO,); 


Ferroelectricity been discovered by Matthias 
and Remeika? in (NH,4)2SO, and by Pepinsky and 
Jona’ in (NH,).BeF,. Although these compounds are 
not isomorphous,* they are completely soluble in one 
another and the ferroelectric phase diagram has been 
investigated. The mixed 
(NH,4)2(BeF,4),(SO,4),;_., show that as x decreases from 
1.0 to ~0.8 the solid solution is ferroelectric and the 
Curie temperature 7, decreases from —96° to 
~ — 130°C. For 0.8>x>0.2, it is not ferroelectric. For 
0.2>x, the solid solution is again ferroelectric. The 
space group in the three regions of x is different.*® 

'R. Newman, J. Chem. Phys. 18, 669 (1950); D. W. McCall, 
ibid. 26, 706 (1957); R. D. Spence and J. Muller, ibid. 26, 706 
1957); J. W. Emsley and J. A. S. Smith, Arch. sci. (Geneva) 12, 
122 (1959); R. Blinc, J. Chem. Phys. 31, 849 (1959); R. Blinc 
and A. Prelesnik, ibid. 32, 387 (1960); R. Blinc and I. Levstek, 
J. Phys. Chem. Solids 12, 295 (1960); F. Holuj and H. E. Petch. 
Can. J. Phys. 38, 515 (1960 

2B. T. Matthias and J. P. Remeika, Phys. Rey. 103, 262 (1956 
3R. Pepinsky and F. Jona, Phys. Rev. 105, 344 (1957) 

*Y. Okaya, K. Vedam and R. Pepinsky, Acta Cryst. 11, 307 
1958 

bs Hoshino 
Rev. 112, 405 


results for this system, 


K. Vedam, 


1958) 


Okaya, and R. Pepinsky, Phys 


behavior of this system cannot be associated with the appealing 
hypothesis of the freezing in of the vibrating NH, or BeF, groups. 
The temperature dependence of the NMR 

observed in the ferroelectric compounds (NHy,)2Cd. ; and 
NH,HSOQ,. Similar conclusions can be drawn from these measure 
ments as those given above. In some of the alums, the crystal 
lographic phase transition is again not accompanied by any change 
in the proton resonance line. However, in NeH;Al alum and 
NH;OHAI alum, there is a very abrupt change in the NMR line 
at the temperature of the phase transition 


proton was also 


SO, 


Both the positive and negative ions have high sym- 
metry and often partake in free or hindered rotation in 
the solid. By analysis of the temperature dependence of 
the NMR line shape, one can tell when the 
the ions freezes in.* Thus, an NMR study of the line 
shapes of the F'® and H! nuclei might 
help one to understand or to eliminate some of the pos- 
sible causes of the ferroelectric phenomenon. 


motion of 


be ¢ xpec ted to 


Blinc and Levstek’ have already reported on the 
temperature dependence of the proton resonance for 
*x=0 and 1.0. For «=0, (NH4)2:SO,4, they note some 
anomalous behavior in the proton line but it is not 
directly associated with the ferroelectric transition. 

Using a slightly modified Pound, Knight, Watkins 
spectrometer, capable of operating at the 
temperature dependence of the line shape of the proton 
and fluorine NMR in polycrystalline samples was meas- 
ured at 15.800 Mc/sec. The fluorine NMR lines were 
all simple absorption lines showing no structure. The 
second moment of the fluorine line vs temperature is 
plotted in Fig. 1.5 As can be seen, there is a sharp break 
are inde- 


low rf levels, 


in each curve. Since the proton resonances 
pendent of temperature in this region, the break in 


the F'® second-moment curve at —62°C can only be 


associated with the freezing in of the vibrating Bel*, 


groups. This temperature is inde pe ndent of the concen- 


tration and occurs for solid solutions that show no 


as solid solutions that 


ferroelectric behavior as well 


are ferroelectric for large and small x. There does ap- 


6 The NMR line begins to broaden when the vibrational or 
tunneling frequency than the line width (~30 
kc/sec). For general referer ld of NMR, see E. R 
Andrew, Nuclear Magnetic Re bridge University 
Press, New York, 1955): or G. E Solid-State Physics, 
edited by F. Seitz and D. Turnbull Press, Inc., New 
York, 1956), Vol. 2. 

7 R. Blinc and I. Levstek, J. Phys. Chen 

8 The author is indebted to S. Phillips and Morgan for deter 
mining x of the compounds used. Briefly, the following 
They added HC] and boiled off HF. The Be was precij 
as Be(OH):. Then a standard SO, test was applied t 
tion. The SO; and Be weights compared very we il 
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(NH.)2(BeF«), 


(SO,q4),1 


TABLE [. Proton nuclear magnetic resonance results for the alums studied. 


Temperature of 
Compound phase transition 


KAI(SO,4)2-12H,O 


Proton NMR results 


A broad absorption from 24° to —196°C is obtained. 


The second moment is 26 gauss? (~16 gauss peak to peak). 


NH,A1(SO,4)2-12H2O 


NH,Ga(SO,)2-12H2O 
NH;CH3AI(SO,)2:12H2O 


A narrow line 
is observed between +24 


~4 gauss pp) superimposed on a broad one similar to the above 
and —196°C 


The same results are obtained here as in the NH,Al alum case 


The high-temperature results are the same as in the above two compounds. 
However, somewhere between 


— 162°C and liquid nitrogen temperature, the 


NMR broadens. Since this temperature is so far from the phase transition 
temperature, it was not pursued further. 


N2H;Al(SO,)2-12H2O 


At high temperatures, 
However, the narrow line is not seen at 


the results are similar to the above three compounds. 
—113°C, while at —110°C the spec- 


trum is the same as at room temperature. The difference in transition tempera- 
tures between the NMR and phase transition is probably fortuitous. 


NH;OHAI(SO,)2°:12H2O 


*T, G. Dunne (private communication) 
pear to be a slight shift in the freezing in temperature 
for the deuterated compound.® 

The proton resonance line shape for x=0 and 1.0 
is in agreement with Blink and Levetek’s’ work except 
that for x=0, the wide absorption they discuss (see 
their Fig. I) occurs about 40°C lower than they reported. 
The reason for this difference is not known. It seems 
natural to associate the observed wide absorption with 
one-half the NH, groups freezing in and the rest still 
performing hindered rotations with a frequency > 30 
ke/sec, thus causing the narrow absorption. This 
interpretation gives a second mom-nt consistent with 
the one observed, for example, in NH,Cl." As x in- 
creases, the distinct wide absorption for x=0 decreases 
in size with respect to the narrow one, but is visible 
in the nonferroelectric phase and continues into the 
phase that is ferroelectric at large x. 
x=1.0, it cannot be seen 
nitrogen temperature. 


However, for 
at least not down to liquid 


Thus, the behavior of this system can be summarized 
as follows. At room temperature the NH, group is 
undergoing hindered rotations’ and this continues 
through the ferroelectric Curie temperature for all x. 
The wide absorption line of the proton resonance, al- 
though dependent on x, shows no correlation with the 
structural changes. Therefore, it appears not to be 


directly associated with the ferroelectric properties. 
However, in (NH4)2SO,4 the proton data shown the 
nonequivalence of the NH, groups since half of them 
freeze in above liquid nitrogen temperatures while the 
other half do not. The BeF, group ceases its hindered 
rotation at —62°C. Again, there is no correlation with 
the fact that 7. varies with x and compounds for certain 


’ By careful intensity measurements of the proton resonances 
with respect to the I!’ resonances in the deuterated and undeuter 
ated x=100 compound, the deuterated compound was found to 
be 80°, deuterated 

 H. S. Gutowsky and G. E 


Pake, J 
1948) 


Chem. Phys. 16, 1164 


The results for this compound are the same as for N2H;Al(SO,)2, except that 
the narrow line disappears between —9° and 


i. 


x are not ferroelectric at all. Since the compounds con- 
tain only two basic units and these measured rotational 
properties of both appear to have little correlation with 
the ferroelectric properties, one must look elsewhere 
for the cause of ferroelectricity. 


(NH,)2Cd.(SO,); AND NH,HSO, 


The temperature dependence of the proton resonance 
in (NH4)2Cde(SO4)3 and NH,sgHSO, has been 
measured. (NHg4)sCdo(SOx4); is ferroelectric with 
T= — 182°C." NH4HSO, is ferroelectric between —3° 


also 


SECOND MOMENT 


TEMPERATURE (°C) 


Fic. 1 
the F9 re 


several x 


lhe temperature dependence of the second moment of 
sonance in the mixed system (NH,)so(BeF,),(SO,);_: for 
Che crosses are the results from (ND,)oBek,. 

103, 1126 (1956) 


1 F, Jona and R. Pepinsky, Phys. Rev 
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and —119°C." The former compound has a proton line 
width of 3 gauss between points of maximum slope. 
This does not change from room temperature to liquid 
nitrogen temperature. Thus, there is no freezing in 
of the NH, group at 7,. Also, no change in the line 
shape is found in NHsHSO, through the two phase 
transitions to liquid nitrogen temperature. The second 
moment of the proton line is 7 gauss.” Again, the small 
second moment indicates a vibration frequency of the 
protons, 30 kc/sec above liquid nitrogen temperatures. 


ALUMS 


The situation in the alums is somewhat different.” 
A large number of cyrstals in this group of compounds 
are ferroelectric." The general formula for the sul- 
phate alums considered here is M*!A+*(SO,)2-12H,0. 
The crystals that were studied are listed in Table I 
along with the crystallographic transition temperature 
and the results. Several alums have already been studied 
by electron spin resonance’ and nuclear quadrupole’ 
techniques. 

As can be seen from the general formula, there are 
always 12 water molecules to consider when measuring 
the proton NMR. However, in the KAI alum case (see 
Table I) the HO molecules are rigid at room tempera- 
ture giving rise to a broad absorption line that should 
not, and does not, change with temperature. In NH,Al 
alum, for example, at room temperature, the same broad 
absorption is observed and in addition, a narrow line 
is seen. Thus, it can be inferred that the narrow line is 
due to the vibrating NH, group and the broad absorp- 
tion to the 12 H.O molecules.'’ The same pattern is 
observed at — 196°C. Similar results are observed in the 
NH,Ga alum to —196°C. In this alum, a nonferroelec- 
tric phase transition is observed at —163°C. Thus, it 
appears that the properties of the NH, 
group do not play an important role in the phase transi- 
tions in the NH, alums. A similar conclusion can be 
drawn in the case of the NH;CH;Al alum as can be 
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seen in Table I. This alum has a ferroelectric phase tran- 
sition at —96°C. 

The opposite is observed in the NoH;Al and NH,;OHAI 
alums. Again, at room temperature an absorption was 
observed that had a broad and narrow component. 
In both of these cases, there was a sharp transition 
between this spectrum and the one observed at low 
temperatures. In both of these cases, the change from 
the broad to the narrow spectrum occurred very sud- 
denly within a three degree interval at a temperature 
corresponding to, or very close to, the previously re- 
ported phase transition. Thus, in the low-temperature 
phase the NH;OH and No2Hs groups are rigid. 


DISCUSSION AND SUMMARY 


In some crystals, the fact that nothing happened to 
the NMR pattern at the Curie point was somewhat 
surprising. For example, neither the positive nor the 
negative ionic groups in (NH,4).BeF, freeze in at —96°C. 
Since there are only two ionic groups, the ferroelectric 
properties are probably associated with bending or 
stretching of the bonds. Again, in the mixed system 
(NH,4)2(BeF4),(S¢ s),-2, three phases exist in different 
regions of x, 
the Curie point depends on x, but again freezing in of 
the NH, and BeF, groups could not be related to the 
phase transitions. However, in (NH4).SO, the NMR 
does show the nonequivalence of the NH, group since 
half of them appear to freeze in above liquid nitrogen 
temperatures. This is consistent with x-ray data, which 
indicate that one NH, group has much shorter hydrogen- 
bond lengths than the other.'* The ferroelectric com- 
pound NH,4HS0O, has three phases above liquid nitrogen 
temperature, but again the proton NMR does not show 
any change in going from one phase to another. 


and within the two ferroelectric phases 


In the alums no cessation of motion occurred for 
the plus one ions in the NH, or ferroelectric NH;CHs; 
alums at or near the temperatures for which the phase 
transition occurred. However, NH;OH and 
N2H;Al alums, the proton NMR broadens at the same 
temperature as the phase transition. Thus, in the low- 
temperature phase, the plus one ion is rigid in the lattice. 
In both of these alums, the phase transition causes the 
crystals to shatter." Thus, it is difficult to tell if they 
are ferroelectric. 


in the 
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Measurements of the longitudinal magnetoresistance of single crystals of pure and doped n-type germa 


111 


manium oriented in the (100), (110), and 
kgauss over the temperature interval 20 


300°K. The magnetoresistance ratio p(// 


directions have been made in magnetic fields up to 300 


p(0) was found to 


vary linearly with magnetic field strength in the quantum limit. Magnetoresistance ratios less than one 


were observed and explained on the basis of the many-valley structure of the conduction band. The satura 
tion of magnetoresistance predicted by classical transport theory was observed at the higher end of the 
temperature range and used to demonstrate a temperature variation of the anisotropy parameter K. 


I. INTRODUCTION 

GREAT deal of experimental data on the mag- 

netoresistance of germanium exists in the litera- 
ture.! For the most part, previous experimenters have 
been concerned with the low-field behavior where the 
effects of quantization of the electron orbits is negli- 
gible. These experiments have been quite successful in 
verifying the many-valley model of the conduction 
band in germanium and in revealing much useful in- 
formation on the nature of the dominant scattering 
mechanisms. In recent years a considerable amount 
of attention has been given to the quantum mechanical 
calculation of magnetoresistance, at least for the case 
of spherically symmetric energy bands.?~* The exten- 
sion of the theory of longitudinal magnetoresistance to 
the many-valley model of the conduction band in 
germanium has recently been made*by Miller and 
Omar,® hereafter referred to as (MO). The experiments 
reported here were undertaken to provide data on the 
longitudinal magnetoresistance of oriented single crys- 
tals of #-germanium over a range of temperatures and 
magnetic field strengths in which quantum effects will 
play an important role. Except for the unavoidable 
anisotropies, 2-germanium is an ideal material to test 
this theory, for obvious reasons. Previous work at high 
magnetic fields*“* has been limited to temperatures 
above 77°K and a less thorough investigation than is 
given here. 


II. THEORETICAL CONSIDERATIONS 


Although a fairly complete theoretical treatment of 
these effects is given in the accompanying paper (MQ), 
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a survey of the important theoretical factors will be 
given here for the purpose of discussion. 

Abeles and Meiboom® and Shibuya" have calculated 
the longitudinal magnetoresistance in n-germanium for 
prominent crystallographic orientations. Their calcu- 
lation is based on the effective mass approximation and 
the classical Boltzmann equation, neglecting the effects 
of quantization of the electron orbits. The result of 
their calculations most pertinent to the present in- 
vestigation is that the magnetoresistance ratio p(H) 
p(Q) will saturate at large field strengths, the saturation 
value depending on crystallographic orientation and 
the anisotropy parameter 

K=K,,K=myr./mir1, (1) 
where m, and m, are the transverse and longitudinal 
masses and 7, and 7; are the corresponding components 
The results are summarized 
for convenience in Table I, where the saturation values 
of p(#H)/(0) are given for different values of K. In the 


of the relaxation time.!! 


results to be presented, any deviation from saturation 
at high magnetic fields must be interpreted as being 
due to quantum effects. 

For a spherically symmetric conduction band and 
lattice scattering, the effects of quantization of the 
electron orbits are given through the influence of the 
magnetic field on the density of states and the relaxa- 
tion time. This leads to a field dependence of the 
magnetoresistance ratio not present in the classical 
treatment. In germanium, however, there is an addi- 
tional quantum effect due to the many-valley structure 
of the conduction band. For a given orientation of the 
magnetic field the different ellipsoids will have a differ- 
ent zero-point energy due to the variation of effective 
mass with direction. Consequently, because of the 
Boltzmann factor, electrons will transfer to the ellipsoid 
having the lowest splitting of its Landau levels. This 
ellipsoid will, in turn, have a low translational effective 
mass and high mobility. The net result of this “quan- 


tum transfer” effect alone would be a decrease in the 
’B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954) 
M. Shibuya, Phys. Rev. 95, 1385 (1954) 
The generalization of the work of Abeles and Meiboom to 
include anisotropic relaxation time has been made by C. Herring 


and E. Vogt, Phys. Rev. 101, 944 (1956 
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TABLE I. Theoretical values of the saturation value of the magnetoresistance ratio p(//)/p(0) for different 
crystallographic directions and pertinent values of the anisotropy parameter K. 


100 

Formula 2K+1)(K+2)/9K 

K [o(H)/p(O) Jone 

1 3.24 

13 3.46 

1 3.68 

1 3.90 

16 4.13 


17 4.34 


18 4.57 
4.79 
5.02 


resistivity. This effect was first predicted by Goldberg, 
Davis, and Adams, who looked for the effect with 
respect to the light and heavy holes in germanium but 
were unable to determine the effect clearly because of 
competing quantum effects. This effect is primarily 
responsible for the negative magnetoresistances to be 
reported in the present data. 

One can easily obtain an estimate of the order of 
magnitude of the “quantum transfer” effect and the 
range of magnetic field strengths and temperatures at 
which it should occur. The ground state energy for a 
given ellipsoid is given by 


E=}h.*, (2) 
where 
w*=eH/m*c, (3) 
with 


sin’) , (4) 


cos-¢-+ 


m, mm 


magnetic field and the 
longitudinal axis of the ellipsoid. By noting that m, 
=m/12.3 and m,=m/0.63, it may be seen from Eq. (3) 
that the ground state energy is greater at smaller values 
of 6. Thus as the magnetic field is increased the electron 
population will shift to ellipsoids having a greater value 
of 6, due to the different Boltzmann factors for these 
ellipsoids. 

On the other hand, one can easily show that the 
mobility of electrons on a given ellipsoid varies with 
direction of the electric field as 


6 is the angle between the 


a uy sin*6+ My COS @. 


with u,=er,/m, and yw;=er,/m;,. Thus the mobility will 
be greater at higher values of 6. 

For H in the (110) direction two ellipsoids have 
6=35.5° and the other two have 6=90°. On assuming 
K = 20, the ratio of mobilities will be go°/p35.5°= 2.70. 
If all electrons transfer to the 90° ellipsoids the mo- 
bility would increase by the factor 1.46, causing a 


32% drop in resistivity. The relative Boltzmann factor 


2? Goldberg, Davis and Rev. 105, 865 (1957) 


(Adams, Phys 


Crystallographic Direction 
(110) 111 
(2K+1)?/3K (K+2) 2K+1 

‘p (0) leat 


K+8)/3(7K+2) 
[p(H) p(0) Jeat 


~ 
as) 


t NmMhmWwe 


Nm hM Ww he iy bw i 


for these two ellipsoids is expl|—4.9X10~(H/T) ]. As 
an example, at T= 100°K and H= 200 kgauss the elec- 
tron population of the higher state will be down by a 
factor e~'. The effect should thus be easily seen with 
the range of fields and temperatures used in these ex- 
periments. A similar calculation for the (111) direction 
shows that a relative drop of resistivity of at most 
23% would take place as a result of the “quantum 
transfer” effect alone. It should be noted that other 
factors will be affecting the resistivity along with the 
“quantum transfer” effect. 

One other important effect should be mentioned here. 
At low temperatures (<30°K), where thermal freeze- 
out of carriers is occurring, one would expect mag- 
netically induced freeze-out due to the influence of the 
magnetic field on the ionization energy of the impurity 
states. A rough estimate based on the Yafet, Keyes, and 
Adams" hydrogen-atom model in a magnetic field 
predicts an approximate doubling of the ionization 
energy in the fields used in these experiments. How- 
ever, separate measurements of the Hall coefficient by 
Diesel and Love (to be published) have shown no 
change of carrier concentration induced by the field 
above 20°K. The success of Miller and Omar in ac- 
counting for the present data without assuming changes 
in carrier concentration is further evidence of this fact. 


Ill. EXPERIMENTAL PROCEDURE 
A. Method of Measurement 


The magnetic field was produced by the discharge of 
a 2160-yf capacitor bank charged to 3000 v through a 
1800 
turns of No. 18 copper wire imbedded in epoxy resin. 
It had an internal diameter of }% in., an outside diam- 
eter of 2, in., and a length of 24 in. The field reached 


wire-wound solenoid. The solenoid consisted of 


the peak value of 180 kgauss in 7 msec. Constant 
current to the sample during the field pulse was pro- 
vided by a power supply through a large series resist- 
ance. The voltage across the potential leads from the 
sample was displayed on the vertical sweep of a Tek- 

3Y. Yafet, R. W. Keyes, (dams, J. Phys 
Solids 1, 137 (1956 


and E. N Chem. 
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tronix type 535 oscilloscope. The horizontal sweep was 


driven by a signal proportional to the magnetic field 
obtained from a low resistance in series with the mag- 
net. In some cases data were taken to 300 kgauss using 
a low inductance helically machined copper beryllium 
magnet of 28 turns with dimensions 3 X 13 133 in. The 
time constant to peak magnetic field in this magnet 
was 120 usec. In this case the magnetic field was ob- 
tained from a pickup coil whose output was passed 
through an integrating circuit to drive the horizontal 
sweep. These techniques have been adequately de- 
scribed in the literature.*'® The short time constant of 
this field pulse leads to appreciable corrections due to 
electromagnetic pickup in the measuring circuit of the 
sample. This correction was generally negligible for the 
data taken with the wire-wound solenoid. The correc- 
tion for data taken with the other magnet is obtained 
by pulsing the field with zero current through the 
sample and subtracting the resulting signal from that 
obtained with sample current. The oscilloscope displays 
were photographed with a Polaroid Land camera. The 
resulting accuracy of the measurements is limited by 
the linearity of the oscilloscope and is better than 5%. 

Kapitza,'® in his classic measurements on the mag- 
netoresistance of bismuth, found that residual voltages 
of thermomagnetic origin were present during a field 
pulse when the sample current was suddenly turned off. 
A check for such residual voltages was made in these 
experiments by providing a pulsed current (10-usec 
pulses, 10% duty cycle) to the sample from a Dumont 
type 404R pulse generator. No such effects were found 
at temperatures above 100°K. At the lower tempera- 
tures it was not possible to use the pulse generator as a 
current supply due to the occurrence of a large magneto- 
resistance in the contact resistance of the leads. This was 
sometimes a full order of magnitude or more greater than 
the magnetoresistance of the sample itself. 

In order to control the temperature of the sample it 
was mounted on a Bakelite sample holder and placed 
on the inside of a double-walled, vacuum-jacketed, 
silvered, glass transfer tube at the center of the mag- 
net. The magnet was immersed in a liquid nitrogen 
bath. The temperature was controlled by the flow of 
cold helium gas from a storage vessel through the 
transfer tube and measured by a thermocouple of 
copper with an alloy of gold plus 2.1% cobalt. Calibra- 
tion curves on this thermocouple were obtained through 
the courtesy of the Cryogenic Engineering Laboratories 
of the National Bureau of Standards in Boulder. 


B. Sample Preparation 


Samples of pure and doped germanium crystals 
oriented with longitudinal axes in the (100), (110), and 
(111) directions were prepared. Some of the samples 


‘4H. P. Furth and R. W. Waniek, Rev. Sci. Instr. 27, 195 (1956) 
»S. Foner and H. Kolm, Rev. Sci. Instr. 27, 547 (1956). 
16 P. Kapitza, Proc. Roy. Soc. (London) A119, 358 (1958) 
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TABLE IT. Information on samples studied and range of measuring 
currents with comments on Ohmic behavior. 


Resis 
tivity 
(ohm-cm) 


Orienta 
tion and 
shape 


Range of measuring current 


Sample and comments 


Ge 100-2 35 100), 1. Data taken with z=0.50 
bridge ma. 
Found slightly non-Ohmic 
contact at 76°K after 
measurement. 
Ge 110-2B 3: 110), 


. Contact Ohmic up to 15 
bridge 


ma at 76°K. 

p(/1)/p(0) independent of 
current as measured be- 
tween 0.047 ma and 10.6 
ma at 79°K and 180 kgauss. 
Data taken with 7=0.047 
to 4 ma. 

Ge 111-3 35 111), 


bridge 


. Contact Ohmic up to 25 
ma at 76°K. 
2. p(H)/p(0) independent 
of current as measured be- 
tween 0.058 ma and 6.3 ma 
at 79°K and 180 kgauss. 
Data taken with i=0.62 
ma. 

Ge 100-10 2 100), 
(Sb-doped) bridge 


. p(H)/p(0) independent of 
current as measured be- 
tween 0.49 ma and 44.4 ma 
at 79°K and 180 kgauss. 
Data ‘taken with 7=0.62 
ma. 

2. p(H)/p(0) independent of 
current as measured be- 
tween 5 ma and 50 ma at 
35°K and 300 kgauss pro- 
duced by a second magnet. 
Data taken with 7=50 ma. 

Ge 100-10R (100), 1. Ge 100-10R is the same 
(Sb-doped) rod sample as Ge 100-10 with 

potential leads lapped off 
to make it a rod shape. 
Potential leads were con- 
nected to two very small 
spots 
. Contact Ohmic up to 30 
ma at 76°K. 
p(H)/p(0) independent of 
current as measured (a) 
between 0.38 ma and 10.6 
ma at 83°K; (b) between 
1.97 ma and 20 maat 25°K. 

Data taken with i=1.97 
ma 

. Contact Ohmic up to 59 
ma at 76°K 
Data taken with 7=15.8 
ma for 64°K and i=4 ma 
for other temperatures. 

. Contact Ohmic up to 86 
ma at 29°K and to 9 ma at 
21°K. 

Data taken with 7=1 ma. 


xe 110-1B 


(Sb doped) 


Ge 111-10B 


Sh doped) 


were cut in the form of a rectangular rod and others in 
a bridge shape. The length of the samples was 10 mm 
with cross section approximately 1X1 mm. On the 
bridge samples the arms were several millimeters out 
and less than a half-millimeter thick. All samples were 
checked for proper orientation with x-ray back-reflec- 
tion Laue pictures. The surfaces were lapped and etched 
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T(degrees K) 


so 333 25 the sample crystals studied. The last column gives the 


range of measuring currents used together with com- 
ments on the Ohmic behavior of the samples. 





IV. EXPERIMENTAL RESULTS 


The resistivities of all samples studied are given for 
the range of temperatures from 20° to 300°K in Fig. 1. 
In specifying the samples the first three digits denote 
the crystallographic orientation. The three samples Ge 
100-2, Ge 110-2B, and Ge 111-3 were all cut from the 
Ge 100-2 same ingot of pure germanium and had identical re- 
—_ sistivities at all temperatures in the absence of a mag- 
| netic field. The doped samples were obtained from 
different ingots and varied in their resistivities. 


p(ohm-cm) 


Figure 2 shows a plot of the magnetoresistance ratio 
p(H)/p(0) of Ge 100-2 vs magnetic field with tempera- 


Ge 110-28 (Bridge) 








O01 a.02 Q03 0.04 0.05 Q06 Qo? 
\/T (degrees K)~' 


Fic. 1. Semi-log plot of the resistivity versus 


temperature for all samples studied 





with CP4 solution before soldering leads to the sample. 
The solder used was an alloy of tin with 50% lead and 
0.5% antimony. The contacts were checked for Ohmic 
behavior at liquid nitrogen temperatures out to currents 
well beyond the range of measuring currents used in 


the experiments. Table II gives the room temperature 


resistivity, doping element, orientation, and shape of 
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Fic. 3. Curves of p(H)/p(0) vs H 


as a parameter tor 


ture as a parameter for temperatures ranging from 
285° down to 25°K. The saturation effect predicted by 
the classical theory is clearly evident in this figure. 


p(H)/e(O) 


However, complete saturation is obtained at only one 
temperature, 161°K. The value of A obtained from 
this curve is 18. The rise above saturation at lower 
temperatures is due to quantum effects. It is clear that 
K increases with decreasing temperature for this 
sample. It has previously been noted that no quantum 
transfer effect should be present for this sample, since 
the magnetic field makes equal angles with all of the 
ellipsoids of the conduction band. This is confirmed by 
~ 1 ~~ = the fact that no region of decreasing resistance with 
increasing magnetic field exists in these curves. 





Fic. 2. Curves of p(//)/p(0) vs H with temperature as a pa e : F Rp 
rameter for Ge 100-2. The data has been averaged over both Similar magnetoresistance plots tor Ge 110-26 are 


directions of current and field shown in Fig. 3. At the highest temperature (267°K) 
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saturation is obtained, but a glance at Table I shows 
that the (110) direction is not suitable for an accurate 
determination of AK. It will be noticed that all of the 
curves at lower temperatures show regions of decreasing 
magnetoresistance with increasing magnetic field. The 
relative drops of resistivity are of the right order of 
magnitude to agree with the quantum transfer effect 
discussed above. 

Data for the third orientation studied in pure ger- 
manium are given in Fig. 4 for Ge 111-3. The saturation 
values for the magnetoresistance ratio of this sample 
show that A increases with decreasing temperature 
below 280°K. The data below 200°K is complicated by 
the presence of quantum effects so that it becomes 
difficult to determine the correct temperature variation 
of K. It should be mentioned that any temperature 
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1G. 4. Curves of p(//)/p(0) vs H with temperature 
as a parameter for Ge 111-3. 


variation of AK can only be due to the relaxation time 
factor in the expression for K since cyclotron resonance 
experiments have shown clearly that the effective mass 
does not change with temperature. The relaxation 
time factor has only been introduced in a phenomeno- 
logical manner. Both the theories of Abeles and Mei- 
boom and Miller and Omar do not contain this factor 
and hence cannot account for the relatively small 
variations in K which do occur. 

A number of samples of doped germanium have been 
studied in both bridge and rod shapes in order to de- 
termine the effects of ionized impurity scattering on 
the magnetoresistance. One sample, Ge 100-10, was 
studied in considerable detail. Data taken with 180- 
kgauss pulses are shown in Fig. 5. This sample was 
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5. Curves of p(/7)/p(0) vs H with temperature 
as a parameter for Ge 100-10. 


then placed in the magnet producing 300 kgauss but 
with shorter time constant. The results are shown in 
Fig. 6. Two important conclusions follow from these 
results. The first is that the variation of magnetoresist- 
ance in the quantum limit is linear with field strength, 
and the second is that the measured magnetoresistance 
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Fic. 6. Curves of p(/7)/p(0) vs 
parameter for Ge 100-10 


high-field magnet. 
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ratios do not depend on the time constant of the field 
as a comparison with the data of Fig. 5 will show. 

Ge 100-10 was a bridge-shaped specimen. It was con- 
verted to a rod-shaped specimen by lapping off the 
bridge arms, and then measurements of the magneto- 
resistance were taken again. Quite strong differences in 
the data occurred in the region below 100°K. A plot of 
the temperature dependence of all the data taken on 
this sample at zero magnetic field and at the highest 
field strengths used is given in Fig. 7. The differences 
between rod- and bridge-shaped samples are clearly 
seen in this figure. Also to be noted is the fact that the 
temperature dependence of the resistivity is very little 
different in the strong field from that in zero field. This 
has been found to be the case for all samples studied. 

Another disturbing factor relating to measurements 
on rod-shaped samples is the fact that the measured 
magnetoresistance depends on the direction of both the 
sample current and the magnetic field, this effect being 
greatest at the lowest temperatures. An extreme ex- 
ample of this effect is illustrated in Fig. 8, where the 
dependence of p(H)/ (0) on the direction of the current 
and field is plotted versus the magnetic field for data 
taken at T= 21°K on Ge 110-1B. These differences dis- 
appear on going to higher temperatures (~100°K). 
This effect is very much smaller in bridge-shaped 
samples, although variations of up to 30% have been 
observed in the most extreme case. The data on Ge 
110-1B shown in Fig. 9 have been averaged over both 
directions of current and field. The same is true for the 
data on Ge 110-2B shown in Fig. 3. All other data were 
taken with only one direction of the field but were 
found to be independent of the direction of current at 
several check points. The occurrence of such spurious 
effects makes the data somewhat unreliable quantita- 
tively. However, all of the phenomena reported here 
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Fic. 7. Semi-log plot of resistivity versus temperature with 
and without an applied magnetic field for Ge_100-10 
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TaBLe III. Comparison of resistivities of pure and doped 
samples of germanium with and without a large applied magnetic 
field at room temperature and 25°K 


Ppure ioped 
H=0 H=170 kgauss 
T=25°K T=25°K 


H=0 
Sample T = 296°K 
Ge 100-10 
Ge 110-1 13.0 5 
Ge 111-10B 5.8 3.4 


12.0 $0 


have been seen on numerous samples and are un- 
doubtedly qualitatively correct. Finally, the data on 
the bridge-shaped sample Ge 111-10B are plotted in 
Fig. 10. This data shows clear signs of a quantum 
transfer effect taking place in the two curves at 21 
and 33°K. 

The question arises as to the: influence of ionized 
impurity scattering on the magnetoresistance of the 
doped samples. Theoretical considerations (MO) indi- 
cate that although ionized impurity scattering may be 
dominant at zero magnetic field, a strong field will 
“switch off” impurity scattering and will leave acoustic 
scattering dominant for the concentration of impurities 
used in these experiments. Some evidence that this is 
taking place is provided in Table III. In this table 
ratios of the resistivity of the doped samples to the pure 
samples for the three directions are compared at differ- 
ent temperatures and field strengths. The ratios at 
room temperature and zero magnetic field should corre- 
spond to the ratio of carrier concentrations. The fact 
that these ratios are much lower at 25°K shows that 
ionized impurity scattering is practically dominant. On 
the other hand, all of these ratios are closer to their 
room-temperature value in the strong magnetic field 
at 25°K. This would be true if the carrier mobilities are 
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Fic. 8. Curves showing the dependence of p(//)/p(0) « 
tion of current and magnetic field for Ge 110-1B 
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Fic. 9. Curves of p(/7)/p(0) vs H with temperature as a param 
eter for Ge 110-1B. Data has been averaged over both directions 
of current and field. 
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the same for both pure and doped samples, i.e., if the 
ionized impurity scattering of the doped samples is 
“switched off”? by the high magnetic field. 


V. DISCUSSION OF RESULTS 


The measurements reported here have been of the 
nature of a survey of the typical magnetoresistive be- 
havior encountered in single crystals of germanium at 
high magnetic fileds and over a range of temperatures 
from room temperature down to approximately 20°K. 
There are many features of the data which require 
further investigation. The qualitative nature of these 
results can be understood on the basis of the theoretical 
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10. Curves of p(//)/p(0) vs H with temperature 
as a parameter for Ge 111-10B 


work of Miller and Omar. The reader is referred to 
their work for a more quantitative explanation. 
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The longitudinal magnetoresistance of n-type germanium is calculated for high magnetic fields where 
Landau levels are important. The scattering mechanisms considered are acoustic and ionized impurity 
scattering. Comparison is made with experiment for acoustic scattering and is found to be satisfactory for 


sufficiently high fields 


I. INTRODUCTION 


XPERIMENTAL results at high magnetic fields 

for longitudinal in n-type 
germanium have recently been found by Love and 
Wei.' In this paper an attempt is made to explain these 
results theoretically. 

The theory for low magnetic fields has been given by 
Abeles and Meiboom? and Shibuya.’ In that case one 
can neglect the Landau* quantization due to the mag- 
netic field. magnetic field this 
quantization has been found to be very important. 
This was investigated by Argyres and Adams® for 
spherical energy surfaces. There are two criteria for a 
high magnetic field. One is w*7>>1, where w* is the cyclo- 
tron frequency and r is the collision time. This criterion 
means that the Landau states give good basis functions 
to be used in a perturbation calculation of the electron 
will be discussed in Sec. III. The other, 
hw*>kT, means that the magnetic quantization is 
important in the statistical treatment, i.e., most of the 
electrons will be in the lowest Landau level. Possibly, 
from the experimental standpoint, a better combined 
criterion would that the magnetic field is large 
enough to give deviations from the saturation magneto- 


magnetoresistance 


igh 


> 


For the case of a h 


scattering. It 


be 


resistance. 

The calculations in this paper are similar to those of 
Argyres and Adams?® with the modifications necessary 
using ellipsoidal rather than spherical energy surfaces. 
The well-established four-ellipsoid model® for the energy 
1€ only scat- 
tering mechanisms considered are acoustic and ionized 


surfaces of n-type germanium is used. TI 


impurity scattering. The unperturbed wave functions 
based a high I] 
along with some useful matrix elements utilizing these 
functions. In Secs. HI and IV these matrix elements 
are used to get transition probabilities from which 
relaxation times are found. The Boltzmann transport 
s used to calculate the perturbed distribution 
conductivity. The 


on magnetic field are given in Sec. 


equation i 


function, which then gives the 
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longitudinal conductivity is calculated in Sec. III for 
acoustic scattering and in Sec. IV for ionized impurity 
scattering. These are found numerically only for the 
(100), (110), and (111) directions for the fields. For 
other orientations without the symmetry properties of 
these directions, induced transverse voltages resulting 
from the anisotropy should be taken into account. 


II. WAVE FUNCTIONS 


In the effective-mass approximation, the Hamiltonian 
for an electron in an anisotropic crystal in the presence 
ofa magnetic field is 


Db 


R=) ija i(pited /c) 1 


where A; is a component of the vector potential, and 
The interaction 
between the electron and the scattering mechanism is 
neglected in this Hamiltonian and is treated as a 
perturbation in Secs. III and IV. For the special case 
of germanium the energy surfaces are ellipsoids of 
revolution with the longitudinal principal axes along 


a;;/m is the reciprocal mass tensor. 


the (111) directions. Only one ellipsoid is considered in 
the intermediate calculations. When the final results 
are obtained, the appropriate summation over the four 
ellipsoids is made. If the y axis is taken perpendicular 
to the longitudinal principal axis of 
components of the @ tensor are 


an ¢ llipsoid, the 


Q11= a COS*O+ az sin’6, 


Qe 


Qi, 


a a sin’?é+a cos’é, 


Q12 = A21— Ae a32=0, 


Q13> 31 Q@1—aQ@3) SING Coss, 


m/a, is the 


where m/a; is the longitudinal mass and 


transverse mass. The angle @ is measured between the 


z axis and the longitudinal principal axis 
For a uniform magnetic field H 
direction, take 


in the positive 


0, Hx. 


have 
of 


The gauge has been chosen in order to 


Schrédinger equation 
equation are then of the form 


Wn 


separable. Solutions 


nL 8(x+A*k,) ] expl—ivk.x+i 
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with energies referred to the bottom of the conduction 
band, 


én, k= (N+3)hw*t+h?k2/2m*, n=0, 1, 2, --- 


Here ¢, is the Hermite function 


n= (8/m'2"n!)!H[B(xt+rk,) | 
Xexp[—367(x+dk,)* ], (6) 


where H, is a Hermite polynomial. The functions are 
normalized in a unit cube. The following notations are 
used here and in the rest of the paper: 


w=eH/mc, 


A= (ch/eH)}, 


o*K 


1 1 / 1 
Ww” =w(aja)1)?, B=ay;'/ (Aa), 


m*= M}1/ A301, Y= A13/A)1. 


The quantity w is the free electron cyclotron frequency, 
w* is the actual cyclotron frequency, and m* is the 
effective translational mass along the z axis. 

In Sec. III it will be shown that one needs only the 
diagonal elements of the current operator for the 
eigenstates of Eqs. (4) and (5). These are 


(n,k| J,|n,k) 
(n,k| J.|n,k) 


=(n,k| J,|n,k)=0, 
—ehk,/m*. 
Also, for calculation of the scattering probability be- 
tween different states, the matrix elements of exp(iq- r) 
between these states are needed. Using Eq. (4), one finds 
n’,k'|\ exp(iq-r) | ,k)= (2r)-*5(k,’ —ky— gy) 
X 5(k.! —kz2—gz)M ni n(qz,9z,RyRy), (8) 


where M,,., is the matrix element, 


M w.n(Q2,92,Ry Ry )= fore. [B(x+rk,’) ] 


Xon[8(x+k,) | expli(gzt+yq.)x]. (9) 
One can use the generating function of the Hermite 
polynomials to establish 
M wn(G2,QeyRyRy )= 20 274" (ni!) 8 (nn! !)8 
XC (n—s) !(n’—s)!s! J [—Bdqy+ 18 (q.+-¢:) |" 
< [BA2g,+ 18 (qz+yq:) ]""—* exp[—4(BdA2q,)” 
—418-°(g.+-7q2)?—}id? (qetyqz) (Ry thy’) ], (10) 


where the summation over s is from zero to the smaller 
of nm and n’. Equation (9) leads to the result’ 


feat, M a »\|?= 2a /d?. 


III. CONDUCTIVITY FOR ACOUSTIC SCATTERING 


(11) 


The perturbation Hamiltonian due to lattice vibra- 
tions is taken to be 


H.=ED, Q.g exp(iq-r), 


7V.S. Titeica, Ann. Physik 22, 129 (1935). 


(12) 
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where E£ is the coupling constant between the electrons 
and the dilational the Shockley-Bardeen 
theory.® Scattering by shear waves is not considered 
here. 


waves of 


The transition probability from state n,k to state 
n’, k’ due to this Hamiltonian is 


W (n,k; n’,k’)= Pe 
Xgl (A eT 1)d(€,, 


+N ,6(€n 


9 


n’,k’| exp(iq-r)|,k)|? 
— €n, pc thw) 

‘Cnt —hw,) |, 
where p is the mass density, mz 
speed of sound, V, 


(rk? pu, 


(13) 


is the longitudinal 
is the number of phonons of propa- 
gation vector qg, and w, is the angular frequency of the 
phonon. For a semiconductor such as germanium and 
for the temperatures of interest here, i> 15°K, hug is 
smaller than the electron energy for most electrons and 
therefore it can be dropped from Eq. (13). Also the 
N, can be replaced by the high-temperature limit of 
the Bose-Einstein distribution function, RT/iw,. Then 
Eq. (13) becomes 
W (n,k; n’,k') = ARTS( én x — € 
Kd az| Maen (GerGeRy' Ry) |?, (14) 

with 

A=2rE 


(Apu,”). (15) 


On summing Eq. (14) over k,’ with the help of Eq. (11), 
one obtains 


W (n,k.; n',k.')=>, W(n,k; n’',k’) 


k 
y 


(16) 


(27?) 


It will now be assumed that there is a relaxation time 
r such that 

T —k./k.. (17) 
The time rate of change of &. in terms of IW is 


k.= ¥ W(n,k.;n',k.')(ke'—k.). (18) 


ke 


Therefore, conversion of the summation in Eq. (18) to 
an integral over €n’,x- by means of Eq. (5) yields 


1 


t1= ART (2m*)*h-" (2ar)? ©,’ Le— (n +43 )hw* }-. (19) 


The prime on the summation means that goes from 
zero to the largest integer for which e— (n+3)hw*>0. 
In the limit as w* approaches zero and 2 becomes large, 
the summation can be replaced by an integral and Eq. 
(19) approaches on the average the zero-field expression, 

r= ART m} (ay?a3)~* €?/ (2) 4h) (20) 


Kohn and Luttinger’ have shown how the transport 
equation can be found from the differential equation 
giving the time dependence of the density matrix. 
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Their procedure in this case gives for the lowest-order 
approximation, 


(m*)“ehk.&0 fo/ de= — (Of/ Ot) contisions; (21) 


in which fo is the zero-electric-field distribution function 
and & is the electric field. In finding the density matrix, 
the wave functions of Eq. (4) are perfectly usable, and 
the condition fw*>1 need not be considered. However, 
Eq. (21) corresponds to retaining only the diagonal 
elements in the density matrix, i.e., An=0. In this 
representation for small magnetic fields, the off- 
diagonal terms of the density matrix where An=+1 
are comparable in magnitude to the diagonal terms and 
give appreciable contribution to the current. These 
off-diagonal terms are small and can be neglected only 
if w*r>1. This will be assumed in the following. One 
would expect that this theory and that of Abeles and 
Meiboom? would fit together in their saturation region 
where the magnitude of w*r is on the order of one. 
The usual procedure for finding f in terms of 7 leads to 


f fot (m* ehk.&rd fy de. (22) 


In relatively pure germanium the statistics are non- 
degenerate; thus 


fo= exp[ (uw— €) kT |, (23) 


where uy is the Fermi energy in the presence of the 
magnetic field H. 

The current density j is given by the trace of the 
‘urrent operator times the density matrix. Since the 
diagonal elements of the density matrix given by Eq. 
(21) are predominant, j is 


j= 2(2n) ‘Taf n,k\J\n,k)fdkdk,. (24) 


From Eq. (7) 

Jz= Jy=. 

it is clear that the integrand is 
therefore, integrate at 


Also from Eq. (7 
independent of k,. One can, 
once over ky obtaining 


1 


f dk . 1 
1/2x? 


? (25) 


The limits arise from Eq. (4). Gathering together Eqs. 
(7), (22), (24), and (25), one finds 


j2= —2(eh/2xrm*)"S Es f kak, TOfo/de. (26) 


Equations (5), (19), and (26) then give for the longi- 


tudinal conductivity in the magnetic field H 


= Mu . é 
o,2(H)=[4e(Am*)" (kT)? exp( - yf de e~ */*T 
kT bhw* 


XLn Le— (mn +} )heo* Hn’ Le— (n+3)ho*® 4}. (27) 


AND HM: <A. 


OMAR 


Also, o2:(H) and o,.(H) are zero to this order of 
approximation. Anisotropic effects in higher approxi- 
mations involving off-diagonal matrix elements of the 
J’s could make these quantities different from zero. 

The calculations so far have been concerned with a 
single ellipsoid. To obtain the total conductivity one 
has to sum a,,(H) over the four ellipsoids. Also the 
Fermi energy uy is needed. This is evaluated in terms 
of the electron concentration, V(H), as follows. The 
electron concentration in the vth ellipsoid is 


N’(H)=2>° 2 f’dk,/ (2d)? 
= (24d)? exp(un/ RT) (2am,*kT /h*)! 


(28) 


Xcsch(tw,*/2kT). 


Hence, summing over the four »v’s to obtain the total 

concentration, one finds 

exp(un/kT)= (2eA)?N (A), (20m, *kT/h?)! 
Xcsch(hw,*/2kT) (29) 

In the limit as H approaches zero, one obtains the 

usual Fermi energy for zero field, 


exp (yo/ kT) = (2mkT/ rh?) (ara (30) 


When Eq. (27) is summed over the four ellipsoids and 
combined with Eq. (29), the result is 
o22(H)=[169'e?N (H)d?2/A | 
XX, F (hw,*/kT) exp(— }hw,*/kT)/m,* | 
XTX. (24m,*kT /h?)§ csch (Shiw,*/kT) . 
The function F is given by 


2 


ro= f dne ">. [n—né }} i 


( 


Ln—né 


It is easily shown that as £ approaches infinity, F 
approaches one. Thus when fiw*>>kT, F can be replaced 
by one in Eq. (31). By properly converting the sum- 
mations over m to integrals, one can show that in the 
limit as £ goes to zero Ff third. The 
integration in Eq. (32) has been done numerically and 


be comes one 


an approximate expression for F has been found, 
F(é)~1— (3+0.33&+0.074)e-§. 

This has an error of less then }‘ 
mum error of 1% occurs near & 
appears to approach infinity at & 
differs appreciably from the low & expression given by 
Argyres.” 

The same calculation will be done for the H 
since what is frequently measured is p(H)/p(0), where 
p is the resistivity. The eigenstates and eigenvalues 


o for £>4. The maxi- 
0.05 since the slope 
0. In any case this 


0 case 


1958) 


’P. N. Argyres, J. Phys. Chem. Solids 4, 19 
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are now 
Y.=exp(ik-r), 


‘ (34) 
e-=h? (ayk?+ayk,7?+a3k2)/2m, 


in the principal axis system. Using a method similar to 
that by which Eq. (14) was obtained, one now has 


W (k,k’) = ARTS( ex — €). (35) 


Then, using the usual Boltzmann equation with the + 
from Eq. (20) and yo from Eq. (30) and summing over 
the ellipsoids, one obtains for the total conductivity 

a (0) = (16e?/9A m) (aya)! 


X (2a:+a3)No(2mkT/rh?)'. (36) 


The ratio of the conductivity of Eq. (36) to that of 
Eq. (31) is 
a(0)/o,.(H)= (1 9) (2ait+as)[ AN (QO) N(A)} 
XY, (4hw,*/kT) csch (Fhw,*/kT) CD, F (hw,*/kT) 
X (m/m,*) exp(—3hw,*/kT) }. 


(37) 


| ! ! ee 
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H(kilogouss) 


<110> 
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Fic. 1. Comparison of experimental magnetoresistance of 
n-germanium with that calculated for acoustic scattering in the 
100), (110), and (111) directions. The solid curves are from the 
experiments of Love and Wei and the dashed curves are the 
theoretical ones 
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This ratio with V(H)/N(O) set equal to one is plotted 
in Fig. 1 along with the experimental ratio! for several 
directions and temperatures. In the numerical calcu- 
lations the following values were used: 
a,=12.3, a;=0.63. 

In the case of large fw*/kT, Eq. (37) becomes 
a(0)/o,.(H)= (1/9) (2a; +a EN (0) N(B#) | 

X (m,*/m) (ha,*/kT), (38) 
where the v refers to the ellipsoid for which w* is least. 
In the low field limit Eq. (37) is 


$(2ait+as)[>_, m/m,* }. 


In the isotropic case with ay 


a(0)/c.,(H=0)= (39) 


a; this would be one. 
However, in general it does not go to one for anisotropic 
cases as might be expected from the discussion of the 
transport equation. In fact, Eq. (39) gives the identical 
ratio that Abeles and Meiboom? obtain for the satu- 
ration region in their low-field theory. This again 
suggests that the two theories be connected in this 
saturation region. 

It is clear that Eq. (37) could be used equally well 
for silicon with obvious modifications of the constants. 


IV. CONDUCTIVITY FOR IONIZED 
IMPURITY SCATTERING 


Calculations similar to those of Sec. ITI will be made 
in this section for the scattering by ionized impurities. 
This scattering, of course, predominates in certain 
temperature and impurity concentration ranges. How- 
ever, for high magnetic fields the results will indicate 
that rather high concentrations are needed for it to 
predominate. 
It will be assumed that an electron at r has a screened 
Coulomb potential energy due to the ionized center at R, 
V (r— R)=—e exp(—k.|/r—R|)/K|r—R], (40) 
where A is the dielectric constant. A semiclassical 
derivation of the reciprocal screening length k, is 
given by Argyres and Adams.° It is on the order of 10° 
to 10° cm™ for impurity concentrations of 10" to 10" 
per cm’ in germanium near 30°K. The Fourier integral 
for this energy is 


V (r—R) 


— (¢/2rK) faa exp[iq: (r—R) ]/(@+&.). (41) 


The transition probability from state n,k to state 
n’, k’ from perturbation theory is 


W (n,k; n’,k’) = 22h ¥,.| (n’,k’| V (r— R)| 2,k) |? 


XK O(€n? nr — €n.k)e (42) 


and (18) to define the relaxation 
time and assuming a random distribution of impurities, 


Again using Eqs. (17) 
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one finds 


rti=—[4e!N'(H)/R’vk. |>, fee daadgu hk, 


<Xd(e, kk’ €n k) M, n(G2,Gz,Ry sRy) 2 


X[¢2t+g,2+ (ke —keP+hk.2] 2 (43) 
where the M,,,, are given by Eq. (10) and N/(H) is 
the concentration of ionized impurity centers. In this 


only the limit #tw*>kT is considered and 


section 


therefore only the n=n’=O0 term will be retained. The 
integration of this equation over k,’ is readily done 
because of the delta function. Then the Moo from 
Eq. (10) gives 


f= [Sm*et NV! (H) h K° k. | f aata, 


Xexp[—3(G*q,)?—38-*(q2— 2yks)*] 


X(g2+q/7+4ke+ke). (44) 
This integral can be evaluated approximately for large 
k.. Let 

(45) 
If w is much greater than one, the integral can be 
evaluated in an asymptotic power series in 1/w. In 
this case the &, terms can be dropped since over the 
range of interest here (&,/8)* is very much 
smaller than one. The resulting 7 when only the two 
leading terms in w are retained is 


whole 


r=[h*K°3°0? ret N! H m* { i+y 2) a 
sy°— 1)— (BA) 1+7’) ] wi*}. (46) 


Whether or not the large w approximation is good is 
determined by the exponential in the Boltzmann 
distribution function. This is a function of the energy 
ellipsoid orientation. It turns out to be a good approxi- 
mation for all orientations and magnetic field ranges 
considered here except for two of the four ellipsoids in 
the (110 [ fields. For 
ellipsoids the longitudinal axis is perpendicular to the 
z axis and a;/a; has its maximum value of 19.4 with 


orientation of the these two 


y=0. An approximate expression for 7 in this case 


accurate to better than 10% over the whole range of w is 


2bre'N!(H)m* 


A..F S44. 
Z2.I(U u 


r= ([h'K73* u [4.4w'+ 3.6w* 


*) exp(—5w?/4)]. (47) 


and (29) 


one obtains 


Using Eqs. (26 
Eq. (46), 


with the approximation, 


O22=[64K2m*(kT)*X?/reh’ | N (A) 
Xexp(— fhw*/kT){3(1+7 
— (Br)-4 (1+?) |8h?/4m* kT > (29m, *kT / hh)! 

XK cs h (4hw,* kT) | - 


V'(H)] 


— 52-1 


(48) 


AND M. A. 


OMAR 
Similarly, Eq. (47) gives 


o:2=[O4K2m* (kT )*\?2/reh® TN (H)/N'(H 
Xexp(—}hw*/kT)[13.2+7.5C- 
+5(3.6—2.5C-) (C—1)7/4][X, (24m,*kT/h?)! 

Xcsch(shw,*/kT) |}, (49) 
where 
1+5m*kT /B7h?. (50) 

Here the &, terms have again been neglected due to 

their smallness. To obtain the total conductivity the 

a’s of Eqs. (48) and (49) are summed over the proper 

ellipsoids. 

Finally, these calculations will be repeated for the 
zero-field case. The transition probability from Eq. 

(42) is now 


W (k,R’) = 32m e§N! (0) 5( ex — €) 

xh K[ (k—k’)?+k2}*. (51) 
The relaxation times along the principal directions are 
now defined as in Eq. (18). 


tudinal relaxation time and two equal transverse times. 
These are given by 


tz '=[24e!N4(O)ra;)/K2mie! fan 


<[ (1—cosé 


There will be one longi- 


1—cos@ 


+r sin?6+/ 


Ti l=, i= [et NV? (O)a 1/K2m}¢3 | 


x ff aac1—sino cose [cos d(1—r 


—2r siné cos@+2r+t 


element of solid angle, r 


with dQ an ( 
2me. Let the integrals in Eqs. (52 


= hk Pa 
be called gs and g,, respectively. The integral g 
be evaluated in a straightforward 
result is 


r 


can 


manner and the 


2x} (2—r)[(1—r)i—r*] 


—4r[ (1—r)t—r? 4 tan 


for (1—r)i—r*? greater than zero. This condition is 
satisfied for the energy of the order of kT. The other 
integral g; is not so simple. However, for small r and ¢ 
the main contribution to the integral is near 0=7/2. 
and then let the 
limits on x go from minus infinity to plus infinity. 
Numerical integration shows that in the 


this leads to an error of about 2%. 


This suggests that one let cos#=a 
worst case 
The integration 
over ¢ is straightforward, and the integration over x 
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! 


T=20°, N=i0'%cm> 


p(H)/p(0) 








= ! | | 
120 140 160 180 
H (kilogouss) 





Fic. 2. Calculated magnetoresistance of nm-germanium at 20°K 
and an impurity concentration of 10!® per cm for ionized impurity 
scattering in the (100), (110), and (111) directions. 


leads to elliptic integrals. The result is 
gi:=4er[(1—r)*ab? (ae —B)? {e+ 
—2(14+r)eb JEL (1—8?/a*))] 
—b[2—(1+1r)(a+8*) IK (1—8?/a?)*)}, 
where 
(1—r)?a?= 1—7+ 2rt'{14+[14+7(1—1) }}}, 
(1—r)°b? = 1—r+2rt'{1—[14+72(1—7) }}}. 


K and E are complete elliptic integrals of the first and 


second kind, respectively. 
The use of the Boltzmann equation and Eq. (30) gives 


o3=V2a;/K2(kT)3[a've?mig3(3kT) |, 
o1=0393(3kT)[rgi(3kT) |. 


(56) 
(57) 


Here, gi: and g; are assumed to be slowly varying 
functions of energy, so they are treated as constants 
evaluated at an energy 3k7 which is the maximum of 
the rest of the integrand. Actually for large enough 
\(0)/T this assumption is not correct, but nevertheless 
it leads to a fair approximate value for ¢(0). The total 
conductivity is found by summing over the ellipsoids. 
It is 


a(Q) 


‘Va;!K2(kT) I 1+ 2¢3(3kT)/rgi(3kT) ] 
X [ (am)! re?gs(3kT) |. 


(58) 


The ratio p..(H)/p(0) is plotted in Fig. 2 for the three 
symmetry directions. 


V. CONCLUSION 


Comparison of the curves of Fig. 1 indicates that 
there is reasonably good quantitative agreement be- 
tween the theory and experiment for hw*/kT greater 
than 2 if w* is the smallest cyclotron frequency for a 
given direction. For the (100), (110), and (111) direc- 
tions, respectively, this ha*/kT is 0.99H/T, 0.37H/T, 
and 0.65H/T with H in kilogauss. Certainly the agree- 
ment is as good as can be expected, considering the 
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difficulty of the experiments and the approximations 
of the theory. There is qualitative agreement and fair 
quantitative agreement to lower fields. The minima in 
the theoretical curves for the (100) direction which do 
not occur in the experimental curves reflect the increase 
in F(htw*/kT) with H. The same effect would be 
predicted for the isotropic case. This occurs at the low 
fields where the theory cannot be expected to be correct 
and experimentally the effect probably would not 
occur in the isotropic case either. 

The minima in the (110) direction result from a quite 
different reason. This is the quantum transfer effect 
in which electrons in ellipsoids of low mobility shift to 
ellipsoids of higher mobility. This is due to the changing 
distribution function when the ground states of the 
ellipsoids are separated as the magnetic field increases. 
Mathematically it results primarily from the hyperbolic 
cosecant term in the numerator of Eq. (37), which in 
turn comes from the expression for the Fermi energy, 
Eq. (29). The minima in the (111) direction are due to 
a combination of these two effects. Experimentally 
there are very slight minima for this direction for some 
curves. 

While curves for temperatures near 25°K are com- 
pared in Fig. 1, these should be regarded with suspicion 
since there are obviously some other large effects taking 
place near this temperature. This is especially evident 
in the large difference between the 25° and 23.4° curves 
of Fig. 4 in the paper of Love and Wei. It would be 
desirable to have measurements to higher fields to 
more carefully check the theory for the higher temper- 
atures. 

It should be noted that the ratio V(H)/N(O) was 
taken to be one in the curves of Fig. 1. There is no 
real indication that it should be different from this. 
This would indicate that possibly the theory of Yafet, 
Keyes, and Adams" is not applicable here. It would 
predict a much lower electron concertration ratio and 
thus a higher resistivity ratio. 

The curves of Fig. 2 are valid only above about 
80 kgauss since it was assumed in their derivation that 
hw*/kT was large compared to one. These curves 
indicate that the effects of ionized impurity scattering 
are greatly cut down by the magnetic field. This could 
give minima in the resistivity for all directions. This 
effect occurs for several reasons. The potential favors 
low angle scattering while, because of the magnetic 
field, k.’=—k. gives the relaxation. These competing 
processes considerably cut down the scattering relative 
to the zero field scattering. Also, especially for the 
(100) and (111) directions, the y in Eq. (44) gives an 
anisotropic increase in o,.(H). Only the qz near 2yk, 
contribute appreciably to the scattering, which again 
tends to cut down low-angle scattering. Numerical 
estimates show that for an impurity concentration of 


1'Y. Yafet, R. W. Keyes, and E. N 


Solids ;. 137 (1956) 


\dams, J. Phys. Chem. 
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about 10" per cm‘, ionized impurity scattering slightly 
dominates for zero magnetic field and for temperatures 
around 30°K, but that at high magnetic fields the 
acoustic scattering is predominant. The curves of Love 
and Wei for the doped sample appear to agree with this. 
The curves are similar to those for the pure samples 
except that the resistivity ratio is cut down by a factor 
due to the higher resistivity at zero field. Since no 
samples had a high enough impurity concentration to 
make ionized impurity scattering predominant at high 
fields, no experimental curves are drawn in Fig. 2. 

In the limit of very high magnetic fields p(H)/p(0) 
for ionized impurity scattering saturates. This is seen 
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for the (110) direction from Eq. (49) in which C—1 
and )? are both proportional to 1/H. More accurate 
expressions for + for the other directions, similar to 
Eq. (47) for the (110) direction, would lead to saturation 
for these directions also. In Fig. 2 there is already 
saturation in the (110) direction and with only slightly 
higher fields there will be saturation in the (111) 
direction. The saturation in the (100) direction will 
not occur until the magnetic field is four or five times 
as large, so there is a considerable range in which there 
is a linear change with H. p(H)/p(0) is approximately 
a function of H/T so this saturation occurs at higher 
fields for higher temperatures. 
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Adiabatic Demagnetization with Yttrium-Rare Earth Alloys* 
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Alloys of yttrium with 0.3 and 1.0 atomic percent gadolinium, 
1.0 at. % dysprosium, and 0.6 and 1.0 at. % holmium have been 
investigated to determine their usefulness as the working substance 
for adiabatic demagnetization. In ad 
and 1.0 at. % holmium-yttrium a 
which exhibited 


perature 


lition, single crystals of 0.6 
oys were studied. Those alloys 
paramagnetic susceptibility behavior in the 
t range 1.2-4.2°K demagnetized adiabatically 
from about 11 koe and 1.25°K. The lowest temperature attained 
vas 0.76°K for the single crystal of 1.0 at. % holmium with the 


were 


INTRODUCTION 


HE use of thorium-dysprosium metal alloys in 
magnetic cooling to obtain less 


temperatures 
than 1°K has recently been reported by Parks 
Little.' We results of adiabatic de- 
magnetizations and susceptibility and magnetization 
measurements on dilute 


and 
report here the 


alloys of rare-earth metals in 

yttrium. 
The work 

contact advantages 


thermal- 
alloys would have over 
conventional salts. Normally with a metal, one might 


was initiated because of the 


metal 
expect eddy-current heating when demagnetizing, but 
the high residual resistivities of our alloys essentially 
eliminate this problem. Yttrium was chosen as the host 
metal since it has the same crystal structure and very 
nearly the same lattice parameters as the solute metals. 
ium (J=S=7/2), with no orbital moment and 
7 unpaired spins, was the first solute metal used. In 
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magnetic field parallel to the a axis of the hexagonal crystal. 
Magnetization measurements obtained for the single crystals in 
the temperature range 1.2-4.2°K indicated strong anisotropy with 
Hyste 


holmium single 


the a axis as the easy axis of magnetization 

served in the magnetization of the 1.0 at. ‘ 
crystal with the a axis parallel to the field. Entropy removal during 
magnetization was calculated from the magnetization data for the 
single crystals and found to be about 15% of that expected 


if the alloy behaved like an ideal paramagnetic substance 


resis was ob 


only 


order to study the effect of the spin of the solute metal 
on the Curie Néel) temperature, dysprosium 
(J=15/2, S=5/2) and holmium (J=8, S=2) alloys 
were next investigated. The small cooling effect ob- 
served during adiabatic demagnetization of the 
holmium-yttrium alloys prompted a study of the 
magnetic properties of single crystals of these alloys. 


(or 


MATERIALS STUDIED 


The pure metals used in fabrication of the alloys were 
prepared in this laboratory by methods previously 
reported.?;* The alloys were made by arc melting 
together in a helium atmosphere the proper amounts of 
the constituent metals. The button formed by this 
process was turned over and remelted several times in 
order to insure a homogeneous alloy. The samples were 
shaped by machining on a lathe into the nominal size 
of 1.5-in. length, by 0.6-in. diam. The alloys investigated 
consisted of two gadolinium-yttrium alloys with 0.3 

? F. H. Spedding and A. H. Daane, J. Am 

1953). 

*C. V. Banks, O. N. Carlson, A. H. Daane, V. A 

Fisher, E. H. Olson, J. E. Powell, and F. H 


Energy Commission Report IS-1, Iowa State Uni 
Iowa, 1959 (unpublished 
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TABLE I. Spectrographic analysis of yttrium host metal 
for the various alloys. 


Impurity in yttrium (ppm) 
Gd-Y alloys Dy-Y alloys Ho-Y alloys 


120 ; 89 
160 20 
1180 71 
1300 : 200 


<100 < 100 
<50 5 <50 
200 2 200 
<15 < <15 
200 200 

<10 <10 


Element 


and 1.0 at. % Gd, one dysprosium-yttrium alloy with 
1.0 at. % Dy, and two holmium-yttrium alloys with 0.6 
and 1.0 at. % Ho. A spectrographic analysis was made 
on the yttrium metal used in each alloy. The results 
are shown in Table I. 

Single crystals were obtained for two alloys of 
holmium-yttrium using a grain-growth technique that 
has been described by Hall e/ al.4 The crystals were 
formed into rectangular parallelepipeds by grinding and 
polishing on emery paper. The crystal dimensions were 
3X5X6 mm for the 0.6 at. % Ho alloy and 3X3X9 mm 
for the 1.0 at. % Ho alloy. 


EXPERIMENTAL PROCEDURE 


The magnetic susceptibility of the polycrystalline 
alloy samples was measured for temperatures below 
4.2°K. A de ballistic method,® for which the suscepti- 
bility was proportional to the throw of a galvanometer, 
was used for these measurements. Absolute suscepti- 
bilities were obtained by calibrating the system with a 
compressed pill of iron ammonium alum of the same 
shape and size as the sample. Temperatures in the range 
1.2-4.2°K were obtained from the liquid-helium bath 
using the 1958 scale.6 Measurements below 1.2°K for 
the 0.3 at. % Gd alloy were obtained by adiabatic 
demagnetization of the alloy, and for the 1.0 at. % Ho 
alloy by cooling with a demagnetized paramagnetic salt 
pill. Temperatures below 1.2°K for the 0.3 at. % Gd 
alloy were measured with a calibrated carbon resistor, 
and for the 1.0 at. % Ho alloy were determined from the 
Curie temperature of the salt pill. 

Magnetization measurements in the temperature 
range 1.4-4.2°K were made on the single crystals of 
0.6 at. % Ho and 1.0 at. % Ho alloy. (Measurements 
with the a axis parallel to the field were made at several 
temperatures in this range. Measurements with the « 
axis parallel to the field were made only at 4.2°K, since 


‘Pp. M. Hall, S. Legvold, and F. H. Spedding, Phys. Rev. 116, 
1446 (1959). 

®See, for example, D. deKlerk, Encyclopedia of 
Springer-Verlag, Berlin, 1956), Vol. 15, p. 74. 

°F. G. Brickwedde, H. van Dijk, M. Durieux, J. R. Clement, 
and J. K. Logan, J. Research Natl. Bur. Standards 64A, 1 (1960). 
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Fic. 1. Apparatus for magnetization measurement. The sample 
was suspended from the balance at the end of a long quartz rod. 
The pole faces were cut hyperbolically to give a uniform vertical 
field gradient. Helium exchange gas in the sample tube maintained 
the sample at the temperature of the liquid-helium bath 


it was not possible to maintain the c axis parallel to the 
field at lower temperatures due to the strong anisot- 
ropy.) The measurements made with a 3-kw 
Weiss-type magnet that uniform field 
gradient in the vertical direction for fields of zero to 11 


were 
produced a 


koe. A line drawing of the apparatus is shown in Fig. 1. 
The sample was attached to a copper sample holder 
(not shown), which in turn was suspended from an 
analytical balance at the end of a long thin quartz rod. 
The liquid-helium cryostat was of standard design; bath 
temperature was lowered by reducing the pressure over 
the liquid helium. Thermal contact between the sample 
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Fic. 2. Inverse susceptibility vs temperature for 1.0 at. % Gd 
and 0.3 at. °% Gd alloys. Calibration data for an iron alum salt pill 
are also shown 
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Fic. 3. Inverse susceptibility vs temperature for a 1.0 at. “% Dy 
alloy. Calibration data for an iron alum salt pill are also shown 


and the bath was maintained by helium exchange gas 
in the sample chamber at a pressure of about 1 mm Hg. 

Adiabatic demagnetizations were performed on all 
samples from initial conditions approximating 1.2°K 
and 11 koe. In each case, the temperature after demag- 
netization determined from resistance measure- 
ments of a calibrated carbon resistor. 


was 


RESULTS 
Susceptibility Measurements 


‘he data obtained from susceptibility measurements 
are presented in the graphs of Figs. 2-4 with inverse 
susceptibility 1/x plotted vs 7. Calibration data with 
a pill of iron ammonium alum are given in each case. 
Minima in 1/ x are observed at 3.4°K for the 1.0 at. % 
Gd alloy, and at 1.3°K for the 1.0 at. % Dy alloy. There 
is an apparent approach to a minimum in 1/x near 
0.8°K for the 0.3 at. % Gd alloy. There is no evidence 
for a minimum in 1/x for the Ho alloys. 
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Fic. 4. Inverse susceptibility vs temperature for 0.6 at. “% Ho 
and 1.0 at. “% Ho alloys. Calibration data for an iron alum salt pill 
are also shown 
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TABLE II. Adiabatic demagnetization data 


Initial 
temperature 


Initial 
field 
(koe 


Temperature after 
demagnetization 


Sample K) 


0.3% Gd* 
0.60) Ho* 
1.0°% Ho* 
0.60% Ho” 
1.0°% Ho» 


10.0 
11.4 
11.4 
12.0 
11.4 


oul 


a a a es 
NM dO bo lb 


wm vio 


* Polycrystalline sample. 
> Single crystal with a axis parallel to the 1 


Magnetization Measurements 


The results of the magnetization measurements along 
the a and c directions of the 0.6 at. ‘ 
shown in the graph of Fig. 5 and for the 1.0 at. % Ho 
alloy in the graph of Fig. 6. The magnetization o in 
emu/g is plotted vs magnetic-field strength H/ in koe for 
various temperatures 7. The ratio of the magnetization 
along the a axis to that along the 11 koe and 
4.2°K is about 4 for the 0.6 at. % Ho alloy and about 5 
for the 1.0 at. % Ho alloy. Saturation magnetizations 
were obtained by extrapolation of the o vs 1/H plots. 
The saturation magnetizations obtained in this way are 
2.9 emu/g for the 0.6 at. % Ho alloy and 4.8 emu/g for 
the 1.0 at. % Ho alloy. Using these extrapolated values 


© Ho alloy are 


aXIs al 


of saturation moments, magnetizations were computed 
from the Brillouin formula at 1.47°K for the 0.6 at. % 
Ho alloy and at 1.49°K for the 1.0 at. % Ho alloy. These 
calculated data are represented by t} 
Figs. 5 and 6. It can be seen that 
points fall considerably below the 
- for both alloys. 
Hysteresis was observed in the 1.0 at. % Ho alloy at 


1e dashed curves of 
the experimental 
calculated curves 


he 


1 1 


1.58°K with the a axis parallel to tl 
field 
decreasing. The data are presented in the 


ie field by measuring 
then 
graph of 
Fig. 7 with o in emu/g plotted vs H in koe. This aspect 


o with the magnet first increasing and 
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Fic. 5. Magnetization ¢ 
in koe for the 0.6 at. ©; H« 
H parallel to the ¢ axis, 
parallel to the a axis. The 
behavior of an ideal paramagnetic material of saturation m 
2.9 emu/g at 1.47°K 


in emu/g VST 

ystal 

the u 
dashed curve repres 


» Single cr 
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TABLE III. Comparison of observed and calculated Curie 
constants for the alloys investigated. 


Alloy 


C (obs) C (calc) 
0.0012 
0.0071 
0.0043 
0.0071 


0.3 at. % 
1.0 at. % 
0.6 at. % 
1.0 at. % 


0.0023 
0.0076 
0.0056 
0.0085 


was not investigated for the 0.6 at. % Ho alloy or in 
the other crystalline directions. 


Adiabatic Demagnetization Measurements 


Adiabatic demagnetizations were performed on those 
samples which did not show a minimum in the plot of 
inverse susceptibility vs temperature. The starting 
temperature, initial field, and temperature after 
demagnetization are listed in Table II for those mate- 
rials investigated. Demagnetizations were performed on 
the single crystals with the @ axis parallel to the 
magnetizing field. 


DISCUSSION 


A comparison of the observed Curie constants and 
those computed on the basis of ideal paramagnetic 
behavior is shown in Table III. It is apparent that the 
observed Curie constants are somewhat larger than 
expected on the basis of the calculations. Only a small 
part of the difference can be explained by the presence 
of impurities in the samples. From the hysteresis 
measurements on the 1.0 at. % Ho single crystal it is 
apparent that there is a certain small amount of ferro- 
magnetism in this alloy. If this is due to ferromagnetic 
clustering of the solute metal, one would expect this to 
be present to some extent in all the alloys, representing 
a small departure from random dispersal of the solute 
atoms. This, in turn, would enhance the susceptibility 
and help account for the larger observed values. It 
should also be mentioned that Sato et al.7 have pointed 
out that the 1/x vs T curves for dilute alloys exhibit a 
slope which increases with temperature. Thus, the 
Curie constant obtained from the slope of the curve 
would be overestimated at all but the high temperatures 
(near room temperature). 

Magnetic transitions characteristic of antiferro- 
magnetism were observed at 3.40°K in the 1.0 at. % Gd 
alloy and at 1.34°K for the 1.0 at. % Dy alloy. Néel* 
has suggested that the magnetic transition temperature 
be determined by a spin-spin interaction. DeGennes*® 
has suggested that the spin-spin interaction be modified 
to include the effects of spin-orbit coupling. The lower 
Néel temperature obtained for the 1.0 at. % Dy alloy as 


7H. Sato, A. Arrott, and R. Kikuchi, J. Phys. Chem. Solids 10, 
19 (1959 

§L. Néel, Compt. rend. 206, 49 (1938 

> P. G. deGennes, Compt. rend. 247, 1836 (1958). 
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Fic. 6. Magnetization o in emu/g vs magnetic-field strength 1 
in koe for the 1.0 at. % Ho single crystal. The lowest curve is for 
H parallel to the c axis, whereas the upper curves are for H 
parallel to the a axis. The dashed curve represents the expected 
behavior of an ideal paramagnetic material of saturation moment 
4.8 emu/g at 1.49°K 


compared to the 1.0 at. % Gd alloy is in fair agreement 
with either of these proposals. There is evidence of an 
approaching transition at 0.8°K in the 0.3 at. % Gd 
alloy. Thoburn e¢ al.!° have determined the paramag- 
netic Curie temperatures and Néel points of gadolinium- 
yttrium alloys with large gadolinium concentrations. 
An extrapolation of their data to small gadolinium con- 
centrations gives expected transition temperatures of 
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Fic. 7. 0 versus H at 1.58°K for the 1.0 at. %% Ho single crystal 
with field increasing and decreasing and with the a axis parallel to 
the field. 


0 W. C. Thoburn, S. Legvold, and F. H. Spedding, Phys. Rev. 
110, 1298 (1958). 
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4°K and 1°K for the 1.0 at. ‘ 
respectively. These numbers are in reasonable agreement 
with the present results. 

The amount of cooling obtained by adiabatic de- 
magnetization of the various samples was small. It was 
somewhat greater for the single crystals along the easy 
direction of magnetization than for the polycrystalline 
samples of the same alloys. In an effort to understand 
why such small temperature reductions were obtained, 
calculations have been made of certain entropy changes 
involved in the demagnetization process for the two 
single-crystal samples. The actual entropy (AS/R)setuat 
removed per mole during isothermal magnetization has 
been computed from the magnetization curves of Figs. 
5 and 6. The Brillouin formula has been used to calculate 
the entropy change (AS/R)ia4; during magnetization, 
treating the alloy as an ideal paramagnetic material. 
Finally, the change in entropy (AS/R),; of the conduc- 
tion electrons between the initial and final temperatures 
of demagnetization been 
electronic entropy for pure yttrium. Jennings ef al." 
have re ported that the electronk entropy of yttrium is 
85X10-*T joules/ mole °K and that the lattice entropy 
is negligible in comparison near 1°K. The calculated 
quantities are presented in Table IV as they apply to 
the 0.6 at. % Ho and 1.0 at. % Ho single crystals. It is 
to be noted that (AS/R)iaai is about 6 times the value 


% and 0.3 at. % alloys, 


has calculated using the 


L. D. Jennings, R. Miller, and I 


be pu she 


H. Spedding, J. Chem. Phys 
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demagnetization of the 0.6 at 
crystals 
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TABLE IV. Entropy changes encountered in magnetization and 
‘) Ho and 1.0 at. “% Ho singk 


Sample (AS/R AS/R (AS/R)e1 


0.009 
0.015 


0.6 at. “, Ho 
1.0 at. ©“) Ho 


0.0016 
0.0020 


0.0004 
0.0005 


of (AS/R)sctuat for both alloys. This indicates that the 
behavior of the alloys is far from ideal at the tempera 
ture of magnetization. The entropy change of the 
conduction electrons is considerably less than the actual 
entropy change between the initial and final tempera- 
tures. There is, thus, a rather large contribution to the 
heat capacity, probably from the magnetic spins, at 
temperatures in the range 0.7—1.2°K for these alloys. 
The mechanism responsible for this anomalous behavior 
and consequent feeble cooling during demagnetization 
is not understood. It is apparent that the behavior of 
the alloys at these temperatures is such as to render 
them unsuitable for magnetic cooling purposes. 
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A method is developed for calculating wave functions through 
regions of varying band structure. This method is applied to 
tunneling problems using the transition-probability approach of 
Bardeen. It is found that the experiments of Giaever involving 
tunneling into superconductors cannot be understood strictly in 
terms of an independent quasi-particle model of the supercon 
ductor. The observed proportionality of the tunneling probability 
to the density of states depends upon the matrix elements being 
constant which, in turn, depends upon a many-particle feature of 


I. INTRODUCTION 


ARDEEN! has discussed tunneling from a many- 
particle point of view. He did not, however, discuss 
systems in which the band structure varies with posi- 
tion. In the following treatment we restrict ourselves to 
an independent-particle approximation, but extend the 
work to allow for variations in the local band structure. 
We proceed by first developing a method for con- 
struction of one-particle wave functions, taking particu- 
lar care that these conserve current locally. Matrix 
elements are then calculated in terms of these functions 
and the tunneling current determined. 

Within this framework we consider the Giaever ex- 
periment’? (tunneling into superconductors) using an 
independent-particle model of the superconductor. The 
failure of this approach sheds some further light on the 
treatment by Bardeen. 

The same formulas are applied to systems involving 
tunneling into semiconductors, semimetals, and transi- 
tion metals as well as into simple metals. Finally, we 
discuss the dependence of the tunneling properties on 
the nature of the boundary between different regions of 
the system. 


II. DETERMINATION OF WAVE FUNCTIONS 


We consider first a simple system which is divided by 
the plane x=0 into two regions of known band struc- 
ture, and an electron energy which lies within the 
allowed bands in both regions. If suitable boundary 
conditions were applied to either one of these regions 
alone, we could construct a complete set of Bloch func- 
tions corresponding to the appropriate band structure. 
We will assume that wave functions for the composite 
system may be given, to a good approximation, by a 
linear combination of an incoming and an outgoing 
Bloch function on each side of the boundary, with each 
of these waves having the same component of wave 
number parallel to the boundary. This latter condition 
corresponds to an assumption of specular reflection and 
transmission by the boundary and will be relaxed in 


! J. Bardeen, Phys. Rev. Letters 6, 57 (1961). 
27. Giaever, Phys. Rev. Letters 5, 147, 464 (1960). 


the problem. This feature does not carry over to fluctuations in the 
density of states arising from band structure, and contributions to 
the current are not expected to be proportional to the density of 
states in that case. Instead, a projection in wave-number space of 
the appropriate constant-energy surface enters. Tunneling systems 
are discussed which involve semiconductors, semimetals, and 
transition metals as well as simple metals. Finally, alterations in 
the properties arising from alterations in the nature of the bound 
ary regions are discussed. 


Sec. VI. This cannot be an exact eigenfunction for 
general band structure since we are required to match 
the wave functions on the entire plane x=0, but have 
only the. coefficients of four waves at our disposal. 

The problem of constructing wave functions is now 
reduced to the problem of obtaining two matching con- 
ditions upon the wave function; these, in conjunction 
with normalization and external boundary conditions, 
will uniquely determine the eigenstates. It will be a 
great mathematical simplification to assume reflection 
symmetry in the band structure at all points; this would 
correspond to time-reversal symmetry in a one-dimen- 
sional problem. 

It will be convenient to represent the Bloch waves by 
plane waves of the same wave number, and to represent 
linear combinations of Bloch waves by linear combi- 
nations, ¢, of the corresponding plane waves. Since it is 
the Bloch functions which are to be matched smoothly 
at the boundary, the function ¢@ may not be smooth at 
the boundary. We write generalized boundary con- 
ditions: 


8 continuous, ad¢/dx continuous, (1) 


across the boundary, where a and 8 may depend upon 
energy and transverse component of wave number and 
are different for different band structures. These 
parameters may be related to the current-density oper- 
ator by noting that we may associate 


h 0 re) 
+ * 
b*a—B8o— da—Po 
2mi On Ox 


with the x component of current density. This is per- 
missible since witha = 8= 1, this J, is the current density 
for free electrons and J, is conserved across all bound- 
aries between differing band structures. The particular 
ordering of terms will be appropriate when the equations 
are generalized to continuously varying band structures 
and will guarantee the conservation of current in the 
volume of the material. 

We may identify the velocity associated with a state 
of wave number k, as haBk,/m by noting the form of the 
current density, (2). This, in turn, must equal 0H/dp, 


> 
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= (1/h)0E/dk, in a one-particle approximation. Thus 
the product a8k, may be evaluated in terms of the band 
structure as 


aBbk,= (m/h*)0E/dk,. (3) 


Equation (3) will provide sufficient information about 
the matching parameters for most of our treatment, but 
further knowledge will be needed when we treat special- 
ized boundary regions in Sec. VI. 

In terms of these parameters the problem of obtaining 
wave functions for a system in which the band structure 
changes discontinuously at planes of constant x is com- 
pletely determined. Within regions of constant band 
structure, the x variation of @ is obtained from the 
equation 


3°o/dx2+k2o=0 


(noting the assumed reflection symmetry in the band 
structure). At planes of discontinuity we apply the 
conditions, (1). 

It may be noted that the matching conditions intro- 
duce discontinuities in the slope and value of ¢, and that 
these are required in order to conserve electron flux at 
the boundaries. The method strongly resembles the 
earlier treatment by the author® of wave functions in 
perturbed monovalent metals utilizing a cellular method. 
In that case variations of band structure in three di- 
mensions were allowed. 

The method is readily generalized to continuous 
variations of the band structure by taking the planes of 
discontinuity closer and closer together and, in the 
limit, obtaining a differential equation for the x varia- 
tion of ¢; 


(4) 


Here ¢, a, 8, and k, are functions of position which are 
assumed to be slowly varying over a single atomic cell. 


The latter three 


e 
need not be slowly varying over a 


wavelength of ¢; that is, 
approximation. 

In order to treat problems involving tunneling, we 
must extend the above treatment to electron energies 


we have not yet made a WKB 


which lie in the forbidden band. We do this simply by 
analytically continuing the band structure (E[k]) and 
the parameters a and § into the space of complex k. 
This is the procedure used by James’ in treating one- 
dimensional problems and by Peterson® in developing a 
crystalline WKB approximation. 


III. CALCULATION OF THE TUNNELING CURRENT 


We now have a well-defined procedure for con- 
structing wave functions, 
calculate eigenstates and the tunneling current. We will 


and we may proceed to 


?W. A. Harrison, Phys. Rev. 110, 14 (1958 
‘H. M. James, Phys. Rev. 76, 1602 (1949) 
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use the convenient 
Bardeen.! 

Bardeen has written the probability per unit time of 
the transition of an electron in a state a on one side of 
the tunneling region to a state } on the other side: 


very procedure developed by 


P ay= (2mr/h)| Map| 72pnfa(1— fr) 


where Mg» is the matrix element for the transition, p» 
is the density of states at b, and f, and f/f, are the 
probabilities of occupation of the states a and 3, re- 
spectively. Further, he shows that we may write the 
matrix element in terms of the matrix element of the 
current operator between states a and 6 which are con- 
structed to continue to drop exponentially beyond the 
tunneling region. 


M p= —ihJ ad, (5) 


where the x component of the current density operator 
Ja» is to be evaluated in the tunneling region between 
the states a and 6 which decay in opposite directions. 

M .» vanishes unless the transverse wave number k; 
is the same for the initial and final states (specular 
transmission) ; thus p» is a density of states for fixed ky. 
We sum over all states a of fixed k;, sum over &;, 
multiply by 2 for spin and multiply by the electronic 
charge e to obtain the total current to the right. Sub- 
tracting the current to the left, we have finally 


Aare : 
j= | M op | *paps( fa— fr)dE. 
hookt , 


The integral over energy is taken at 
wave number &;. 

In evaluating the matrix 
states which are sinusoidal in a positive-energy region 


fixed transverse 


elements, we construct 
and drop exponentially in an adjacent negative-energy 
region. We assume that, except near the transition re- 
gion, the band structure is uniform. We assume for the 
time that the band structure is slowly varying in the 
transition region and make a WKB approximation. In 
Sec. VI we consider the consequences of making an 
abrupt approximation instead. 

The WKB approximation is readily applied to Eq. (4) 
by assuming a, 8, and k, vary slowly in the x direction. 


The wave functions are found to be of the form 


(aBk ,) } exp if kd 


except near turning points. The occurrence of the factor 
(aBk,)~) could have been forseen from the form of the 
current operator and the requirement of current con- 
formulas across regions where 
is the 
which 


servation. Connection 
aBk, is small are the same as the usual ones. If x, 
point on the left of the tunneling region at 


aBk,=0, the x variation of a left-hand state is given by 
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C,(aBk-z) heos( f kiditya}, x<%Xa, 


z 


(3C a) (aBk,)~ exp -{ k.|\dx 4, x«>Xa 


ra 


where k, is chosen to make the local energy independent 
of position. C, is to be determined by normalization ; if 
L, is the extension of the crystal to the left of x,, then 


C.’=2(aBkz) a/La. 


Similarly, right-hand states may be constructed by 
replacing the subscript a by 0. 

We may now evaluate the matrix element for transi- 
tion using its relation to the current-density matrix 
element [Eq. (5) ], the form of the current density 
operator [Eq. (2) ], and the wave function [Eq. (7) ]. 


od 


h? \? (aBk) 
Hor (") 
2m Ea 
(aBk), sad 
x ep(-2f k, ix), (8) 
Ly ra 


This is to be substituted into Eq. (6) for the current 
density ; 


Je x } 
J - ;™ f ep(- of k, ix) fa— fala. (9) 
h ke 7 , 


In the determination of (9) the density of states was 
written as 


p= (L/r)(0E/dk,)™. (10) 


We notice the conspicuous absence of the density of 
states factor in Eq. (9). This is a direct consequence of 
our independent-particle model and the resultant re- 
ciprocal relation between the particle velocity [Eq. (3) ] 
and the density of states [Eq. (10) ]. We will see, in 
Sec. VI, that the exact form of the integrand in the 
expression for the current depends upon the nature of 
the barrier region, but only a quite artificial model 
would restore the simple proportionality to the density 
of states. 


IV. TUNNELING INTO SUPERCONDUCTORS 


The absence of the densities of states in the integrand 
in Eq. (9) is contrary to the experimental results of 
Giaever and to the result given by Bardeen. The incon- 
sistency results from a failure of the independent- 
particle model. In order to obtain agreement with 
experiment, we may (following Bardeen) assert that the 
density of states is that for quasi-particles, but the cur- 
rent entering the matrix element is given by the value 
for normal metals. From the independent-particle point 
of view, this violates charge conservation at the bound- 
ary; from the many-particle point of view this is the 
assertion that back-flow around the quasi-particles 
should be neglected. In either framework, the essential 
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problem is gauge invariance, and its resolution is beyond 
the realm of the independent-particle model. It seems 
remarkable that the simple experimental result depends 
so directly upon the subtleties of the many-particle 
system. 

In any case, we do not expect this essential breakdown 
of the independent-particle model to occur in tunneling 
involving normal metals, semimetals, and semicon- 
ductors. Neither, then, do we expect to find the simple 
proportionality of the ac conductance to the density of 
States. 


V. TUNNELING INTO NONSUPERCONDUCTING 
MATERIALS 


We may obtain a more informative description of 
Eq. (9) by replacing the sum over &; by an integral over 
the projection S of a constant energy surface onto the 
plane of the barrier; i.e., d’k,=dS. After rearranging 
factors, we obtain for the current per unit area, 


x 


J dE(fa- jr) fas enn: 
2rh 


x 


with 


k,| dx. 


n depends on energy and on the transverse wave number 
associated with dS. The second integral is over regions 
of ky corresponding to positive-energy states on both 
sides. Thus if we define the ‘‘shadow”’ of a constant- 
energy surface to be its projection in wave-number 
space on a plane parallel to the barrier, the integral over 
S is over the overlap of the shadows from the two sides 
for the energy EF. 

The current between corresponding energy shells on 
the two sides of the barrier is proportional to the 
difference in the probability of occupation of the states 
in the two shells and to a surface integral over the 
overlap of their shadows. If one or both of the energy 
surfaces is small, as in a semiconductor or a semimetal, 
n becomes essentially constant and the integral over S 
is simply the exponential times the area of the shadow 
overlap. If, on the other hand, both of the surfaces are 
large, as when both sides are simple metals, the ex- 
ponential becomes small for high angles of incidence. 
Only electrons moving approximately normal to the 
surface tunnel and the integral is equal to the value of 
the exponential at normal incidence times that area of 
the constant-energy surface for which appreciable num- 
bers of electrons tunnel. This area depends only upon 
the properties of the tunneling region and may be 
readily evaluated for simple models by expanding |k, 
for small &; and integrating over S. 


A. Simple Metals 


The integral over S in Eq. (9) is a constant and the 
integral over energy is equal simply to the difference in 
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Fic. 1. The current-voltage characteristic for tunneling from a 
metal into an idealized semimetal. The hole mass was taken equal 
to three times the electron mass. Voltages are measured in units of 
the electron Fermi energy; the scale of the ordinate is arbitrary. 
The currents associated with the electron and the hole band are 
shown separately as well as the total current 


Fermi energy (or to the applied voltage). The behavior 
is Ohmic as observed by Giaever for normal metals. 


B. Semimetals 


We consider the tunneling between a simple metal 
and a semimetal. There is Fermi surface in both the 
electron band and the hole band and two contributions 
must be added. We calculate a sample characteristic 
neglecting the dispersal of the Fermi surface over the 
Brillouin zone and take 7 the same for both holes and 
electrons ; we assume spherical surfaces and an effective- 
mass approximation for both signs of carriers with the 
result shown in Fig. 1. 

We note that the irregularities are somewhat “‘washed 
out” and would be further reduced by the inclusion of 
other bands. The success of the nearly free-electron 
approximation for treating bismuth® suggests that there 
will be many other band edges near the Fermi energy 
and that the collection of all bands resembles a single 
free-electron band. This would suggest a generally 
linear characteristic with minor fluctuations. 


C. Transition Metals 


The very large fluctuations in the density of states in 
this case would have provided spectacular results if the 
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tunneling were proportional to the density of states. 
However, the Fermi surfaces associated with both d and 
s bands are expected usually to be large. The current 
into each is determined by an area of surface which 
depends only on the properties of the insulating barrier, 
so the contributions from the two bands should be 
comparable. Only near band edges should there be 
fluctuations in the characteristic and these should be 
more pronounced near a d-band edge since the energy 
surface and its shadow area change more rapidly with 
energy in that case. Such irregularities have not been 
observed. 


D. Esaki Diode 


The application to the tunnel diode is straight- 
forward. The band structure is continued into the plane 
of complex k in the evaluation of n. In this case, with a 
reasonable model of the tunneling region, » will depend 
upon the applied voltage. 

An interesting feature of the analysis is the failure of 
the one-dimensional density of states to enter the 
integral. The same feature occurs in the treatment of 
tunneling as a Zener current in a uniform field.’ In that 
analysis, an artificial density of states enters which 
depends only on the applied field and the magnitude of 
a reciprocal lattice vector. 


VI. NATURE OF THE TRANSITION REGION 


It has been necessary in this treatment to make two 
specific assumptions about the boundary between differ- 
ent regions of the system. We have assumed that this 
region is sufficiently planar that the transmission of the 
barrier is specular. We have also assumed that the band 
structure varies sufficiently slowly that we may make a 
WKB approximation. 

The experiments on superconductors shed no light on 
either of these questions. The one-dimensional density 
of states which enters Eq. (6) is proportional to the 
three-dimensional density of states which would enter 
if the transmission were diffuse. Furthermore, the asser- 
tion that the matrix element is the same for the super- 
conducting and normal metals is sufficient to assure its 
relative constancy whether the boundary is gradual or 
sharp. 

In the tunnel diode it is reasonable to expect that 
both assumptions are valid and the question remains 
open with respect to the boundary region with deposited 
or oxidized films. The observed diffuse reflection at 
metallic surfaces* would diffuse transmission 
This is not conclusive, however, macro- 
scopically diffuse reflection is not with 
microscopic specular reflection if the transition region is 
irregular. 

We consider briefly some modifications expected if 
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either of these assumptions as to the nature of the 
boundary is not valid. 


A. Sharpness of the Boundary 


If the boundary region were sharp, we should proceed 
with the calculation of the wave functions by matching 
rather than with the WKB approximation. The bound- 
ary conditions of Eq. (1) are directly applicable. We 
assume sharp boundaries and uniform band structures 
in each of the three regions, numbered 1, 2 and 3 (the 
tunneling region being numbered 2). We obtain 


1 168;°v2"B;? 
| Moo|?= : - ———— 
(v2-+ 0:2) (vs?-+ 93?) 


ie 
Ii Ls 

where 
vi=B/aikzi. 


(12) 


When multiplied by the density-of-states factors, this 
becomes 


4 Vive" V3 
Map “Pao = — - e, (13) 
wm (yy?+ v2") (v2? +37) 


In contrast to the result of the WKB approximation, 
this is not independent of energy. Furthermore, the 
dependence upon the matching parameters is not simply 
through the product ak, which we were able to evaluate 
in terms of the band structure. We must consider these 
parameters in more detail. 

The complete Bloch function may be written as 
ux (r)e'**'. If wu, is normalized such that its average value 
is unity, the factor e™**' may be associated with our 
function ¢. When the band structure changes, we must 
match the Bloch functions at the cell boundaries, where- 
as our matching condition is that 8@ be matched at the 
boundary. We may therefore associate 8 with the value 
of the normalized uy at the cell boundary. 


u,(cell) |?Q 


f ux (r) | 2dr 
el] 


€ 


= 


Here is the cell volume, 8 is of order unity at the edge 
of an s band and zero at the edge of a p band, and {° is 
equal to the parameter y introduced by Bardeen’ in his 
extension of the Wigner-Seitz cellular method. Our 
matching conditions are equivalent to those used in the 
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earlier extension of the cellular method to nonperiodic 
structures.’ 

From Eqs. (3), (10), and (12) we see that y is pro- 
portional to 8 times a density of states. Thus, Eq. (13) 
indicates that the density of states has reappeared in the 
integrand for the tunneling current. However when the 
density of states becomes sufficiently large, it dominates 
in the denominator and the result is inversely propor- 
tional to the density of states. 

If we were to attempt to use the form of Eq. (13) to 
obtain agreement with the superconducting experiments 
within an independent-particle approximation, it would 
be necessary to take 6 in the superconductor (and in 
the same metal when it is normal) to be negligible 
compared to that in the tunneling region. This seems 
quite inappropriate and we maintain our conclusion 
that the independent-particle model fails in that case. 

The dependence upon the density of states given in 
Eq. (13) offers some hope for interesting behavior with 
semimetals and transition metals, but the hope is weak. 
This dependence on the details of the wave functions 
seems unrealistic when the boundary is not ideal. 
Further, a sample comparison between an exact calcula- 
tion and a WKB approximation for free-electron tun- 
neling indicates that the WKB approximation becomes 
quite good as the thickness of the transition approaches 
and exceeds a single electron wavelength. 


B. Diffusion of Transmission 


There is no unique way to introduce a diffuse trans- 
mission. One might, however, expect three qualitative 
conclusions to hold in any case. 

First, if the boundary is gradual we might still expect 
the cancellation of the density of states by the velocity 
in the matrix element even in the diffuse case since this 
arose from current conservation. In particular, we 
should not expect the simple proportionality to the 
density of states to reappear. 

Second, we expect no appreciable modification of the 
results for simple metals (and superconductors) which 
have isotropic electronic properties. 

Third, we expect significant differences in tunneling 
into semimetals and degenerate semiconductors de- 
pending upon the nature of the transmission since their 
Fermi surfaces lie in limited regions of wave-number 
space. However, the general smoothing of fluctuations 
because of the cancellation of the density of states and 
the contribution of many bands should remain. 
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This paper describes the results of two electron irradiations of 
99.999, purity, 0.008-in. diam gold wire at 13° and at 10.5°K, 
respectively, and subsequent isochronal anneals. The anneals were 
carried out in 1- or 2-degree steps from the lowest temperature up 
to 65°K, and, in addition, the second set of anneals was extended 
for 1-hr periods at 125°, 170°, , and 260°K. Each of the 
anneals produced some recovery. The plot of the slope of the 
isochronal recovery curve showed peaks and indicated a stage I 
in the annealing, extending up to 45°K, during which 28.5% of 
the resistivity increment annealed out. From 45° to 65°K (stage 
II) no distinct processes were observed. Stage II apparently 
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I. INTRODUCTION 


ECENT work on radiation damage has included an 
extensive study by the General Electric group of 
the low-temperature annealing of copper after electron 
bombardment.'~* Gold has not been studied to the same 
extent. Bombardment with 1.4-Mev electrons has failed 
to produce any damage, indicating that at least 40 ev 
must be supplied to the gold atom to produce a displace- 
ment‘; the corresponding energy for copper is 22 ev.® 
The recovery of the damage put in by 12-Mev deuterons 
at 10°K has been studied by Cooper ef al.° and there has 
been some recent work’ on the annealing after electron 
bombardment at — 100°C and more is in progress.*® 
Gold is of special interest because of the possibility of 
comparing its behavior after irradiation with that after 
quenching; in the latter case, the results should be 
entirely free from effects due to interstitials. Among 
metals studied so far, gold is apparently unique in not 
showing a sharply-defined low-temperature annealing 
stage (stage I annealing).’ This stage in the annealing 
is always smaller after heavy-particle bombardment 
than after electron bombardment,” and it was possible 


* Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at North- 
western University. This research was partially supported by the 
U. S. Atomic Energy Commission 

+t Now at Department of Metallurgy, Royal School of Mines, 
Prince Consort Road, London, England. 

1 J. W. Corbett, R. B. Smith, and R. M. Walker, Phys. Rev. 114, 
1452 (1959) 

2 J. W. Corbett, R. B. Smith, and R. M. Walker, Phys. Rev. 114, 
1460 (1959) 

3 J. W. Corbett and R. M. Walker, Phys. Rev. 115, 67 (1959). 

4 J. W. Corbett and R. M. Walker, Phys. Rev. 117, 970 (1960). 

5 J. W. Corbett, J. M. Denny, M. D. Fiske, and R. M. Walker, 
Phys. Rev. 108, 954 (1957) 

*H. C. Cooper, J. S. Koehler, and J. W. Marx, Phys. Rev. 97, 
599 (1955) 

7J. A. Tesk, J. B. Ward, H. L. Kohn, and J. W. Kauffman, 
Bull. Am. Phys. Soc. 4, 137 (1959) 

®R. A. Wullaert and J. W. Kauffman, Bull. Am. Phys. Soc. 6, 
157 (1961). 

* For example, reference 1 and also R. M. Walker, J. W. Corbett, 
and E. L. Fontanella, Bull. Am. Phys. Soc. 5, 146 (1960) 

© For example, compare the results in reference 1 with those in 
reference 6 


continues up to 240°K; from 45° to 250°K, 36% of the resistivity 
increment anneals out; 35.5% remained at this temperature. By 
assigning a suitable frequency factor Ko to each process in stage I, 
and assuming that the processes are first order (corresponding to 
recombination of close pairs of vacancies and interstitial), it is 
possible to calculate the activation energies for each process. For 
Ko=10" to 10" sec”, these ranged from 0.037 to 0.045 ev for the 
first peak to 0.11 to 0.13 ev for the fifth 
gested for the major differences between the annealing behavior of 
gold and copper. 


An explanation is sug- 


that some stage I would appear in electron-irradiated 
gold. 

This has been found to be the case; this paper de- 
scribes the results of two electron irradiations of gold, 
at 13°K and at 10.5°K, and subsequent isochronal 
anneals. The property 
resistivity. 


measured was electrical 


Il. APPARATUS AND EXPERIMENTAL PROCEDURE 
A. General 


A schematic view of the cryostat and target area is 
shown in Fig. 1. The specially designed glass cryostat 
held 7.9 liters of liquid helium 
quantity of liquid nitrogen. The 
entirely by thermal conduction, and its temperature 
could be controlled by operating a heat switch similar 
to that described by Magnuson, Palmer, and Koehler." 


and about the same 


specimen was cooled 


B. Specimen Preparation and Mounting 


The gold used in this experiment was in the form of 
0.008-in. diam wire, of 99.999% purity, obtained from 
the Sigmund Cohn Corporation. The electrical resis- 
tivity of specimens made from this wire and annealed 
at 800°C for 20 min decreases by a factor of 1500 to 2000 
on cooling from room temperature to 4.2°K. The wire 
diameter was chosen to give specimens whose low- 
temperature electrical resistivity did not contain too 
high a surface contribution and at the same time were 
thin enough for the damage production in the specimen 
to be reasonably homogeneous. 

The specimen had to be mounted so as to be in good 
thermal contact with the base of the heat switch but 
insulated from it electrically and not subject to strain 
when the temperature of its mount varied. The method 
described here fulfills these conditions and at the same 
time allows a considerable specimen length to be used, 
with a consequent increase in accuracy of the resistance 
measurement. 


) 


1G. D. Magnuson, W Phys. Rev 


109, 1990 (1958). 


Palmer, and J S. Koehler 





LOW-TEMPERATURE 

The wire was cut into short lengths and the specimen 
built up in the form of a flat zig-zag, as shown in Fig. 2. 
The junctions were made by twisting the ends of three 
wires together and heating the tip of the twisted part 
in a gas flame until a small blob of molten gold had 
formed. Such thermal welds were strong and easy to 
make and had high thermal and electrical conductivity. 
Two of the wires formed part of the specimen ; the third 
wire passed around one of two }-in. diam sapphire rods, 
which were clamped between the two halves of the 
copper specimen holder. These latter wires supported 
the specimen and cooled it by conduction; where they 
went around the rods they were electrically insulated 
from the holder by a thin sheet of mica. 

A short loop was made in each of these supporting 
wires and the loop was annealed. This was done to make 
certain that the stresses arising from a difference in 
thermal expansion between the specimen and the holder 
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Fic. 1. Sectional view of cryostat 
liquid nitrogen vessel; C: cryostat extension; D: cryostat support 
plate; E: sump; F: upper nitrogen shield; G: lower nitrogen 
shield; H: heat switch; I: heating coil section; J: specimen holder; 
K: Faraday cage; L: pumping tube for cryostat; M: pumping 
tube}forJheat switch; NNN: 0.00005” thick nickel foils. The 
electron beam enters from the lower right. //, J, and J are not 
shown in section. 


\: liquid helium vessel; BB 
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Electron 
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Fic. 2. Exploded view of specimen holder. L: left-hand half; 
R: right-hand half; MM: mica sheets; SS: } in. diameter sapphire 
rods; P: platinum resistance thermometer. Not shown—radiation 
shields and wire loop which carries thermocouple F. 


might be relieved in these loops rather than in the 
specimen itself. 

The specimen was laid out across the left half of the 
holder and held in position by the sapphire rods and two 
clamps (not shown). The wires were then arranged in 
the position shown in the diagram and the specimen 
annealed at a bright red heat (800° to 900°C) by passing 
a current of several amperes through it in an argon 
atmosphere. After a 20-min anneal, the specimen was 
slowly cooled to room temperature. The loops in the 
supporting wires were annealed in the same way, and 
these wires were afterwards cut short as shown in the 
diagram, except for two at each end of the specimen 
which were used for current and potential leads. The 
right-hand half of the holder, containing a platinum 
resistance thermometer, was then added to the assembly 
and the clamps removed. 

For simplicity, the specimen shown in Fig. 2 has only 
four turns. The specimen actually used had sixteen turns 
and contained about 40 cm of wire, excluding the 
supporting wires. The active portion of the specimen 
was 2 in. wide and 13 in. long. As indicated, the 3X4 in. 
square cross section electron beam passed through it at 
an angle. 

After assembly, radiation shields of sheet copper were 
fixed to the specimen holder; these surrounded the 
specimen completely except for small square openings 
through which the beam passed. These shields kept the 
temperature of the specimen within 0.01°K of the 
temperature of the holder except during irradiation. 

Before the specimen was placed in the cryostat it was 
tested for possible straining due to temperature changes. 
The holder containing the annealed specimen was 
screwed down inside a small closed container which was 
filled with helium gas at about 1/10 atm. The container 
was repeatedly cycled between liquid-helium and room 
temperature. No change in the resistance of the speci- 
men at liquid helium temperature could be detected 
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even after ten cycles, indicating that the specimen was 
not being strained to any measurable degree. 


C. Measurement of Specimen Resistance 
and Temperature 


The specimen resistance was measured by passing a 
current of 120 ma through it and measuring the voltage 
drop with a Rubicon 6-dial potentiometer. This was 
balanced by feeding its output to a photoelectric 
galvanometer, using a null-deflection method. A 1-ohm 
standard resistor was put in series with the specimen 
and the voltage across it measured on a millivolt 
potentiometer. The error in the specimen emf reading 
was about one part in 6000. Current reversal was used 
to correct for thermal emf’s in the potential leads from 
the specimen. In order to keep these emf’s as small as 
possible, the potential leads were made from the same 
batch of material as the specimens. The necessary 
copper-gold junction took place inside a thermal-free 
reversing switch from which two copper leads, 4 in. long, 
entered the potentiometer. This resulted in thermal 
emf’s of 0.05 uv or less. 

The temperature of the specimen-holder block was 
measured by a type 8164 platinum resistance thermom- 
eter soldered into the right-hand half with Wood’s 
metal. This thermometer was calibrated from 10° to 
90°K by the National Bureau of Standards and deter- 
mined temperatures in this region to better than 0.01”, 
which was close to the limit of the temperature control. 
The block temperature was also measured by a copper- 
constantan thermocouple soldered to a copper washer 
which was screwed to the side of the block. The speci- 
men temperature was measured by another copper- 
constantan thermocouple, thermocouple F. This was 
not soldered directly to the specimen, but to the end of 
a short length of gold wire which was joined to the 
middle of the specimen. The wire was bent into a loop 
in the beam and then ran through a hole in the radiation 
shield, meeting the thermocouple at a point shielded 
from the beam. 

Both these thermocouples were calibrated by com- 
parison with the platinum resistance thermometer at 
several temperatures between 10° and 60°K. Above 
60°K a calibration curve was drawn for thermocouple F 
by plotting the deviations between its reading and the 
published figures of Giauque ef al." and extrapolating 
upwards. Thus, above 60°K no very high accuracy can 
be claimed and anneals above this temperature were 
done to investigate the amount of annealing occurring 
over certain large temperature ranges. 

With the cryostat cold and helium gas in the heat 
switch, the block and specimen temperature was be- 
tween 8° and 8.5°K. It varied, however, from time to 
time, and it was necessary to take this variation into 
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account since the electrical resistivity of pure gold 
increases rapidly with temperature in this region. Before 
irradiation, the specimen resistance R, was measured 
as a function of the resistance of the platinum resistance 
thermometer from 8° to 8.5°K. Subsequent measure- 
ments of the specimen resistance after irradiation R, 
were accompanied by simultaneous measurements of the 
resistance of the platinum resistance thermometer. 


D. Calculation of Specimen Resistivity 


In order to calculate the increase in bulk resistivity 
Ap caused by the irradiation, it was necessary to correct 
the measured resistance values R, and R; for the effects 
of surface scattering of the conduction electrons and for 
the fact that part of the specimen remained outside the 
beam. The latter correction was made in the manner 
described in reference 5; the unirradiated fraction of the 
specimen was obtained from the known geometrical 
arrangement of the specimen in the cryostat. The 
resistivity of gold at O°C was taken to be 2.19 10~® 
ohm-cm." 

The resistivities p,’ and p,’ contain contributions due 
to surface scattering; they were converted into bulk 
resistivities p; and p,, using the theory given by Sonder- 
heimer.'* The corrections decreased p,’ and p,,’ by about 
20% and increased the resistivity increment by about 
4%. 


E. Irradiation Procedure 


The electron beam was obtained from the North- 
western University Van de Graaff accelerator. The 
vacuum in the accelerator was separated from the 
cryostat vacuum by a 0,00005-in. thick nickel foil, 
through which the beam had to pass just before it 
entered the cryostat; this was necessary because the 
accelerator vacuum was maintained by a mercury-vapor 
diffusion pump. The cryostat was pumped by a VMF 
20 oil-diffusion pump, except when it contained liquid 
helium, when the pump was valved off and the vacuum 
maintained itself. The liquid nitrogen radiation shield 
which surrounded the specimen assembly had two }-in. 
square apertures closed with 0.00005 in. nickel foil to 
allow the beam to pass. 

Beam current was measured by means of a Faraday 
cage which the beam entered after leaving the second 
foil on the nitrogen shield; this shield was connected 
electrically to the Faraday cage and the current from 
the pair recorded periodically throughout the irradia- 
tions. During the irradiation the specimen temperature 
was measured by thermocouple F 
cm? at 2.5 Mev caused a temperature rise of about 2 


; a beam of 0.02 pa/ 


'3 Handbook of and Physic Chemical 
Publishing Company, Cleveland, Ohio, 1957-58 
2385, 2393. 

44 E. H. Sonderheimer, Advances in Physics, edited by N. F. 
Mott (Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 1 
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F. Experimental Error 


It was mentioned earlier that the specimen resistance 
could be measured to +0.02%. This corresponded to 
an uncertainty in Ap of about +0.1%. 

The temperature uncertainty arose from two causes: 
variation of temperature during the anneal, and the 
warming-up and cooling-down periods just before and 
just after the anneal. During each anneal, both the 
block temperature and the specimen temperature were 
recorded periodically ; at low temperature, i.e., <20°K, 
no change in thermocouple reading could be detected 
during the anneals. The specimen was held at the 
annealing temperature by observing the platinum 
resistance thermometer reading and varying the heater 
coil current manually. During the first run the specimen 
temperature was held constant within +0.1° by this 
method; during the second the control was even closer, 
+0.05° or better. At higher annealing temperatures, the 
thermocouple reading was used to monitor the specimen 
temperature at the start of the anneal, since there was 
a slight lag of this temperature behind the block tem- 
perature above ~35°K. 

The warmup period amounted to a time equivalent 
to about 3% of the anneal time; cooling was much faster 
and the corresponding correction could be neglected. 
The correction was estimated from the temperature- 
time curve by plotting a curve of exp—e/kT vs ¢ and 
measuring the area under it; the values of e€ were 
estimated from the isochronal curve as described in the 
next section. 

The time correction was converted to a temperature 
correction in the following way: For a 3% correction, 
we solve the equation: 


1.03 expl[—«/kT 4 ]=expl—e/k(Ta+AT)], (1) 


where 74 is the annealing temperature and 74+ AT is 
the (slightly higher) temperature at which the specimen 
would have to be annealed for the nominal period to 
produce the same change. Solving this, we get, approxi- 
mately, 


AT/T ,=0.03(T 4/T»), (2) 


where 7» is an “‘activation temperature” defined by 


To 
T4/To varied between 0.02 and 0.04 for a seasonable 


value of e. It can be seen from this that the temperature 
corrections are very small, about 0.05°K or less. 


é/k. (3 


3) 


Ill. EXPERIMENTAL RESULTS 
A. Production of Damage 


Table I gives the damage production data for the two 
runs reported here. An average 2.5-Mev electron loses 
0.38 Mev in a path length of 0.008 in. of gold; this was 
calculated using the Bethe-Bloch formula.'® Damage 

‘6 E. J. Williams, Proc. Roy. Soc. (London) 139, 163 (1933); 


H. Bethe and E. Fermi, Z. Physik 77, 296 (1932); F. Bloch, ibid 
81, 363 (1933). For a general discussion see reference 16. 


Cc 
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TABLE I. Damage production data 


Run 2 


Electron energy (Mev) 
Mean 
Standard deviation 

Dose (electrons/cm?) 

Ap* (ohm-cm 

Ap.» 

[ohm-cm per (electron/cm? 

Maximum temperature of 
specimen during 
irradiation (°K 

Ratio Ro/Rs°x 


2.54 

0.10 

1.9 1016 
3.052 10-% 


15.810 16.210 77 


13.0 10.5 


1120 1195 


* Ap is the resistivity 
Ape is the re 


production may not, therefore, be completely uniform 
throughout the specimen. In addition, as will be seen in 
the next section, even during the second run at 10.5°K 
the experimenters feel that not all the damage was 
retained in the specimen. Because of these two uncer- 
tainties, out values of the electron energy EF and of 
Ap. can only be taken as upper and lower limits, 
respectively. 
Damage production is governed by the equation: 


Ap.=aadpy;. (4) 


Ap. is measured; oa, the total displacement cross- 
section, can be calculated from the formula given by 
Seitz and Koehler'®; it is a function of Eq and of E. 
Ap; is the resistivity increase per unit concentration of 
Frenkel pairs. 

We know from the work of Corbett and Walker‘ that 
Ea for gold is > 40 ev; we can therefore use this value 
and our experimental results, together with the theoret- 
ical value of oa, to get a lower limit for Ap,;, as follows: 
We know that E<2.54 Mev and £,>40 ev. Hence 
g4%5.5X10-* cm: also Ap,> 1.5X10™ 
tron/cm?). Thus 


Ap 


ohm cm/ (elec- 
>2.8 10-4 ohm cm/unit concentration 
2.8X10-* ohm cm/at. %. 


The value of Ap, is taken as slightly lower than that 
quoted in Table I to allow for any effects due to 
multiple displacements. Ap; is a difficult quantity to 


calculate and the above estimate is therefore of interest. 


B. Isochronal Annealing Studies 


After irradiation, both annealed 


isochronally for 30-min periods, each anneal being 


spe imens were 
followed by a resistance measurement at the lowest 
temperature attainable (8° to 8.5°K). As was mentioned 
previously, the resistance measurements were corrected 
for temperature variation of the specimen. The anneals 
after run 1 commenced at 18°K; 
commenced at 10°K. 


those after run 2 


Koehler in Solid-State 
Academic 


Physics, edited by 
New York, 1956), 


®F. Seitz and J. S 
KF. Seitz and D. Turnbull 
Vol a p 
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Fic. 3. Isochronal annealing curves, 10°-65°K. 
The 


Fig. 3; 


two isochronal annealing curves are shown in 
they were normalized to agree at 19°K. In 
addition, the run 2 anneals were continued up to 260°K, 
the period for the anneals above liquid nitrogen tem- 
perature being one hour. The whole curve for run 2 
from 10°-260°K is shown in Fig. 4. 

The annealing distinct annealing 
processes throughout most of the temperature range 
studied in detail; this is brought out more clearly in 
Fig. 5 which shows the derivative of the isochronal 
annealing curves for the two runs. The two curves show 
four distinct peaks in the range 10°-30°K, the fourth 
peak being less pronounced in run 2; they also each 
show a low broad peak at about 42°K. Above 25°K the 
isochronal curves differ by an amount greater than the 
experimental error, and run 2 has a small peak at 37°K 
which does not appear in run 1. The characteristics of 
the five peaks which appeared in both runs are listed 
in Table II. 7, is the temperature at which the anneal- 
ing rate is a maximum. The ‘“‘Recovery” is of the resis- 
tivity increment at 19°K. The activation energies were 
estimated from the values of T, 


curves showed 


by the method given 





Fractional Recovery 





Temperoture °K 


Isochronal annealing curve, run 2, 10 


260°K 
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TABLE II. Stage I annealing data. 


Activation 
energy 
(estimated) 
(ev) 


Temp. range 
Peak (°K) 


Percent 


recovery 


10.0 to 16.5 
16.5 to 20.5 
20.5 to 25.0 
25.0 to 38.0 
38.0 to 50.0 


69 
9.0 
5.0 
8.0 


0.037 to 0.045 
0.045 to 0.057 
0.057 to 0.070 
0.071 to 0.087 
0.110 to 0.130 


by Dienes and Vineyard,'’ assuming that all the proc- 


esses are first order, i.e., that the rate of change of 


resistivity increment with time at a given temperature is 


d(Ap)/di= — (Ap)K exp[ —e kT |. 


(5) 
Ko is generally called the ‘frequency factor’; € is the 
activation energy for the process. To get a numerical 
value for € it is necessary to assume some value for Ko; 
the value of € quoted in Table II were calculated with 
K y= 10" and Ky= 10". The value for copper is 8X 10" 
within a factor of five in this temperature region'; the 
value for silver lies between 7.210" and 3.9X 10".'s 
It is probable, therefore, that Ko for gold lies also in 
this region. However, it must be emphasized that the 
values of ¢ depend on the assumptions mentioned above ; 
because of the qualitative differences between the 
isochronal annealing curves of copper and gold we can- 
not assume that the same processes are operating in the 
two metals. 

f& The curves suggest that some annealing processes 
occur below 10.5°K, since (i) annealing after run 2 
started at 11°K, only 0.5°K above the highest specimen 
temperature during the run, and (ii) the 14.5°K peak 
is wider,than one would expect for a single first-order 
process occurring at this temperature. This 
that it may be a superposition of two peaks, one partly 


suggests 


suppressed because of annealing during the run. 


8 
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Slope of Isochronal Annealing Curve ohm-cm/*K x 10"* 
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Fic. 5. Annealing spectrum (derivative of i 

annealing curve). Runs 1 and 2 


sochronal 


17 G. J. Dienes and G. H. Vineyard, Radiation FE fect 
Interscience Publishers, New York, 1957), pp. 147-51 

8G. D. Magnuson, W Koehler, Phys 
109, 2000 (1958) 
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TaBLe III. Comparison of annealing data between gold and copper 


Copper 
% z AT 
recovery (°K) (°K) 
I, 2.5 16 1 
Ip 13.1 27 
Ic 10.0 32 
Iz 12.8 51 
Total I 88.0 14-70 
II 1.8 80-250 
III and 10.2 250 up 
higher 


Stage 


Gold 


recovery 


6 
74 


1 
) 
4 


1 
. ‘ i! 
Total I 
Il 
III and 
higher 


Stage I in gold ends at about 45°K and comprises a . expense of stage I; there is also an increase in the rela- 


loss of 28% of the damage put in at 10.5°K; from 45 
to 65°K the isochronal annealing curve is quite smooth, 
indicating that the annealing processes are complex. 
Annealing continues up to 260°K, as can be seen in 
Fig. 4; between 45° and 260°K a further 37.5% of the 
damage put in at 10.5°K anneals out. No distinct 
annealing processes were observed in this range, 
although it is certainly possible that anneals with 
smaller temperature increments would reveal such 
processes. The remaining 35% of the resistivity incre- 
ment is mostly due to stage III, which begins at around 
240°K.8 
IV. DISCUSSION 


It is natural to compare the results of this experiment 
with the annealing behavior of copper, the only other 
metal whose low temperature annealing has been studied 
in detail. Corbett ef al.’ found five low-temperature 
annealing substages, I, to Iz; substages I4, Ip, and Ic 
were explained as being due to close-pair recombination, 
and Ip and Ix as being due to the migration of free 
interstitials; the activation energy for these last sub- 
stages was found to be 0.12 ev. Stage I in copper was 
practically complete at 60°K (10-min anneals). The 
copper results are tabulated below in comparison with 
our gold data. 

The ““% recovery” is of the damage put in at the 
lowest temperature; the column headed T lists the 
temperature of maximum annealing rate for the discrete 
processes, or the temperature range for the stages. AT 
gives the temperature difference between the peaks. 

It is, of course, not justifiable to identify our peaks 
1 to 5 with substages I, to Iz of the copper recovery 
until more is known about the reactions occurring in 
gold, although it is perhaps significant that the same 
number of processes occurs in each metal; there is also 
some correlation between the values of AT in both cases, 
except at the lowest temperature. Stage I recovery in 
gold occurs at a much lower temperature than in copper 
and the interstitial migration energy is therefore 
probably lower. 

The most striking difference between the annealing 
behavior of the two metals is the relatively much greater 
importance of stage II annealing in gold, mostly at the 


tive importance of stages III upwards. Stage II has 
been explained as being due to interactions between 
interstitials and impurity atoms, or between pairs of 
interstitials, resulting in trapping or clustering of the 
defects. Corbett et al.? decided from the results of their 
radiation doping experiments that trapping was unim- 
portant for the high-purity specimens they used. 
Impurities affect the resistivity of copper and gold to 
about the same extent,’ and our resistivity ratios are 
comparable to those of Corbett ef al.; thus, impurity 
trapping is not likely to be important in the data 
reported here. However, this point will have to be 
decided by further experiment. 

If the interstitials are not being trapped, our results 
indicate that clustering is much more likely to occur in 
gold than in copper. Qualitatively, one would expect 
interstitials to have a stronger interaction in gold than 
in copper, since the gold atoms have less space between 
them. As a measure of this, consider the ratio (ionic 
radius) / (half nearest-neighbor separation). The ionic 
radius is a measure of distance from the nucleus at which 
repulsive forces become important; it is obtained from 
the lattice spacings of ionic crystals. The ratio is 0.75 
for copper, 0.95 for gold.*° The gold interstitial would 
thus be expected to distort the lattice over a larger 
region; this would produce a stronger interaction 
between interstitials and a greater probability of 
clustering. The enhanced clustering also probably 
implies that the distribution function for interstitial- 
vacancy pairs is different in the two metals. 

Clustering would not occur until the specimen reached 
a temperature at which the interstitials could migrate 
freely, i.e., until the equivalent of stages Ip and Ix in 
copper. Now there is no stage in the gold recovery 
reported here which compares in either total or relative 
magnitude to Ip recovery in copper. Let us compare 
the fraction of the copper damage that anneals out 
before the interstitials start migrating freely, with our 
gold results (Table IV). 


9 F, J. Blatt in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1957), Vol. 4, p. 318. 

2” The data are from C. Kittel, /ntroduction to Solid-State Physics 
(John Wiley & Sons, New York, 1953); and C. S. Barrett, Struc- 
ture of Metals (McGraw-Hill Book Company, New York, 1952). 





WARD AND 


TABLE IV. Comparison of annealing data 
between gold and copper. 


Copper Gold 


€ 


Stage > recovery ‘ 


Stage © recovery 


I4tlist+l 25 I 
Int+le+I1 3.4 Il 
III, ete ( 


Table IV shows that the gold stage I annealing com- 
prises about the same fraction as the “bound” close-pair 
recovery in copper. The higher fraction of stage IIT left 
in gold can, of course, be explained as due to those 
vacancies which are left behind when interstitials 
cluster; the corresponding vacancies in copper are an- 
nihilated during stages Ip and Iz. 


V. CONCLUSIONS 


(A) At least four, and perhaps as many as six, 
distinct annealing processes occur in gold in the tem- 
perature range 10.5°-45°K (stage I); the percentage of 
damage recovering in this stage is approximately the 


same as that recovering during stages I, to I¢ in copper. 


KAUFFMAN 


The large recovery that occurs in copper during stages 
Ip and Ig was not observed in gold. 

(B) The recovery of the damage put in at 10.5°K 
occurs as follows: stage I (10.5°-45°K) : 28.5%; stage II 
(45°-240°K): 36%; stage III and higher (240°K 
upwards) : 35.5%. 

(C) The activation energy for interstitial migration 
is probably lower in gold than in copper. 

(D) The annealing differences between copper and 
gold reported in this paper can be explained by assuming 
that clustering predominates over recombination, once 
the interstitials begin to move. This results in the almost 
complete suppression of stages Ip and Ig and corre- 
sponding increases in stages IT and III. 

(E) Apy;, the resistivity increase per atomic percent 
of Frenkel pairs, is greater than 2.8X10~* ohm-cm 
in gold. 
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Nonlinearity and Microwave Losses in Cubic Strontium-Titanate 
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Research Division, Raytheon Company, Waliham, Massachusetts 
(Received February 23, 1961) 


The complex dielectric constant of single-crystal strontium-titanate has been measured from 90° to 230°K 
at microwave frequencies. The real part of the dielectric constant consists of a large field-independent contri- 
bution which obeys a Curie-Weiss law over the entire range of measurement plus a smaller anisotropic field- 
dependent contribution. These results are shown to be in qualitative agreement with the theory of ferro- 
electricity in perovskite structures as proposed by Slater. The observed loss tangent consists of a contribution 
which is quadratic in an applied biasing field plus a field-independent contribution. The field-independent loss 
tangent goes through a minimum at about 170° with a much steeper slope on the low-temperature side of 
the minimum than on the high-temperature side. The origin of the behavior of the field-independent loss 


tangent is discussed. 


HE nonlinear behavior and microwave losses of 

single crystals of strontium titanate above the 
Curie temperature have been examined for a wide range 
of frequencies and temperatures. 

It was found that the real part of the dielectric con- 
stant, e(7,£), which was investigated from 90° to 
230°K and over a frequency range from 1 kc/sec to 
36 kMc/sec, can adequately be described in the form 


e(7,0) 


1+ (A nu/C)e(T,0)E2 


e(T,E)= (1) 
with 


«(T,0)=C/(T—T,). (2) 


Ajx: is an anisotropic ‘nonlinearity constant,’ which 


is essentially frequency and temperature independent, 
but has a marked dependence upon the direction of an 
external field E with respect to the crystallographic 
axes. The values of this constant for the three main 
crystallographic directions are 


Ajoo= 1.15 1078 
A1130=0.96X 10 18 
Ain= 0.69X 10 


“OR” v2 / 4727] 
[°K m?*/v? ], 
[°K m?/v*], 
l OR 2 /xy2 

8 [°K m?/v?]. 

Slater’s theory! of ferroelectricity in perovskite struc- 
tures predicts a nonlinear behavior of the dielectric 
constant with the same temperature dependence as 
appears in Eq. (1). The nonlinear behavior arises in the 
theory by the introduction of anharmonic restoring 
forces on the titanium ion when it is displaced from its 
equilibrium position. The microscopic parameters of 
the theory can be evaluated and completely determine 
the constant A,,:. This constant has been calculated 
for the [100] direction 


18 


A 100= 4.5 X 10 (4) 


[°K m?*/v?]. 


The order-of-magnitude agreement between the meas- 
ured and calculated value of the nonlinearity constant, 
together with the agreement between the observed and 
predicted temperature dependence of the nonlinear 
behavior provide strong evidence that lattice anhar- 


1J. C. Slater, Phys. Rev. 78, 748 (1950). 
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monic interactions are indeed responsible for the non- 
linearity of the dielectric constant of strontium titanate. 
These anharmonic interactions are also believed parti- 
ally responsible for the observed microwave loss. 

The imaginary part of the dielectric constant repre- 
sented by the loss tangent is 
(5) 


tand=tando+tané p, 


where tando and tané,p are the field-independent and 
field-dependent loss tangents, respectively. 
Tanér can be described by the expression 


tandp=w(Brrs/C)b(T OE, 


(6) 


where Byjx: is an anisotropic constant that is tempera- 
ture, frequency, and field independent. w is the micro- 
wave frequency and E is the dc electric field applied 
parallel to the probing microwave field. 

For example, 


Byoo=4.8X 10-7 m?* sec °K /v’. (7) 
This is experimentally valid for a frequency range of 
2.3 to 6.5 kMc/sec and a temperature range of 90° 
to 230°K. 

Tandy goes through a minimum (Fig. 1) at about 
170°K with a much steeper rise on the low-temperature 
side of the minimum than on the high-temperature 
side. A theory’ for the temperature dependence of the 
loss tangent has been proposed which agrees with the 
data to within the experimental accuracy. A sinusoidally 
varying electric field drives the soft k=0 optical mode 
or polarization mode in a forced vibration. The softness 
of this mode and the temperature dependence of its 
frequency are intimately related to the large value of the 
dielectric constant and its Curie-Weiss behavior, re- 
spectively. This point has been discussed in detail by 
Cochran.’ The damping of microwaves in the material 
is believed due to the damping of the polarization mode 
by impurities or by the anharmonicity of the lattice 
vibrations. Phonons of microwave pump frequency 
virtually excited in this mode can be scattered by im- 

2B. D. Silverman, Bull. Am. Phys. Soc. 6, 12 (1961). 


3W. Cochran, in Advances in Physics, edited by N. F. 
(Taylor and Frances,‘Ltd., London, 1960), Vol. 9, p. 387. 
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Fic. 1. Temperature dependence of the loss tangent at 
zero biasing field. 


purities into an acoustic mode whose frequency is equal 
to the microwave pump frequency w. Such a scattering 
process is independent of temperature. The temperature 
dependence of the loss tangent for this damping pro- 


cess iS 
9 > 


tandp= y/ (Qr?—w*) = y/Qr~1/(T—T,). (8) 


T is the absolute temperature ; T, is the Curie tempera-_ 


ture ; y is a temperature-independent damping constant ; 
Qr is the frequency of the soft transverse polarization 
mode. The temperature dependence of the loss tangent 
is a reflection of the temperature dependence of the 
polarization mode frequency which is written as 


Qr~ (T- T.)*. (9) 


As the temperature is lowered this frequency approaches 
the microwave pump frequency w, enhancing the num- 
ber of microwave phonons excited virtually in the polari- 
zation mode. In Eq. (8), w* has been neglected when com- 
pared with Q7°. This is justified since 


w/Qr~6X 10 at 90°K. 


BELL, 


AND SILVERMAN 

It has been known for many years that high-loss 
samples exhibit microwave loss tangents that obey a 
Curie-Weiss law. We believe this to be direct evidence 
for the temperature dependence of the polarization 
mode frequency. 

Data obtained for low-loss single-crystal strontium 
titanate deviate from a Curie-Weiss behavior at higher 
temperatures. The loss tangent passes through a mini- 
mum and increases at sufficiently high temperatures. 
Losses due to electronic semiconduction have been ruled 
out as an explanation for this behavior since these high- 
temperature losses increase with frequency and the 
measured electrical conductivity is too small. The damp- 
ing of the polarization mode due to an nth order an- 
harmonic interaction has been found to yield the fol- 
lowing loss tangent: 


tand=y,/ (Qr—w*) ~y,/Qr7=T"*/ (T—T.), 
where 7, is the damping constant associated with an 
nth order anharmonic interaction. 

Tanépo is fitted to within the experimental accuracy by 
using the expression shown in Fig. 1. Impurity scat- 
tering provides the sharp rise of the loss tangent on 
the low-temperature side of the curve. The fourth-order 
scatterings are believed to provide the more gradual 
rise on the high-temperature side. 

The loss tangent for low-loss polycrystalline Ba-Sr 
mixtures has also been fitted by the expressions predicted 
from the theory. To obtain a good fit it has been found 
that the constant characterizing the impurity contribu- 
tion to the loss is changed considerably from the single- 
crystal value, whereas the constant characterizing the 
anharmonic contribution is unchanged. 
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Mechanism of Impurity Conduction in Semiconductors 
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A new possible mechanism of impurity conduction in semiconductors at low temperatures is proposed. 
The conductivity is thought of as due to the carrier jumps over the Coulomb potential wall from the occupied 
impurity centers to the empty ones. The activation energy of conductivity and, in the case of strong carrier 
phonon interaction, the conductivity itself is calculated and compared with Fritzsche’s experimental data 
for the so-called ‘ez anomaly” in p- and n-type germanium. 


N 1955 Fritzsche’ observed a new low-temperature 

anomaly in the temperature dependence of conduc- 
tivity and Hall coefficient in p-type germanium at 
temperatures between 3° and 10°K. The impurity 
(Ga) concentrations ranged from 2.1 10!® to 7.3 106 
cm~ and compensation K was about 10%. At tempera- 
tures 10°K a normal extrinsic conduction 
occurred ; at temperatures lower than 3°K the impurity 
conduction with activation energy e3; about 110-* ev 
was observed. This latter impurity conduction was 


above 


investigated by many authors?~® and was explained as 
the result of tunneling of carriers from the ground 
states of occupied impurity centers to the ground states 
of unoccupied ones. Such unoccupied majority centers 
are always present because of compensation. 

As in the extrinsic and the range,” 
the range of the new anomaly the conductivity depends 
exponentially on 1/7. But the important feature is a 
strong dependence of the activation energy ¢ on the 
concentration of majority impurities. The activation 
energy decreases with increasing impurity concentra- 
tion, changing from 4.04 10- to 0.93 10- ev in the 
impurity concentration range specified above. 

The same anomaly occurs also in n-type germanium 
with impurity (Sb) concentrations from 2.4 10!® to 
5.5 10'* cm and compensation of the order of a few 
percent.® As for the p type, the anomaly was observed 
in the temperature range from 3° to 10°K; in the given 
range of impurity concentration ¢€, decreases from 
5.3X10- to 1.6K 10-3 ev. 

James and Anderson’ proposed for the interpretation 
of the “‘e2 anomaly” a tunneling mechanism of conduc- 
tion along chains formed by the most closely spaced 
impurities. It is not clear, however, how one in this 


*"€3 so also in 


way can obtain the large values of the activation energy 
€. which were observed experimentally. 

It is also difficult to interpret quantitatively the 
anomaly” conduction as resulting from carrier 
jumps from the occupied impurity centers to the 


he. 


1H. Fritzsche, Phys. Rev. 99, 406 (1955). 

2 V.H. Fritzsche, and M. Cuevas, Phys. Rev. 119, 1238 (1960). 

3 P. Csavinszky, Phys. Rev. 119, 1605 (1960). 
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5 A. Miller, and E. Abrahams, Phys. Rev. 120, 745 (1960). 
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7H. M. James, and P. W. Anderson, in “Report on the second 
symposium on the physics of semiconductors” [J. Phys. Chem. 
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empty ones through a certain quantized excited state. 
The system formed by two impurity ions and one 
carrier is analogous to the H,* ion. In this ion® the 
energy gap between very closely spaced states 1sag, 
2po,, and other excited states is almost constant and 
about one-half the isolated center ionization energy Ea, 
if the distance between the ions is in the range from 
four to seven effective Bohr radii. This range of dis- 
tances corresponds to the observed range of impurity 
concentrations in germanium. Because the ionization 
energy of Ga in Ge is 1.08X10~ ev,® and of Sb in 
Ge is 9.8X10-* ev," it apparently seems impossible in 
this way to obtain the right value and concentration 
dependence of ¢:. As is well known,"* the shallow 
impurity centers in p-type Ge do not behave strictly 
as hydrogenlike atoms, but the deviations in the energy 
gaps from the simple hydrogenlike model do not exceed 
25%. They cannot give any substantial improvement. 
A similar situation occurs in the case of n-type Ge,’?” 
with only the distinction that the Sb center in Ge 
possesses an excited state very close to the ground 
state; the energy gap between them is of the order of 
10-4 ev." This is one order of magnitude smaller than 
the observed value of €. 

The question arises as to whether the two-center 
model is correct. Is the “‘e2 conduction” the conduction 
in an excited impurity band formed by interacting 
excited states of impurity centers? The carrier can be 
excited to such a band from the ground state of the 
center by phonons. Koshino" interpreted in this way 
one pair of the curves of p vs 1/T and R vs 1/T given 
in the work of Fritzsche.! This result cannot, however, 
be regarded as of great importance, because the agree- 
ment with experimental data was obtained by an 
arbitrary choice of the values of as many as nine 
parameters. In this interpretation €, corresponds to the 
energy gap between the ground state of the impurity 
A. Steward, Phil. Trans. 


8D. R. Bates, K. Ledsham, and L 


Roy. Soc. London A246, 215 (1953) 

*P. Fisher and H. Y. Fan, Phys. Rev. Letters 2, 456 (1959). 

10 H. Y. Fan and P. Fisher, J. Phys. Chem. Solids 8, 270 (1959). 

111), Schechter, Carnegie Institute of Technology, thesis, 1958 
(unpublished). 

2W. Kohn, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1957) Vol. 5, p. 257. 

13 E, M. Conwell, Phys 99, 1195 (1955); H. Fritzsche, 
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Fic. 1. The potential energy of the carrier in the field of two 
impurity ions. The zero level is at the bottom (top) of the con- 
duction (valence) band 


center and the bottom of the excited impurity band, 
and not to half this energy, because due to compensation 
the impurity centers are partially ionized, and so at 
the low temperatures the Fermi level is situated very 
near the ground state. However, as follows from the 
theoretical considerations of Baltensperger,’® this 
energy gap is, independent of impurity concentration, 
never smaller than 0.6 E,, which is in disagreement with 
the observed values of e.. If one takes into account the 
statistical distribution of the positions of the impurities 
in the crystal,'® then the bottom and the top of the 
impurity band disappear. The density of states of this 
band has “tails” to lower and higher energies. However, 
it seems unlikely that this statistical effect is large 
enough to explain the right value of ¢2 in this way. 

Because of all these difficulties, it may be worthwhile 
to consider another possible mechanism of conduction. 
The carrier can jump over the Coulomb potential 
wall from the occupied impurity center to the empty 
one, but not through an eigenstate of the two-center 
potential. The possibility of such a conduction arises 
from the fact that, due to the carrier-phonon interaction, 
the wave functions of the carriers partially lose their 
coherence, the energies of the carriers becoming different 
from the energy eigenvalues of the two-center potential. 

In the following we shall first calculate the activation 
energy €2 in the proposed mechanism and then estimate 
the value of the conductivity in the case of strong 
carrier-phonon interaction. We assume thoroughout 
that compensation is small (K<1). 


ACTIVATION ENERGY OF CONDUCTIVITY 


From Fig. 1 we can see the idea of obtaining the 
activation energy of conductivity «in the proposed 
mechanism. The solid line shows the potential energy 
of the carrier in the electrostatic field of two impurity 
ions separated by a distance a. The energy of the carrier 
in the ground state of the impurity center, taking into 
account the interaction with the ionized center, is 

E,= — E,— (e/&a). (1) 


Here E, is the ionization energy of an isolated impurity 


5 W. Baltensperger, Phil. Mag. 44, 1355 (1953). 
16 P. Aigrain, Physica 20, 978 (1954) 


center, e is the elementary charge, and & is the dielectric 
constant. The energy of the top of the potential wall is 


E.= —4e?/ Sa. (2) 


The activation energy of conductivity ¢ equals 
E.—£,, so 
€2= Ea— (3e*/ a). (3) 


/ 


For simplicity we assume in the following that the 
majority impurity centers form in the crystal an 
“impurity sublattice.” This assumption gives reasonable 
results in the theory of the ‘‘e; anomaly.’ We are 
interested only in the jumps to the nearest neighbors 
in this sublattice, because, as follows from formula(3), 
€2 rises with rising a and the jumps over larger distances 
will be much more improbable at low temperatures. 
For any type of sublattice we have 


1/a=SN}, (4) 


where S is a parameter depending on the type of 
sublattice, but never far from unity: S=0.89 for the 
face-centered cubic and the hexagonal closed-packed 
sublattices: S=0.92 for the body-centered cubic 
sublattice; S=1.00 for the simple cubic sublattice; 
S=1.15 for the diamond-type sublattice. V is the 
concentration of the majority impurities, and a denotes 
now the distance between the nearest neighbors in the 
impurity sublattice. 
From formulas (3) and (4) we obtain 


e.= E,— (3e/S)SN}. (5) 
Thus we are led to expect that on the €, vs NV! plot the 
experimental points lie on a straight line and that the 
coefficient S determined from the slope of this line 
and from formula (5) is close to unity. 

In Fig. 2 we have the experimental points obtained 
by Fritzsche':* and the ionization energies of Ga and 
Sb in germanium.’ For p-type Ge these points lie 
well on a straight line. From the slope of this line, taking 
&= 16.0," we have 


S=0.88. (6) 


For n-type Ge the points lie also on a straight line 
with a larger slope, but the line does not coincide with 
the point given by the ionization energy of Sb in Ge. 
Perhaps the values of ¢: for n-type Ge were measured 
with much less accuracy than for p-type; the straight 
lines on the p vs 1/T plots are much shorter here than 
in the case of the p type. 

In the preceding considerations we neglected the 
effect of the Coulomb field of the compensating impuri- 
ties. These impurities, being all ionized, attract the 
“empty states” of-the majority centers. The empty 
states are then partially bound to the compensating 
centers; such states do not contribute to the conduction. 
However, the binding energy is small and for K<1, 


'7F, A. D’Altroy, and H. Y. Fan, Phys. Rev. 103, 1671 (1956). 
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and in the temperature range considered, most of the 
empty states are not bound.'* We are justified in 
neglecting this effect. 

We would like to point out that formula (5) holds 
not only for the shallow but also for the deep impurity 
states and is independent of the band structure. The 
only assumption concerning the bulk material is the 
isotropy of the dielectric constant. 


CONDUCTIVITY IN THE CASE OF STRONG 
CARRIER-PHONON INTERACTION 


If in the proposed mechanism the carrier jumps from 
the neutral impurity center to the ionized one, it must 
first be excited to an energy higher than the top of 
the potential wall and second diffuse to the empty 
center. Whether the first or the second process limits 
the conductivity depends on the value of the carrier- 
phonon interaction. No other interaction can play a 
role in the carrier’s scattering on its way between the 
two centers. We now discuss the case of strong carrier- 
phonon interaction, in which diffusion is the limiting 
factor. The probability of excitation of the carrier is 
so high that the volume density of carriers in the neutral 
center is given by the density at thermal equilibrium 
in the deformed band. In the empty center the density is 
zero. Of course by “density of carriers’ we mean the 
probability of finding the carrier in a unit volume. We 
shall consider the diffusion current from the neutral 
center to the ionized one and obtain first the jumping 
frequency and then the electric conductivity. 

The conductivity obtained on this way is expected to 
be equal to the observed one in cases in which the 
carrier-phonon interaction is strong, and to be larger 
than the experimental values if this interaction is weak. 
In other words, if the proposed mechanism determines 
the conduction, our calculated conductivity must be not 
smaller than the observed one. 

We want first to obtain the density of carriers in the 
neutral center at thermal equilibrium. We assume 
that the strong carrier-phonon interaction is weak 
enough to permit the treatment of the ground state of 
the carrier at the impurity center as a stationary 
quantized state. We are interested in the density at such 
a distance from the ion, at which the field of the ion can 
be treated as a Coulomb field; very close to the ion 
there are deviations depending on the nature of the 
impurity. We do not take into account the density of 
the carrier in the ground state. Let us introduce the 
coordinate system x, y, 2 in such a way that the ion of 
the neutral center has the coordinates (—}a, 0, 0) 
and the ionized one (}a,0,0). We denote by q the 
electric charge of the carrier (|qg|=e) and by ¢ the 
potential resulting from the two centers, 


o=—(9/8){L(xt+4at+y+2}3 
: +[(x—-daP+ y+}. (7) 


18S. H. Koenig, and G. R. Gunther-Mohr, J. Phys. Chem. 
Solids 2, 268 (1957), Appendix by P. J. Price. 
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Fic. 2. The dependence of the activation energy of conductivity 
on concentration of the majority impurities. The empty circles 
and square are for p—Ge,'* the full ones for n—Ge.* 





By ,, we denote the density of carriers at thermal 
equilibrium. If, as was assumed, the carrier-phonon 
interaction is then the quantized 
states of the two-center potential disappear and the 
well-known formula holds: 


strong, excited 


Nyp= (1/V2h*) (m*kT/3)} f. (8) 


Here m* is the density-of-states effective mass of the 
carrier and f is the occupation probability of the states 
at the bottom (top) of the deformed conduction 
(valence) band, i.e., of the states of energy g¢. 

Because of carrier-carrier interaction it is impossible 
to have two or more carriers at one center; the states 
of the neutral center are occupied alternatively by one 
carrier only. This yields 


fi/fu=expl(An— E1)/kT J, (9) 


where fiz: and E;,11 are, respectively, the occupation 
probabilities and energies for the states I and II. Let 
us take for the state I the state at the bottom (top) of 


the deformed band; then fr=f and -;=q¢. For the 
state IT we take one of the ground states in the neutral 
center; then at low temperatures we have fr=1/7, 
where y is the degeneracy of the ground energy level, 
and Ey;= E, [see formula (1) |]. Hence 


1 é 
f= ew] ~( 2. p——+ ve) [xr (10) 
y Sa 


We put 


1 m*kT\3 e 
— ( -) exp| — (Eat ) /*} (11) 
v2h*y rs Sa 


No = 
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From the formulas (8), (10), and (11) we obtain 
finally 


Nrp=Nro EXp(—q¢/kT). (12) 


Now we shall write the diffusion equation for the 
carrier. We assume that the carrier’s diffusion coefficient 
D and mobility uw in the band, both limited by the 
carrier-phonon interaction only, are isotropic. We 
denote by J the density of the probability current of the 
carrier and by m, the density of carriers. Using the 
Einstein formula for D, we have, for positive q: 


J=—(kTy/e) gradn,—yn, grad¢. (13) 


Now we impose the boundary conditions: On a 
surface surrounding the ion of the neutral center 
(i.e., the point (—3a, 0,0) ] and not very close to it we 
put ,=n,,, and on an analogous surface surrounding 
the ion of the ionized center [i.e., the point (4a, 0, 0) ] 
we put m,=0. Outside of these surfaces divJ=0; 
using formula (13) and Ag=0, we obtain 


An,+ (q/kT) gradg gradn,=0. (14) 


Let us define a new function x by the equation 


N-=Nrox exp(—q¢/kT). (15) 


This yields instead of (14) 


Ax— (g/kT) gradg gradx=0. (16) 


Using (12) we now express the boundary conditions 
in terms of x. On the surface surrounding the point 
(—4a, 0,0), x=1; and on the surface surrounding the 
point (3a, 0,0), x=0. 

We now focus our attention on the vicinity of the 
point (0,0,0). There the potential energy of the carrier 
has smaller value than in any point on the x=0 plane. 
Thus most current flows here. If we neglect the terms of 
third and higher orders in the coordinates, then ¢ in 
the vicinity of the point (0,0,0) is given by the formula 
(17) 


9 


— (4q/ &a)+ (89/ &a*) (y?+ 2? — 227) 


—— 
Y 


With ¢ of the shape (17), Eq. (16) has a solution 


4e “ 
x=-— - f exp(—16e??/&a®kT)dt+1. (18) 
(r6a@kT)§ J_, 
To a good approximation at low temperatures our 
boundary conditions are fulfilled by this function, 
because for x ~ —~* we have x > 1, and forx > + @ 
we have x > 0. 
We shall write now the x component of the density 
of current on the plane x=0. The formulas (13), (15), 
(11), (17), and (18) yield 


2 T%u s2m*\ 3 _ 
J (z=0)= ( ) exp(- ) 
ryh® \ &a' kT 
y+ 
xexp| -8¢(= )I (19) 
Ea kT 
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where ¢€: is given by the formula (3). Integrating 
J,(x=0) over the x=0 plane, we obtain the total 
current flow from the neutral center to the ionized one, 
i.e., the jumping frequency W: 


W= 


(2m* Sa*)'k® Tu ; 
(20) 


dehy NAT 


A simple reasoning gives the diffusion coefficient D» 
for the empty states of impurities as 
D.= Paw /6, (21) 
where a is the distance between the nearest neighbors 
and P is the number of the nearest neighbors in the 
assumed “impurity subiattice.” Using the Einstein 
formula for the electric conductivity o2 given by the 
proposed mechanism, we obtain 


o2=ePaWn/6kT. 


Here n is the concentration of the ionized majority 
centers, not bound to the compensating impurities. 
In our temperature range and for KX1 we can put 
n=KN.'§ The formulas (22), (20), and (4) yield 


(28m®)iPKRT?u — € 
exp ) 
24h? S72 NV kT 


Here ¢ is given by the formula (5). 

Thus we have the conductivity with the activation 
energy €2. The coefficient before the exponential func- 
tion, denoted C, by Fritzsche,' depends weakly on NV 
and 7, because the dependence of uw on T is between 
T—5 to T-*5. The formula (23) holds for shallow as 
well as deep univalent impurity states and is independ- 
ent of the band structure. 

We shall compare now the coefficient ¢ 
formula (23) with the values obtained by Fritzsche. 
Using the subscript # for p-type Ge and e for n-type 
Ge, we take 6=16.0,!7 m,.*/mo=0.36," m.*/mo=0.55," 
yn=4," y.=2," S,,-=0.88 [from formula (6); for 
n—Ge a rather arbitrary value), P,,.=12 (as for the 
close-packed structures, because Shj,, value 
similar to that characteristic for 
pr= 9.1108 7-24 cm? v~ sec~ (an empirical formula 
for the phonon-limited mobility obtained with this 
coefficient by Prince” for the temperature region above 
200°K), #e=3.5X107 T--* cm? v— sec (Prince’s™ 
formula obtained for the temperature region above 
220°K). The typical experimental conditions are V,.. 
=4.5> 10'§ cm-*!:§ K,=0.1,! K,=0.03 (an approximate 
value from reference 6), T=5°K.'° 


's given by the 


1,6 


has a 


these structures), 


19H. Brooks, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, New York, 1955), Vol. 7, 
+ 

2M. B. Prince, Phys 
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From formula (23) we have 


Co,=1.0X 10° ohm— cm—, (24) 


Co.= 1.4 10? ohm cm. (25) 


The experimental values of Cy, obtained by Fritzsche! 
for p-type germanium are, independently of V, about 
4.2 ohm“ cm™. For n-type germanium the plot in the 
paper® gives (for the sample “‘— 20’) C26 ohm™ cm=". 
Thus in both cases the theoretical values are too high. 
Certainly the extensive extrapolation consisting of the 
use of the formulas for uw at low temperatures results 
in large errors in the theoretical values. However, the 
fact that the experimental values of C2 are much smaller 
than those given by formula (23) assures, on one hand, 
the fullfilment of the necessary conditions for the 
possibility of the proposed mechanism, and, on the 
other hand, is consistent with the weak carrier-phonon 
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interaction in germanium. This weak interaction yields 
the high mobilities observed. Therefore the limiting 
process for the conduction is the excitation of carriers 
from the ground states to the energies higher than 
€2. This process requires a separate consideration. 

Formula (23) can have an immediate application, 
and not only that of giving the upper limit of the 
conductivity in the case of semiconductor with strong 
carrier-phonon interaction. Unfortunately, up to the 
present time, we have no experimental results on any 
such material. 


ACKNOWLEDGMENTS 


The author wishes to express his gratitude to 
Professor L. Infeld for his kind interest in this work, 
to Dr. M. Suffczynski for valuable suggestions and 
remarks, and to W. Giriat for numerous discussions. 


23, NUMBER 1 UGE 2, 


Electric Field Gradients in Point-Ion and Uniform-Background Lattices* 
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The lattice contribution to the field gradient in ionic crystals and metals is a quantity which has a well- 
defined value. However, for an actual evaluation, the field gradient is usually broken up into a number of 
conditionally convergent series with poor convergence. Rapidly convergent expressions for these series, and 
consequently, for the field gradient can be obtained by applying the method of plane-wise summation. This 
method is applied to the field gradient in ionic crystals with tetragonal and hexagonal symmetry and to the 
field gradient in tetragonal and hexagonal close-packed metal structures. As an example, an expression for 
the field gradient at the position of the anion is derived for ionic crystals with the Cdl» structure. This ex- 
pression is numerically evaluated for CoBr2, FeBre, MgBro, MnBro, Cals, CdI2, Cole, Fels, Gel2, Mgle, and 
Mnl,. Rather extensive numerical results are also presented for both close-packed metal structures, including 


values for the field gradient in Li, Be, Zn, In, and Rh. 


I. INTRODUCTION 


N the theory of nuclear quadrupole resonance, one 
is interested in the total electric-field gradient (FG) 
at the position of the nucleus. The FG may be con- 
sidered to consist of two contributions, FG...) and 
FGiattice. FG. is due to the electrons inside the central 
cell surrounding the nucleus, and FG; is due to all the 
electrons and nuclei making up the rest of the lattice. 
Evaluation of FG, requires a detailed knowledge of the 
electronic wave functions inside the central cell, but 
for an evaluation of FG; of comparable accuracy, a 
precise knowledge of the electronic wave functions is 
much less essential. As a first approximation, the 
crystal may be considered as an electrostatic assembly 
of point charges (the ion cores), which, in the case of 
metals, are embedded in a uniform sea of negative 
* Supported in part by the Office of Ordnance Research, U. S. 
Army, and by a grant from the Alfred P. Sloan Foundation to 
Charles P. Slichter. 


charge (the conduction electrons). Such models have 
been used for the evaluation of FG; in ionic crystals! as 
well as in metals.?* The advantage of such a model is 
that the evaluation of FG; is reduced to a purely electro- 
static problem, namely, to that of the evaluation of 
lattice sums of the type 


2Ps(cos0,) 


(1) 


< ie 
X 


r)? 


(notation explained in Sec. II). In this paper, we will 
restrict ourselves exclusively to this problem. 

At this point, we would like to remark that, although 
the expression for FG; contains lattice sums like (1) 
which are conditionally convergent (i.e., their values 
Phys. 29, 326 (1958). 
2M. Pomerantz and T. P. Das, Phys. Rev. 119, 70 (1960). 
3W. W. Simmons, thesis, University of Illinois, 1960 (un 


published); W. W. Simmons and C. P. Slichter, Phys. Rev. 121, 
1580 (1961). 
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depend on the shape of the crystal), the value of FG; 
itself does not depend on the shape of the crystal (it 
would be a very awkward situation if it did!). This 
simply follows from the fact that, in all crystals, the 
unit cell is electrically neutral. Hence, if we were to 
expand the charge distribution in the unit cell (having 
a center of inversion) in terms of multipole moments, 
the quadrupole moments would be the first nonvanish- 
ing moments. This means that the contribution of a 
cell to FG, falls off as r~> with distance. 

For the actual evaluation of -FG;, it is convenient to 
consider separately, in the case of ionic crystals, the 
contributions to FG; resulting from the different sub- 
lattices, and in the case of metals, the contributions 
due to the negative background and the positive point- 
charge lattice. In doing so, one regards FG;, which has 
a perfectly well-defined value, as the sum of a number 
of conditionally convergent series of the type (1). 
However, no ambiguity will arise from these condi- 
tionally convergent series if all the various sums or 
integrals are evaluated for crystals of identical shape; 
adding these contributions in the end will give the 
desired (unambiguous) result. 

The series S is slowly convergent, consequently, the 
form (1) is unfavorable for direct numerical computa- 
tions (cf. reference 1). In studying the same lattice sum 
in a different context some years ago, Nijboer and the 
author* introduced a method for bringing the series into 
a rapidly converging form. In this paper, we will apply 
that method to the evaluation of FGiattice for ionic 
crystals with tetragonal and hexagonal unit cells and 
for close packed tetragonal (tcp) and hexagonal (hcp) 
metal structures. 

In Sec. II, we introduce the FG and discuss the 
applicability of our method to different crystal struc- 
tures. In Sec. III we treat the case of ionic crystals, 
developing the summation method as we go along. As an 
illustration, we derive a formula for FG; at the position 
of an anion in CdlI,.-type crystals. In Sec. IV, we con- 
sider the close-packed metal structures. In Sec. V, we 
present some numerical results. We have calculated 
IG, for the CdlI,-type crystals and the close-packed 
metal structures as a function of a=c/a in the range 
a=0.5-2.5. This includes the values of FG, for the 
ionic crystals and the metals listed in the abstract. 
Finally, in Sec. VI, we propose a possible test for the 
importance of the FG; contribution to quadrupole 
resonance effects in certain crystals. 


Il. THE FIELD GRADIENT (FG) 


The potential at a point r due to a charge distribu- 
tion of density p(r) is 


p(r’)d*r’ 
r—r| 


4B. R. A. Nijboer and F. W. de Wette, Physica 24, 422 (1958); 
F. W. de Wette, thesis, University of Utrecht, 1959 (unpublished). 
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In the theory of nuclear quadrupole resonance, one is 
interested in the electric-field gradients at the position 
of the nucleus. With respect to its principal axes, the 
field-gradient tensor is in general determined by two 
quantities.* A symmetry axis of the crystal is always a 
principal axis of the field gradient. We restrict our con- 
siderations to such lattices, where the c axis is an fold 
symmetry axis with m>2. (In the tcp and hep struc- 
tures, m is 4 and 3, respectively.) Consequently, the field- 
gradient tensor is symmetric around the ¢ axis, which 
means that the asymmetry parameter n= (V 22—Vyy)/ 
V2 vanishes on the axis. (The z axis is chosen along the 
c axis.) The field-gradient tensor is then completely 
determined by the quantity which is normally called 
the field gradient, namely 


o* 
a=( vir) = V,,(0). 
Oz" r=(0 


It follows immediately from (2) and (3) that 


32—r 2P2(cos@) 
a= f on) d*r-= foo r) dr, (4) 
r5 rs 


where P:(cos@) is the Legendre polynomial of second 
order [r= r(r,0,¢) ]. 

We will briefly indicate in which cases the present 
method or a generalization of it can be used. Let the 
unit cell of the lattice be given by the basic vectors 
@1, a2, and az, and let us ask for FG; in the ag direction. 
The present method can be applied in all cases where 
a; is perpendicular to both a; and ap. Thus, FG; can be 
evaluated along the c axis of all crystals with monoclinic 
or higher symmetry. If the c axis is a symmetry axis 
with lower than three-fold symmetry, a second FG; is 
required to determine completely the field-gradient 
tensor (with respect to its principal axes). This addi- 
tional FG; (say along a;) can also be determined by the 
present method if a; is also perpendicular to a2, which 
is the case for all crystals with orthorhombic or higher 
symmetry. 

There exist many crystals for which a unit cell, 
satisfying these conditions, cannot be defined. In the 
Appendix, we quote a rapidly converging expression 
for the field gradient which is valid under the most 
general conditions. That expression can thus be used 
for the evaluation of the field gradient in such cases. 


III. FG; IN IONIC CRYSTALS 


We consider an ionic crystal with a tetragonal or 
hexagonal unit cell, containing y different point charges 
e; (j=0, ---y—1). The lattice translation vector r, and 
the base vector r, can be expressed in terms of the basic 

§Cf. M. H. Cohen and F. Reif, Solid-State Physics edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1957), Vol. V, p. 321. 
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vectors a, a, and a3, as 
Fy, = A181 +A2ae+A3az, 
Fj= fiait joaot jsas, 


A1,A2,A3= 90, +1, +2, etc. 
0</, i2, js<. 


The positon of the point charge 7 in the cell \ is given 
by m,;=%m+r;. The lattice can be considered to con- 
sist of y different sublattices j7, each containing one 
kind of point charge ¢,. All of these sublattices have the 
same structure. 

If we choose the origin O in the lattice point at which 
we want to evaluate FG;, then the charge density in 
that lattice is (omitting the point charge at O): 


e(r)=Ly' D; 66(r—rn)+20/ ¢6(r—4) (5) 

The charge neutrality of the unit cell is expressed by 
>; ¢;=90. Substitution of (5) into (4) gives 

2P+(cosdx, ;) , 2P2(cos6;) 

eq= Dr Li a ". = +23 a . 


Yn,j r; 


(6) 


\ 


Because of the charge neutrality of the unit cell, the 
value of FG; does not depend on the shape of the 
crystal. In terms of the summations occurring in (6), 
this means that the series in A is absolutely convergent, 
provided the summation over j has been carried out 
first. However, such an order of summation is not prac- 
tical for an actual evaluation of the series. Instead, it is 
preferable to break the series up into y different series 
over the y sublattices, i.e., to interchange the order of 
\ and the 7 summation. Then 


P 2P2(cos0,) : 2P2(cos@y, ;) 
eq= ¢9 ox tL 6 La 
r)3 rr? 


= €oSo+ Di Sj. (7) 


Now, each of the subsums 5S; is conditionally con- 
vergent®; its value depends on the order of summation. 
However, we may choose the order of the \ summation 
in a way which is most advantageous for the evaluation 
of the subsums, provided that the same summation 
order is used to evaluate all subsums. This ensures a 
result that is independent of the shape of the crystal. 

Keeping in mind the symmetry of the tetragonal and 
hexagonal lattices, we now ask which summation order 
is most advantageous for evaluation of the subsums. 
It has been shown in reference 4 that the procedure of 
plane-wise summation leads to a rapidly converging ex- 
pression for the sum, and that such a summation pro- 
cedure has definite advantages over the usual procedure 
of spherical summation. Having chosen the z axis along 
the crystal c axis (the a; direction), plane-wise summa- 
tion means that we first carry out a summation over A; 


* This conditionally convergent series appears in a number of 
problems. For example, in the calculation of the Lorentz field in 
dipole lattices (see reference 4), in the calculation of the normal 
modes of an oscillator lattice [U. Fano, Phys. Rev. 118, 451 
(1960) ], and in the spin-wave theory of ferromagnetism [M. H. 
Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955)’]. 
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and Xz, in the plane \;=0, then in the planes \3=+1 
(planes adjacent to the origin), then in the planes 
A3= +2, etc. In short, the A1, A2 summation should be 
carried out before the A; summation. This summation 
order is equivalent to considering a slab-shaped crystal, 
the faces of which are perpendicular to the z axis. Once 
this summation order has been established, one may 
consider the slab to be infinitely thick, i.e., consider an 
infinite (slab-shaped) crystal. In contrast to this, in the 
method of spherical summation, one adds contributions 
of lattice points according to their distance from the 
origin. In this way one considers an infinite spherical 
crystal. 

We will now evaluate the subsums in (7). In reference 
4 we derived, with the method of plane-wise summation, 
the following expression for Sp in the case of a tetragonal 
lattice [reference 4, Eq. (23) ] 


Niys,u2 | 


Y tetr —___ 
0 


—9,0336217+82? +’ 
a Mik exp(2rhutu20)—1) 


(8) 


a is the lattice distance in the x, y planes, a=c/a. The 
number —9.0336217 represents the contribution of all 
the lattice points situated in the plane which contains 
the origin. The contribution of all the other lattice 
points in the physical lattice is represented by the two- 
dimensional series >> ’u1,2. This series is a summation 
over a square lattice with lattice vector huiu2 of 
length /u1.02= (ui?+y.”)! and with lattice distance 1 
(41, w2=0, +1, +2, ---). The prime on the summation 
sign indicates that the term u:=y"2=0 is excluded from 
the summation. This lattice is the reciprocal of the 
two-dimensional lattices which form the x, y planes of 
the physical lattice. The way in which the series }>’u1,u2 
was derived will become clear when we derive a similar 
expression for Sj. 

The equivalent expression for a hexagonal lattice is’ 
[reference 4, Eq. (25) ] 


167° Niuy,u2 


by tHe 


V3 wie EXP(2rhty1,u2a)— 1 
(9) 
The terms in (9) have a meaning similar to those in (8). 
In particular, }°’41.42 is a summation over a plane 
hexagonal lattice with lattice distance 2/v3. 
We now have to derive similar expressions for the 
sums 


— 11.0341754+ 
a 


2P2 (cos@y, ;) 
—— . (10) 


3 


where p,,;=1,,;/@ is the dimensionless lattice vector. 
As we said previously, we want to evaluate this condi- 
tionally convergent sum S; by plane-wise summation. 
This implies that the Ai, Az summation must be carried 
out before the A; summation. Such ordering clearly 


7The factor 2/v3 in front of the sum has been erroneously 
omitted in the original expression (25) of reference 4. 
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does not improve the convergence properties of the 
summand of (10), but it enables us to perform a trick 
to improve the convergence. This trick consists of 
taking the two-dimensional Fourier transform (FT2) of 
the two-dimensional A, Az series. To this end we write 
this series as an integral 
2P2(cos8, j) 
§;=—-—> 


j , 
a® Xs A1,A2 3 


Pr,5 


1 
—— > > i * 6(@—@r1,.\2—- Cj, jz) | 


a As A1.Ag 


2o. (11) 


2P2[ (As+Jjs)a {o2+ (As+js)’a"}*] 
{o?+ (Ast+js)*a*}! 


In Fig. 1, we have indicated how the lattice vector 
0,,; is decomposed into two vectors, one parallel and 
the other perpendicular to the z axis. 

We now use Parseval’s formula. It states that the 
integral over ordinary space of the product of two real 
functions is equal to the integral over Fourier space of 
the product of their Fourier transforms. One can show 
that® 
FT >> 6(e@—o@n1,2—@/1.52)} 

AL.Ag 
=O-7 Y exp[—2mi( jit joe) 6(h—byu2), (12) 
#1.e2 
where O, is the unit area in the untransformed two- 
dimensional lattice, in this case expressed for a situa- 
tion where the lattice distance is 1. Furthermore, 
sp | 2PL Ost jada/ {02+ st ja)a°} 4] 
FT; —} 
| {o?+ (Ast js)°a2}! 


= 49h exp(—2mha\ (A3+j3)|). (13) 


dir? hus wo exp{ — 2rhus w2a(1—j3)} +exp{ — 2rhyui,u20j3} 


> exp{ —2mi (jit jmue)} 
O,a° M1. Me 


For the tetragonal lattice O.=1 and }°'u;.42 is a sum- 
mation over a square lattice with lattice distance 1. 
For the hexagonal lattice O.= }v3 and }-’u;.42 is a sum- 
mation over a plane hexagonal lattice with lattice dis- 
tance 2/v3. In both cases, the form of the summand 
clearly guarantees the rapid convergence of }°’u:.u2. In 
many cases, the factor exp{—2i(jii+jou2)} has the 
effect of a multiplying constant when contributions of 
a certain shell of neighbors are added together. Further- 
more, since the summand of 50’u:,42 contains only the 
length of the lattice vector /yu1.u2, each shell of neighbors 
can in such cases be represented by only one term. The 
convergence rate of a sum of such term depends only 
slightly upon the value of @ for the region of interest 
and we find that between five and ten terms generally 

8Cf. B. R. A. Nijboer and F. W. de Wette, Physica 23, 309 
(1957). 
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Fic. 1. Decomposition of the lattice vector oa; in lattices with 
monoclinic or higher symmetry. The z axis is parallel to the 
crystal ¢ axis. 

Applying Parseval’s formula to (11), using (12) and 
(13), we find 


S;=4P051a*D YO’ hur.ue 


AZ M1, M2 
Xexp[ — 277 ( Vibes + Jom — Qrhu wot) (Ag+ j } 


We have omitted the term u;=py.=0 since it vanishes. 
This series is absolutely convergent in \3, as well as in 
ui and we. Consequently, the summation order may now 
be reversed. This gives rise to a geometrical series in \ 
which can be summed directly. One finds 


1—exp{ — 2h ,n.0} 
provide sufficient accuracy. Finally, the total value of 
eq is found by adding the appropriate sums together 
according to (7). 


Example: Cdl, Structure 


We are interested in FG, at the position of an I 
ion. The Cdl, structure has a hexagonal unit cell with 
I- ions in the positions 7;=j2.=7;=0 and 7;= }» 


1 
3 
js=}, and a Cd** ion at the position j7;= j.= 2, j;=3. 


So, besides S"**y.9,0 which is given by (9), we have to 


evaluate S'*, 4, and S®*9/3 9/3,3/4. One readily derives 


from (14) 


1 8x 7 — 
Sh Le’ expt — Fri (uitne)} 
a® V3 ui.n2 
) 
x . RS 


sinh(rhy, po) 
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1 8x? | | 
- >’ exp{— $i (uitne)} 


a® V3 wine 


Iw M2 cosh (4ahy1 mot) 
(16) 
sinh (tr/ty1,n20) 


The field gradient at the position of an I ion is, 
according to (7), given by 
€danion = e{ 2Shex, 3,2/3,3/4— SPX 4 9,0 — Shy 4 a}. (17) 
This expression is valid for all ionic crystals with the 
Cdl. structure. In Sec. V, we will evaluate the sums for 
some relevant values of a and present the corresponding 
values of ganion- 


IV. FG, IN THE UNIFORM-BACKGROUND LATTICE 


The uniform-background lattice is a simple model for 
a metal. The conduction electrons are considered to be 
free, giving rise to a uniform charge distribution, and 
the ionic cores are considered as point charges. The 
charge density in such a lattice is 

p(r)=p.+Ze >)’ 6(r—Fy), (18) 
where p, is the background density and Ze is the net 
charge of the ionic cores. Charge neutrality of the ele- 
mentary cell requires that pe= —Ze/v, where v is the 
volume of the elementary cell (i.e., the volume allotted 
to one ion). 

With regard to the simplifications implied in (18) 
as compared to the real charge density in a metal, we 
may remark that this free-electron-point-ion model 
seems to lead to results for FG; which, at least in some 
cases, are not drastically different from those of a more 
precise treatment. This seems to follow from Pomerantz 
and Das’ calculation for beryllium.? However, the total 
FG may be drastically different from the value con- 
tributed by the lattice, if the charge distribution (con- 
duction electrons and core electrons) in the central cell 
is not almost spherically symmetric, as is the case when 
conduction electrons in p states are present (see refer- 
ence 3). In such cases, the main contribution to the FG 
will be due to these charges inside the central cell and 
FG, is probably only a small correction to this. If the 
present method is used to evaluate this correction in 
such cases, it should be remembered that one must 
compensate for the uniform electron density inside the 
central cell which is included in (18). 

Insertion of (18) into (4) gives for FG; in the uniform 
background lattice 


2P2(cos6) 
f : dr+Ze >’ 


r d 


Ze 
eq =_—— 


t 


2P2(cos@y) 
(19) 
r,° 
As in the case of ionic crystals, eg is independent of 
both the shape and the size of the crystal because of the 
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charge neutrality. However, this is not true for either 
the integral (as is sometimes asserted) or the sum when 
considered separately. Again, we may choose the shape 
of our hypothetical specimen in a way which is most 
favorable for the evaluation of the sum, but in doing so 
we must be sure to evaluate the integral for an integra- 
tion region of identical shape. 

Since we have chosen to evaluate the sum by plane- 
wise summation, we must evaluate the integral for a 
slab-shaped region of integration. A straightforward 
integration gives 


2P»2(cos@) 
f d’r= —(8 
r? 


slab-shaped 
region 


In deriving this result, use has been made of the fact 
that the integral vanishes for a spherical region, when. 
the integration over the angles is carried out first. The 
result (20) is independent of the thickness of the sample 
and, hence, is correct for a slab of infinite thickness. 


Tetragonal Close-Packed Lattice 


The tetragonal close-packed (tcp) lattice can be 
considered either as a face-centered tetragonal (fct) or 
as a body-centered tetragonal (bct) lattice. We will use 
the bet unit cell which contains two particles. It has 
three mutually perpendicular basic vectors ; a) = d2= Apet, 
C= 43=QpetAbet- The volume/ion Is Vper= 5QbetAbet®. Some- 
times the lattice distances for a tcp lattice are given in 
terms of a fct unit cell. One has V2dict and 
Qfet =Aper/V2. This should be kept in mind when apply- 
ing the formulas derived below. Here, we use the bct 
unit cell and we will henceforth drop the subscript bet. 

Substituting (20) and the expression for v.¢ into 
(19), we have for FG, 


Qict 


2P2(cos8,) | 


(21) 


ni 


The bct lattice can be considered to consist of two inter- 
penetrating simple tetragonal (st) lattices, and the 
series in (21) may consequently be considered as the 
sum of two subsums So.o,o and S;;,;. Both sums are 
taken over a st'lattice, So,o,9 with respect to the origin 
and 5;3,; with respect to the center of the unit cell 
(the point 7:= j2=j3;=4) of such a lattice. The expres- 
sion for So,o,0, obtained by plane-wise summation, has 
been given in (8), while the corresponding expression 
for Si, is obtained from (14) by substituting Og=1 
and j; >. Note that the factor exp{—2zi 


j2=J3 =2- 
X (Jimitjoue2)} assumes the simple form (—1)#'+#:, 


One finds 

43” (—1)#'+#2),, u2 
Sete, = 
oS sinh (ar/tu1,u20) 


— 
a” #1,H2 
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If we add (8) and (22), the final expression for eqtp is 

Ze 167 
Cdtep = - —9.0336217+4r? 
a? | 3 a 


Mise 


where >-’u1,«2 is a summation over a square lattice with 
lattice distance 1. 


Hexagonal Close-Packed Lattice 


We choose the unit cell as usual with a; and a» 
(a;=a2.=a) perpendicular to the c axis and as; parallel 


8x y Iw 


V3 ui.ue 


— 11.0341754+ 


> 


where }>-’u1.42 is a summation over a plane hex- 


agonal lattice with lattice distance 2/v3. The factor 
exp[ —32i(ui+p2) |, when summed for a given shell of 
neighbors, has the effect of a multiplying constant 
(cf. Table I). 


V. NUMERICAL RESULTS 


For carrying out the numerical evaluations of the 
various sums, it is useful to write them in a somewhat 
different form. The expressions (8) and (9) have the 
general form 


nih; exp(— haa) 
—B+C >, — I 


sinh (Agra) 


(25) 


The summation }-; is another way of writing the two- 

dimensional sum }>’u1sz. It indicates a summation over 

the successive shells of neighbors in the two-dimensional 

lattice: i counts the shells, m; is the number of particles 

in the shell i, and A; is their distance to the origin. 
Similarly, (15) and (16) can be written as 


1 
aot 


ar : 


nhc; 


Chex - a 
* 1.4.4 ’ 
sinh (Ara) 


1 nhc; cosh (4h ara) 
—{ hex 4, 


a ' 


.= — — 


Sh 13 9/3, (27) 


sinh (h ra) 


In these expressions, c; is the multiplying constant 
resulting from the factors exp{—$i(uitye)} and 
exp{—4mi(u1+2)} which appear in the summands of 
(15) and (16), respectively. Both factors give rise to 
the same set of factors c;. 

The expression (22) is of the same general form as 
(26). That is 

nse; 


sty 54 (28) 


7 sinh(ha~ra) 


vv 
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found to be 


hui .weLexp(— ahs woe) + (— 1) 41+? | 
—- - —|, (23) 
sinh (rhtuy,u2x) 


to it (as=aa). The unit cell contains two ions and hence 
v= 4V3aa’, The derivation is completely analogous to 
that for the tcp lattice. The series appearing in (19) 
is now considered as the sum of the two subsums 
Shexo 9,0(9) and S*; ,.,(15). Adding these expressions 
and the first term of (19), the final result for €Gnep iS 
found to be 


wef{exp[ — Thy wor | +exp[— 2 ri (u 1 +2) }} | 


sinh (why) ,u20) 


However, n; and h; are now values for the square lattice, 
while c; results from the factor (—1)#!* 

The field gradient at an anion in a CdI,-type crystal 
is given in (17) by 


#2 in (22). 


— 9) Chex — 
anion > 25" 2/3,2/3,3/4 aaa (29) 


For the field gradients in the close-packed metal struc- 


tures we have [see (23) ] 
1 A 
~ Ytep = 
Z 


tep 


ava 


and [cf. (24) ] 


1 


~Ghep = 


; 


+. Shex 


(31 ) 
a°a 
The constants A, B, and C have the following values 
for the tetragonal and hexagonal lattices’: 
A tep — (16 3)r, 
Beetr= 9.0336217, 
Cretr= 47’, 


A nep= 3v3)r 


Brex= 11.0341754, 


Cac = 8r7/v3. 


(32) 


TABLE I. Values of n;, /;?, and ¢; 


Tep Plane hexagonal lati © Hep 


Square lattice 
ny 


=. 


nj any" Gy 


6 4 
6 12 
6 


12 28 


48 
64 
76 
84 

100 

108 


CNA uke Whe 


CO OO rR OOO EO ee 


® The values for A are characteristic for the tcp and hep lattices 
only, but the values for B and C are \ rr all lattices with 
tetragonal and hexagonal unit cells 


alid fe 
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TABLE IT. a®S**9 9 o(a), ase, 44(@), and @&Z- top (a). 


aiSttty 9 9 abStetr, yy 


(25) (28) 


13.32 —21 20 
1.284 —20 9 

— 4.03193 —16.2 3.4 
— 6.535081 — 13.23 1.15 
— 7.761424 — 10.59 0.26 
—7.920210 —10.11 0.17 
— 8.058727 9.65 0.11 
— 8.179644 —9.21 0.06 
— 8.285266 —8.788 0.024 
— 8.377581 —8.378 0.000 
— 8.458309 —7.983 —0.015 
— 8.528940 — 7.604 —0.022 
1.06 — 8.590767 7.239 —0.023 
1.08 — 8.644910 — 6.889 —0.020 
10 — 8.692344 — 6.554 —0.014 
12 — 8.733916 6.232 —0.006 
1336 0.000 
14 — 8.770362 0.003 

16 — 8.802327 0.012 

18 — 8.830368 0.022 
20 — 8.854976 0.030 
.22 — 8.876576 0.038 
24 — 8.895541 0.0436 
.26 —8.912196 0.0476 
.28 — 8.926826 0.0495 
30 — 8.939680 0.0492 
32 — 8.950976 0.0465 
34 — 8.960904 0.0413 
36 — 8.969632 0.0336 
38 — 8.977306 0.0234 
40 — 8.984054 0.0106 
414214 (fcc) — 8.988350 0.00000 
42 — 8.989989 —().00469 
44 ~8.995210 —(.02246 
46 8.999803 —0.04266 
48 —9.003845 —0.06523 
50 9.007401 —0.09009 
52 —9,010530 —0.11715 
.5210(In) —9 010677 —0.11855 
5245 9.011181 —0.12353 
54 —9,013285 —0.14632 
56 —9,015710 —0.17751 
58 —9.017844 —0.21062 
.60 —9.019724 —().24556 
1.70 —9 026244 —0.44406 
1.80 —9.029701 —0.673294 
1.90 —9,031536 —().922255 
2.00 —9,032512 — 1.181831 
2.25 —9,033392 — 1.834946 
2.50 —9.033574 — 2.447351 


BZ Geop 
(30) 


0.50 
0.60 
0.70 
0.80 
0.90 
0.92 
0.94 
0.96 
0.98 
1.00 (bec) 
1.02 
1.04 


— 5.924 
5.629 
5.347 

—5.077 
4.819 

— 4.5730 
4.3379 

— 4.1136 
— 3.8997 
3.6958 

— 3.5016 
3.3167 
3.1407 
2.9733 

— 2.85934 

.81410 

.66278 

.51900 

.38244 

.25279 

12975 
2.12376 
- 2.10294 
2.01301 
1.90229 
1.79731 

— 1.69781 
1.273788 
0.9520161 
0.7092246 
0.5269000 
0.2482920 

—(.1158417 


bdo Dd dS tS lt 


1 
1. 
1. 
1 
1. 
1. 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1. 
1. 
1 
1 
1 
1 
1 
1 
1. 
1 
1 
1 





In Table I, we list the values of m; and h; for the 
first twelve shells of neighbors of both the square lattice 
(with lattice distance 1) and the plane hexagonal lattice 
(with lattice distance 2/vV3). We also list the values of 
c; for these shells, as they result from the factors 
exp{ —2mi(jimit joue)}. 

The numerical evaluations of the expressions (25) 
through (31) for various values of a have been carried 
out on the IBM 650. This avoids a time consuming 
numerical evaluation of the exponential function. An 
added advantage is, of course, the relative ease with 
which future calculations for different values of a can 
be” performed. This might be useful, for example, in 
studying the influence of the temperature dependence 
of a on quadrupole resonance phenomena. 
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Fic. 2. The field gradient FG; at the position of an anion in a 
CdI,-type crystal. a’ganion(@) in the range a=0.9-2.5. 


We have chosen to program the numerical evaluation 
of the expressions (25) through (28) rather than that 
of the original expressions (8), (9), (15), (16), and (22), 
since modifying the latter expressions into the former 
and compiling the information in Table I saves greatly 
on both programming and machine time. However, this 
was possible only because the factors c; could be deter- 
mined easily in these cases. In situations where this is 
not the case, it is probably advantageous to program 
the original expressions. 

In Tables IT and ITI are listed the results of numerical 
calculations accurate to the last significant figure shown. 
For the small a values, the accuracy is limited by the 
limited number of neighbor shells that have been taken 
into account. For the larger a values, the eight-place 
accuracy per machine word of the IBM 650 was the 
limiting factor. Higher accuracy can, of course, always 
be obtained by specifying the accuracy in the program. 

In Fig. 2, we have plotted a@°ganion(a) ; and in Fig. 3, 
we have plotted a*gtep(a@) and a*gnep(a). Since the over- 
all plot in Fig. 3 does not bring out the details in the 
a region of interest, we have enlarged the central region 
in Fig. 4. 

For the tcp structure, there are two a values which 
provide a check on expression (23) for egtep. For a=v2, 
we obtain the fcc lattice; and for a=1 the bcc lattice. 
In both cases, FG; should be zero because of the cubic 
symmetry. This is indeed what we find to within the 
stated accuracy of the calculations. Moreover, there is a 
third zero point of a°gep(a) at about a= 1.1336. This 
point is not a result of symmetry but is due simply to 
the shape of the curve. For the hcp structure, a similar 
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TABLE ITI. a3S*e*o 9 o(a), a8 Shexy 4 4 (a), a3 Shex, 3, 2/3, 3 s(a), a®ganion (a), and aZ hep (a ‘a 


73 Shex 
aso 0,0 


a@*ganion 
25) 


(29) 


BZ Qhep 
31) 


a (crystal of interest) 


9.436 20 
— 1.97127 S 8.7 
4.18 
2.56 


2.04 


0.50 
0.60 
0.70 
0.80 
0.90 
1.00 


— 9.064619 
— 10.09474 
— 10.58314 
— 10.81684 
— 10.92924 
— 10.98346 
— 11.00964 
—11.02231 
5 — 11.02592 
554(Cal,) —11.02615 
.5679( Be) —11.02692 
a — 11.02703 
— 11.02800 
—11.02883 
—11.02895 
— 11.02902 
—11.02921 
— 11.02956 
— 11.02963 
— 11.02965 
— 11.02969 
~11.02970 
—11.02974 
~11.02978 
—11.02985 
— 11.02988 
— 11.02997 
— 11.03000 
—11.03018 
— 11.03046 
— 11.03051 
—11.03054 


—13 
—12 
—10.7 
—9,47 
—8.29 
—7.23 
— 6.743 
—6.705 
—6.574 
—6.555 
— 6.370 
— 6.190 
— 6.164 
— 6.148 
—6.102 
—6.015 
— 5.996 
— 5.989 
— 5.980 
—5.976 
965 
.954 
.937 
.928 
.902 
894 
843 
758 
742 
733 
.667 
O01 
593 
—5.431 
— 5.273 
—5.119 
— 4.969 
— 4.8225 
— 4.6796 
— 4.5404 
— 4.4047 
— 4.2967 
— 4.2725 
— 4.1437 
—4.0183 
— 3.4397 
— 2.30446 
— 1.522901 


— 3.59976 
— 2.57286 
— 1.828139 
— 1.292983 
— 1.085850 
— 1.070751 
— 1.019855 
— 1.012374 
—0.9437548 
—0.8796845 
—0.8704482 
—0.8649522 
—0.8492640 
—0.8198733 
—0.8135424 
—0.8112719 
—0.8083978 
—0.8069747 
—0.8035686 
—0.7998946 
—0.7942746 
—0.7914790 
—0.7831501 
—0.7803929 
—0.7640486 
—0.7375502 
—0.7323597 
—0.7297780 
—0.7094423 
—0.6896629 
—0.6872288 
—0.6402814 
—0.5964883 
—0.5556439 
—0.5175546 
—0.4820399 
—0.4489296 
—0.4180648 
—0.3892966 
—0.3673040 
—0.3624853 
—0.3375006 
—0.3142203 
—0.2196367 


1.59366 
1.32614 
0.98164 
0.58284 
0.37029 
0.35303 
0.29278 
0.28365 
0.19629 
0.10837 
0.09515 
0.08720 
0.06424 
0.02002 
0.01028 
0.00676 
0.00230 
0.00009 
0.00523 
0.01099 
0.01986 
0.02429 
0.03759 
0.04203 
0.06866 
0.11307 
0.12196 
—0.12641 
0.16197 
0.19755 
0.20200 
—0.29097 
—0.37989 
-0.46866 
0.55721 
0.64545 
0.73332 
0.82075 
0.90769 
0.97814 
0.99407 
1.07986 


1.613(CdI,) 
1.6148(Rh) 
1.620(MnBr:) 

1.63 

1.6322(Co) 
1.632993 (Ideal hep) 
1.634 Na) 

1.6345 

1.6357 (8-Sr) 

1.637 (Li) 
1.639(MnI,) 

1.64 

1.643(MgBrz) 
1.644(Gel,) 
1.650(FeBr.) 

1.66 
1.662 


mn 


Mgl.) 
1.663 (CoBrz) 
1.671(Fel.) — 11.03074 
1.679(Col.) — 11,03094 
68 — 11.03096 
70 —11.03140 
a —11.03177 
74 —11.03210 
76 —11.03238 
78 — 11.03262 
80 — 11.03283 
82 —11.03301 
&4 ~—11.03317 
.8563 (Zn) —11.03328 
86 — 11.03330 
88 — 11.03342 
90 —11.03352 
00 — 11.03386 

25 —11.03412 —0.08935290 
50 —11,03417 —0.03622118 
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check on the formulas does not exist. There exists no 
symmetry argument which shows a*gnep(@) to be zero 
at a= 1.63299 (the value for the ideal hcp structure), 
and it is not. But a*gncp is zero for a very close to this 
value: we find a*qnep= 0.00009 for a= 1.6345. 

The results of the present calculations are in good 
agreement with values calculated by other means. For 
indium (tcp structure), Simmons and Slichter*® com- 
puted, by a direct machine calculation of expression 
(19), the value eg= (—0.349)Zea~. Our result for the 
1.5245 is eg= (—0.34940)Zea~*. For beryllium 
(hep structure), Pomerantz and Das? report the value 
qg=0.2953a~*, with an accuracy of 0.1%. For the same 
a= 1.5671, we find g=0.29626a—*. 


Same a= 


In Table IV, we list some of the ionic crystals with 
the Cdl, structure together with the corresponding 
values for a@ and @%ganion. Similarly, in Table V, we list 
some of the metals with close-packed structures to- 
gether with the corresponding values of a and a*Z~'q. 


VI. CONCLUDING REMARKS 


A rather striking characteristic of the numerical 
calculations is the rapid variation of both ganion(@) and 
Qnep(@) with small changes of a. Bersohn' has observed 
this sensitivity of FG, on lattice distances and has dis- 
cussed how it affects quadrupole resonance phenomena. 

In this connection, we would like to draw attention 
to the zero points of FG; in the various structures 
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TABLE IV. Values of a’ganion for various ionic crystals 
with the Cdl, structure. 


Crystal 


@ganion 


CoBre 
FeBre 
MgBr2 
MnBr. 
Cal, 
Cdl. 
Col, 


—0.429 

0.518 
Fel. 0.406 
Gel, 0.021 
Mgl> , 0.278 
Mn, —0.050 


® Values taken from R. W. G. Wyckoff, Crystal Structures 
Publishers, Inc., New York, 1948). 
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studied here. It is well known that the zero points of 
Jtep(a) for a=1 (bec lattice) and a=v2 (fcc lattice) are 
the result of the cubic symmetry. This symmetry causes 
all contributions to the total FG to vanish. Not only 
FG, but also the contributions due to electrons in co- 
valent bonds and to overlap deformation (squeezing) 
are zero. In contrast to this, the zero points of ganion(@) 
and gicp(@) are not a result of the hexagonal symmetry. 
That is, possible contributions to FG resulting from 
covalent bonding or overlap deformation will not 
necessarily vanish at these zero points. This situation 
may, for some crystals, allow a separation of quadrupole- 
resonance effects caused by FG, from those resulting 
from other causes. For instance, from Table IV, it is 
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Fic. 3. The field gradient FG; in close-packed metal structures. 
BZ grop(a) and a®Zgnep(a) in the range a=0.5-2.5. The part of 
the graph inside the rectangle is enlarged in Fig. 4. 
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Fic. 4. The field gradient FG; in close-packed metal structures. 
BZ Grep(a) and a8Z“gnep(a) in the range a=0.9-1.7. This is the 


2 


enlarged central section of Fig. 3. 
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seen that ganion for MgBre is practically zero. If one 
could vary a in the neighborhood of the zero point, for 
instance by compression of a single crystal of MgBrz or 
by temperature variation of a powder sample, then a 
resulting strong variation of the observed quadrupole- 
coupling constant in the neighborhood of zero would 
indicate that ganion is mainly responsible for the quad- 
rupole-resonance effect. A sensitive dependence of the 
coupling constant on the lattice parameters should also 
be expected if overlap deformation played a role. In 
either of these cases, the conclusion seems justified that 
the binding of the crystal is predominantly of ionic 
character. On the other hand, if covalent bonding played 
a role of importance, one would expect much larger 
quadrupole-coupling constants which are much less 
susceptible to changes in the lattice parameters. 

A similar situation with respect to the zero point of 
FG, exists for the hcp-metal structures. Again, an @ 
variation might make a distinction between metallic- 
and covalent-bonding effects feasible. 

It is well to notice, in connection with these remarks, 
that some of the x-ray data used are rather old and 
possibly not quite reliable. Furthermore, we have not 
made any quantitative estimate of the influence of 
lattice vibrations on these effects. 


TaB_e V. Values of a3Z~'g for various metals with 


packed structures. 


Element Structure aZ—g 

—0.11855 
0.29278 
0.08720 
0.01028 
0.00230 
0.00523 
0.01099 

—0.97814 


Indium tcp 
Beryllium hep 
Rhenium hep 
a-cobalt® hep 
Sodium (5°K) hep 
8-strontium? hep 
Lithium (78°K) hep 
Zinc hep 
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* Values taken from R. W. G. Wyckoff, Crystal Structures 
! I for the body- 


Publishers, Inc., New York, 1948 The value for indiu holds 
1it cell. 

juadrupole 1 

s taken from W 


B. P Handbook of Lattice 
f Metals (Pergamor 


fand : Spacings and 
ress, New York, 1958) 
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APPENDIX 


Expression for the Field Gradient in an 
Arbitrary Ionic Lattice 


In the foregoing, we have presented a method for the 
calculation of field gradients in point-charge lattices. 
The unit cell of the crystal has to satisfy certain sym- 
metry conditions in order for the method to be appli- 
cable. These conditions were outlined in Sec. II. 

However, there exist many crystals for which a unit 
cell satisfying these conditions cannot be defined. In 
such cases, another rapidly converging expression may 
be used for numerical calculations of the field gradient. 
This expression is valid for the component of the field 
gradient in an arbitrary direction in any lattice point 
of an arbitrary ionic crystal. 

Let us choose the s axis in the direction in which 
we want to know the field gradient. The field gradient 
is then quite generally given by [see (3) and (6) ] 


2P2(cos@,. ;) 
:(0)=>0 Dd 5¢ ; (A.1) 
h=j =0 
excluded 


r,; 


By a method which has been described previously,*:" 
we can derive the following rapidly converging ex- 


F. W. de Wette and B. R. A. Nijboer, Physica 24, 1105 (1958). 


WETTE 
pression for V (0), 


l' (3,27), 7) P2(cos@, ;) 


da Li €j 


Aaj =O FF. 4 
excluded 


3 


8 
V.2(0)=—4- 
3 


j 

us 

_-— >,’ G(h,) exp(—7h,?)P2(cosd,) ¢. (A.2) 
Va 


V,2(0) is expressed here as the sum of two lattice sums. 
These contain the rapidly converging functions I'(3,7rr’) 
and exp(—7h*), respectively. The first sum is a summa- 
tion over the original ionic lattice. The second sum is a 
summation over the reciprocal of the basic Bravais 
lattice of the crystal. The vector hy (hy,3,,¢,) is the 
reciprocal lattice vector and uw stands for the three 
indices 41, 2, #3. G(h) is the structure factor of the unit 
cell of the ionic lattice 


G(h)=>;; €e?**", 


Finally, I'(3,r?) is an incomplete gamma function, 


defined by 
I ($,x) = 393 Erfc(x!)+ ($+-2)x! exp(—a 


3 fr” 
~ -f exp(— #)di+ ($+.x)x! exp(—.x) 
2J 3 


z= 


(A.4) 


The expression (A.2) can, of course, be used to obtain 
values for the field gradient in all the crystals, which 
in this paper have been treated by plane-wise summation. 
But (A.2) involves more computational work, since 
one has to evaluate P,(cos@,_;) for all lattice points, and 
P,(cosd,) and G(h,) for all reciprocal lattice points 
which are taken into account in the calculation. 
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Specific Heats of Dilute Cu-Co Alloys between 1.5° and 4.5°K 
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Specific heats of eight specimens of dilute copper-cobalt alloys were measured in the range of 1.5° to 
4.5°K. Cobalt concentration of these samples lay between } and 2} weight percent. At all concentrations 
the specific heat is greater than that of pure copper, with the excess linear in temperature and quadratic in 
concentration for the lower concentrations at the higher temperatures. Near the lower end of this tem- 
perature range, samples of greater than 14% cobalt also exhibit an additional anomaly which appears to 
have a characteristic temperature proportional to cobalt concentration. A comparison to the specific heats 
of dilute Cu-Mn alloys shows that the magnetic interactions in Cu-Co and Cu-Mn must differ greatly 


in character. 


INTRODUCTION 


T absolute zero the resistivity of a so-called pure 

metal is determined by the residual impurities of 
the specimen, and as the temperature is increased 
the scattering by thermal vibrations of the lattice 
causes the resistivity to increase monotonically. How- 
ever, the addition of dilute amounts of paramagnetic 
ions to a high-conductivity metal causes a resistivity 
which undergoes either a maximum followed by a mini- 
mum, or simply a minimum, as the temperature is 
increased from absolute zero.'~* The fact that there are 
two types of anomaly, one possessing and the other 
lacking a maximum in resistivity, indicates that these 
alloys constitute two different groups. The alloys having 
a maximum and a minimum are characterized by 
Cu-Mn, which also displays an anomalous magneto- 
resistance® and an antiferromagnetic transition at low 
temperatures.’’§ The alloys having only a minimum in 
resistivity are represented by Cu-Co, which has a nor- 
mal magnetoresistance at low temperatures.’ However, 
the inverse susceptibility of these alloys is not a linear 
function of temperature below about 50°K and seems 
to indicate the initiation of some ordering, even though 
no magnetic transition is observed in the range of 
measurement. 

Brailsford and Overhauser" have investigated the 
effect upon resistivity of the addition of paramagnetic 
ions to high-conductivity metals, and have found that 
ferromagnetically coupled nearest-neighbor ion pairs 
produce a scattering cross section which increases with 
diminishing temperature. At sufficiently low tempera- 
tures the ion pair scattering will predominate over the 


. N. Gerritsen and J. O. Linde, Physica 18, 877 (1952). 

. N. Gerritsen, Physica 25, 489 (1959). 

. N. Gerritsen and J. O. Linde, Physica 17, 573 (1951). 

. J. Los and A. N. Gerritsen, Physica 23, 633 (1957). 

. N. Gerritsen, Physica 23, 1087 (1957). 

. W. Schmitt and I. S. Jacobs, J. Phys. Chem. Solids 3, 324 
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7 J. Owen, M. Browne, W. D. Knight, and C. Kittel, Phys. Rev. 
102, 1501 (1956). 
8 J. Owen, M. Browne, V. Arp, and A. F. Kip, J. Phys. Chem. 
Solids 2, 85 (1957). 
I, S. Jacobs and R. W. Schmitt, Phys. Rev. 113, 459 (1959). 
1 A. D. Brailsford and A. W. Overhauser, Phys. Rev. Letters 
3, 331 (1959); and J. Phys. Chem. Solids 15, 140 (1960). 


phonon scattering to produce an increase in resistivity 
with further reduction in temperature, giving rise to 
a resistivity minimum. If a ferromagnetic or an anti- 
ferromagnetic transition occurs, then the spin disorder 
scattering must decrease as the magnetic ordering 
increases, thereby causing a reduction in the resistivity. 
In the case of Cu-Mn, the resistivity maximum is 
undoubtedly explained by the antiferromagnetic order- 
ing, and at sufficiently low temperatures this ordering 
decreases the resistivity by an amount greater than the 
increase in resistivity due to pair scattering per degree 
reduction in temperature. The exact convolution of 
the resistivity curve is thus determined by the relative 
magnitudes of the ion pair, spin disorder, and phonon 
scattering as the temperature proceeds toward absolute 
zero. These temperature-dependent components are 
superposed upon the temperature-independent resis- 
tivity of the single cobalt ion scattering, which consti- 
tutes the major component of the resistance at low 
temperatures. 

The recent measurements of the specific heats of 
dilute copper-manganese alloys by Zimmerman and 
Hoare"! have shown: (1) that below the Néel tempera- 
ture the specific heat of the alloy in excess of that of pure 
copper is independent of manganese concentration; (2) 
that this excess is a linear function of temperature; (3) 
that the Néel temperature is a linear function of the 
manganese concentration; and (4) that the excess en- 
tropy indicates a spin of about 2 for the manganese ions. 
The first three of these are accounted for in semi-quan- 
tative fashion by the electron spin-density wave order- 
ing proposed by Overhauser.” A more qualitative ex- 
planation has been suggested by Marshall" in terms of 
the well-known Yoside interaction. The measurements 
presented in this paper were undertaken to provide 
both a comparison to the Cu-Mn data in a case lacking 
the antiferromagnetic ordering and further information 
about the interactions causing the anomalies in resis- 
tivity and susceptibility. 


J. E. Zimmerman and F. E. Hoare, J. Phys. Chem. Solids 
17, 52 (1960). 
12, 4. W. Overhauser, Phys. Rev. Letters 3, 414 (1959); and J. 


Phys. Chem. Solids 13, 71 (1959). 
18 W. Marshall, Phys. Rev. 118, 1519 (1960). 
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Fic. 1. Vacuum melting furnace for chill casting of samples 
having small mass 


EXPERIMENTAL METHOD 


Samples were prepared from spectroscopically pure 
copper rods and cobalt sponge obtained from Johnson- 
Matthey and Company. To avoid any possible contami- 
nation by iron, the 3-mm diam copper rods were never 
sawed but were broken by hand when necessary. Alloy- 
ing and chill casting were performed in a simple vacuum 
melting furnace shown in Fig. 1. An effective valve was 
made by ultrasonically drilling a }-in. hole in the bottom 
of the recrystallized alumina crucible and covering the 
hole with the 3-in. alumina rod held in place by the O 
ring seal at the top of the Vycor melting tube. After the 
induction heating of the sample was complete, the rf 
furnace was stopped and the valve was opened by lifting 
the rod up out of the crucible. The surface tension of the 
molten alloys was found to be great enough that a 
tight fit of the rod over the hole was not necessary, for 
with the small samples used the molten copper would 
not even flow through a }-in. hole unless the walls of 
the hole had first been coated with oxide. Therefore 
the crucibles were cleaned in nitric acid before each melt. 

Samples were alloyed in 60-g sizes and chill cast in 
the copper mold into samples #5 in. in diameter and 
about 14 in. long. These were vacuum annealed at 
1000°C for 24 hr and then fast quenched in a water 
bath. Finally they were machined into samples } in. in 
diameter and 1 in. long, weighing about 28 g. The 
magnetic studies on copper-cobalt alloys by Schmitt 
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and Jacobs® and by Becker" establish that these alloying 
procedures are more than sufficient to prevent the for- 
mation of cobalt atom clusters up to a concentration of 
2% cobalt, beyond which there are no data. As a further 
test, the 2} and 23% concentration samples were ex- 
amined microscopically and showed no signs of cobalt 
precipitation. 

The calorimeter, shown in Fig. 2, employed a me- 
chanical thermal switch to make contact between the 
sample and bath. The switching mechanism was simply 
a }-in. Monel tube actuated by a thumb screw, with a 
bellows to provide a vacuum seal. The tube was ther- 
mally shunted along its length and at the bottom as 
shown. The lower end of the tube was terminated with a 
Micarta rod 3 in. in diameter and 1 in. long. Three wires 
of Brown and Sharpe No. 36 manganin wire were 
clamped equidistantly about the circumference of this 
rod by a strap of 0.005-in. copper shim held by a screw 
and nut in the manner of a hose clamp. The wires ex- 
tended beyond the lower end of the Micarta rod and were 
attached at their lower ends to another clamp of copper 
shim by threading them through small holes in the shim 
and knotting. The sample was then clamped in this de- 
vice and thereby suspended coaxially about ;'5 in. 
below the end of the Micarta rod. The clamping screw 
also served to attach a heater-carbon resistance ther- 
mometer assembly of the type described by Zimmer- 
man and Hoare." With the sample thus suspended, ther- 
mal switching was achieved by lowering the sample to 
press against the innermost shielding can. The Micarta 
rod, with which the upper end of the sample made con- 
tact when the switch was closed, assured that thermal 
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Fic. 2. Thermal switch calorimeter. 


Vagnetism 


Phys. 29, 


Becker, Report of AJ.E.E. ¢ 


1957, p. 288 LSuppl. J 


onference on 


Appl 


al P J 
and Magnetic Materials 
317 (1958) ] 





SPECIFIC HEATS OF 
contact was only effective at the bottom of the sample 
and prevented any possible heat leaks through the 
switching rod. Thermal contact with the shielding can 
was optimized by depositing a film of indium solder on 
the bottom of the can, thus assuring a broad area of con- 
tact for the sample because of the high conformability 
of the soft indium. 

The thermometer was calibrated by taking between 
20 and 25 simultaneous measurements of resistance and 
helium vapor pressure at points approximately equally 
spaced in temperature from 4.4° to 1.4°K. A least- 
squares fit was made to the equation 


(logR/T)'=A+B logR+C (logR)’, 


where R is the resistance and T the absolute tempera- 
ture. Maximum deviations from this function of about 
3 mdeg were obtained. 

Specific heat measurements were made in the usual 
manner, with a series of temperature readings being 
taken at equal time intervals (usually a half-minute, 
but sometimes longer) to determine drift rate followed 
by a metered heat input, and then another drift rate 
determination. The small drift rates of the thermal 
switch calorimeter allowed measurements to be taken 
with heat inputs that caused changes of 2% of the ab- 
solute temperature of the sample. At the higher tempera- 
ture, fluctuations in the potentiometer became equal 
to and greater than the drift rate, and careful drift 
rate determinations had to be made so that this effect 
would average from the data. 
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Fic. 3. Specific heats of dilute Cu-Co alloys. 
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Fic. 4. Temperature of initiation of low-temperature 
anomaly vs temperature 


The specific heat of the heater-thermometer assembly 
and sample support was determined by measurements 
of the specific heats of three samples of spectroscopically 
pure copper varying in mass from 15 to 30 g. This also 
served to measure the accuracy of the thermometer 
calibration obtained using the thermal switch and 
calorimeter. The results agreed with the determination 
of the specific heat of pure copper by Corak ef al.'® to 
within 4% and had a root-mean-square deviation of 
0.6% over measurements made on each 
sample. 
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RESULTS 


Measurements were made on samples having concen- 
trations of roughly 4, 3, 1, 13, 13, 13, 2}, and 2} weight 
percent of cobalt in copper. This spans the range of 
alloys able to be made with real assurance that segrega- 
tion of the cobalt ions does not occur to some extent. 
The results are shown on a graph of C/T vs T? in Fig. 3 
together with the data of the specific heat of pure copper. 

Several trends are apparent in these measurements. 
The first is that the position of the strong upswing in 
specific heat at the low-temperature end of the curves 
moves upward in temperature with an increase in the 
cobalt-ion concentration. Because none of the meas- 
urements reveal the full extent of this anomaly, the 
variation of its onset temperature with concentration 
has been estimated from the positions of the minima in 
the specific heat curves. The result is plotted in Fig. 4, 
which shows that the temperature at which this anomaly 
occurs is a linear function of cobalt concentration. 

A second observation is that the specific heat curves 
are all parallel to that of pure copper on the C/T vs 
T? plot at temperatures above the large low-temperature 
anomaly. Therefore the specific heat excess is linear in 
temperature in this range. 

Finally, the excess specific heat in the linear region 
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Fic. 5. C,/T excess vs the square of cobalt concentration. 

is a quadratic function of the concentration of the cobalt 
ions as shown by Fig. 5. The measurements for the two 
highest concentrations are probably not correct because 
the linear region does not begin within the temperature 
range invesitgated. However, the fact that these higher 
concentration alloys (>2%) do not produce a great 
enough specific heat excess below the linear region indi- 
cates that they will be even more deficient when finally 
in that region. Therefore the quadratic dependence 
upon concentration must not hold above 2%. 

It is interesting to compare these results with those 
of Zimmerman and Hoare on copper-manganese alloys 
to see if there might be some similarity in the inter- 
actions causing the two specific heat anomalies. The 2} 
and 23% concentration samples do not have as steep a 
rise in C/T as do the lower concentration samples at the 
lower temperatures, and therefore might be exhibiting 
the beginning of a Cu-Mn ordering in which the specific 
heats are linear in temperature and constant in concen- 
tration below the transition temperature. However, it 
is not typical of this type of ordering to maintain the 
large differences in specific heat above the transition 
temperature as occurs in Cu-Co. Finally, the concentra- 
tion dependence of the transition temperature as shown 
in Fig. 4 is only 1.5°K/wt.%, which is more than an 
order of magntiude less than the 26°K/wt.%, found in 
the Cu-Mn alloys. Therefore the interactions in Cu-Co 
and Cu-Mn must be quite different in character. 

The information which these data provide concerning 
the theories of Overhauser’ and Marshall" is hard to 
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evaluate. However, if the local field probability dis- 
tribution described by Marshall is generally applicable 
to dilute alloys of paramagnetic ions in high-conduc- 
tivity metals, then Cu-Co and Cu-Mn should have 
similar specific heats. On the other hand, if the Over- 
hauser theory is correct in maintaining that the anti- 
ferromagnetic ordering in Cu-Mn is necessary to produce 
the specific heat anomaly, the Cu-Co and Cu-Mn 
should have different types of specific heat anomalies, 
as has been found. 

Assuming spin 3, a calculation of entropy in the 1.5° 
to 4.5°K temperature range shows that the linear part 
of the specific heat accounts for an ordering of less than 
4% of the available cobalt spins for any of the samples 
measured. If these moments are to be completely ordered 
at 0°K, considerable entropy must lie above and below 
the range measured. The curvature of the inverse sus- 
ceptibility below 50°K indicates that some part of the 
specific heat anomaly must exist throughout the range 
below that temperature. The resistivity minimum also 
lies at temperatures above 20°K (and probably below 
50°K),? which would seem to corroborate a relatively 
high temperature for the termination of the low-tem- 
perature specific heat anomaly, even though it is difficult 
to specifically associate this anomaly with the establish- 
ment of the ferromagnetic ion pair coupling. 

On the other hand, the magneto-resistance data 
show a non-concentration-dependent linear relationship 
between the change in resistivity and the square of the 
magnetization per gram. This indicates that the para- 


’ 


magnetic ions are not yet strongly coupled and are still 
able to freely align themselves in a small applied mag- 
netic field for temperatures above 1.2°K. Calculations" 
of the magnitude of the reduction in resistance as a 
function of magnetization would seem to confirm that 
the majority of the ions exist in isolation rather than in 
magnetically coupled clusters above 1.2°K. Therefore 
the majority of the internal spin alignment must occur 
below 1.2°K, and so the specific heat must also have a 
very large anomaly below that temperature. 
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The dielectric constant of BaTiO; single crystals in the region above the 120°C Curie point has been 
measured at several frequencies in the range from 1 kc/sec to 2000 Mc/sec. In addition, the B coefficient 
in Devonshire’s equation for the free energy has been studied at 500 Mc/sec. It is shown that the crystal 
is completely clamped with respect to the measuring field at 500 Mc/sec so that the coefficient of the P* 
term in Devonshire’s equation is positive and agrees with the expected theoretical result of Br© =2.23X10-" 


cgs unit. 


INTRODUCTION 


REVIOUS studies of BaTiO; at low frequencies 

have described the variation of the dielectric 
constant e’ as a function of temperature.’ At the 
ferroelectric Curie temperature of 120°C, a discon- 
tinuous transition takes plece between the ferroelectric 
and the paraelectric state. Above this temperature 7.., 
the crystal is in the paraelectric state and the dielectric 
constant follows a Curie-Weiss law ¢’=42/[2A(T 
—T>) ). A property of the material, one that makes it 
attractive in numerous applications, is the variation of 
the dielectric constant under the influence of an electric 
biasing field. 

Devonshire? developed a phenomenological theory by 
which he explained the ferroelectric behavior of BaTiOs. 
He started by expanding the free energy of a stress-free 
crystal and obtained an equation which in the region 
above the 5° C transition point reduces to 


F(P;T)=F(0,T)+A(T-T) P+ BP+CP%, (1) 


where A, B, and C are constants, P is the polarization 
along the tetragonal axis, 7 is the temperature, and 
F (0,7) is the free energy at zero polarization. 

Various observers have reported on low frequency 
measurements of the dielectric properties of BaTiO; 
single crystals. Merz,’ and Drougard, Landauer and 
Young* have reported experimental values for the A, 
B, and C constants in (1). Results at 10 kc/sec show 
that e’ reaches a peak value as high as 15 000 at the 
Curie point.§ 

Recently, measurements of ¢’ in the paraelectric 
region have been extended to X and K band fre- 
quencies®’? and yield results similar to those at 10 kc/sec. 
There has not been, however, any measurements of the 
B coefficient in (1) at frequencies above 10 kc/sec. 
We will present in this paper measurements of the 


1W. Kanzig, Advances in Solid State Physics (Academic Press, 
c., New York, 1957), Vol. 4, pp. 1-197. 
2 A. F. Devonshire, Phil. Mag. 3, 10, 85-130S (1954). 
3W. J. Merz, Phys. Rev. 91, 513 (1953). 
4M. E. Drougard, R. Landauer, and D. R. Young, Phys. Rev 
, 1010 (1955). 
M. E. Drougard and D. R. Young, Phys. Rev. 95, 1152 (1954). 
‘T.S. Benedict and J. L. Durand, Phys. Rev. 109, 1091 (1958) 
\. Lurio and E. Stern, J. Appl. Phys. 31, 1805 (1960). 


dielectric constant of BaTiO; in the region from 
1 kc/sec to 2000 Mc/sec, and a measurement of the B 
coefficient at 500 Mc/sec and at 1 kc/sec. 


THEORETICAL BACKGROUND 


We follow a treatment analogous to that of Devon- 
shire and define a Gibbs function G, where 


G=F—EP, (2) 


which describes the energy of BaTiO; over its entire 
temperature range. In this equation, F is the Helmholtz 
free energy, E is the externally applied electric field, 
and P is the polarization of the crystal. Since we are 
looking for the stable states of the material, G must be 
a minimum, so that at a constant temperature, 


(0G/0P)7r=0= (OF /0P)—E, (3) 
and 
(0°G OP*), o°F oP?>0, (4) 
In order to obtain the dielectric constant of the 
crystal, we make use of the relation 


dE/dP=49r/(e'—1)~ (4n/€’), (5) 


where ¢’ is the relative dielectric constant. Below the 
Curie temperature JT, where the crystal has a spon- 
taneous polarization, we have from (5), (3), and (1) 


(4r/e’)=2A (T—T))+12BP?+30CP', (6) 
whereas above JT. where P=0 
(4m /€9’)=2A(T—To). (7) 


€)’ is the dielectric constant at zero polarization. 
Actually, the transition to the ferroelectric state is 
found to occur above the temperature To, namely at 
T. the Curie temperature, where P changes discon- 
tinuously to zero. Therefore, the dielectric constant is 
finite though discontinuous at the Curie point. 

Equation (7) shows that ¢€’ follows a Curie-Weiss 
law above 7'.. From it, the A constant in (1) can be 
determined. 

The electric biasing fields used in this experiment 
were chosen of such a magnitude as to make the CP! 
term in (6) negligible compared to the BP? term. Thus, 


4a /e'=2A (T—To)+12BP*. (8) 
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Fic. 1. Schematic drawing of dielectrometer cell. 

In this equation the polarization P is due to the 
externally applied field since above T, the spontaneous 
polarization is zero. If we introduce (7) into the above 
equation, we get 


(4x/€’) — (4r/ eo’) =12BP?. (9) 
We can now combine Eqs. (1), (3), and (7) to obtain 


E= (4eP/e:')+4BP*, (10) 


and with Eq. (9) this may be written as 


B= (16% 


27E*)[ (1/e’)— (1/€0") JL(2/ 0’) + (1/e’) P, (11) 
enabling one to determine B from the experimental data. 

The meaning of B as obtained above is unambiguous 
if we are dealing with a crystal entirely free of stresses. 
BaTiO;, however, is electrostrictive in the paraelectric 
region, and undergoes dimensional changes upon the 
application of polarizing fields. It has been suggested? 
that at frequencies higher than the piezoelectric reso- 
nance, the crystal finds itself completely clamped with 
respect to the measuring field, though it is still free to 
respond to the large and slow variations of the biasing 
field. How BaTiO; single crystals behave when certain 
stresses are present to hinder these electrostrictive 
strains has been treated in detail by Drougard, Land- 
auer, and Young‘ (henceforth referred to as DLY). 

We follow the notation of DLY in which eé’ and the 
B coefficient are more completely identified as €,’” and 
B.”, x referring to the condition of the crystal with 
respect to the biasing voltage and y referring to the 
measuring voltage. Thus for example, Br® refers to a 
crystal clamped with respect to the measuring field 
but free with respect to the biasing voltage. 

DLY start from a more general free energy function, 


F(P,T,x:) = 41142 + 09? + 403?) + C10 ( ate + xox34+ 1541) 
+A(T—To)P?+ Be® P!+ g1143P?+ g12(41 +22) P?, (12) 


where ¢1; and C2 are stiffness coefficients, the x; are 


strains, and gi; and gi. measure the coupling between 
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the crystal strain and the polarization. They then 
proceed to investigate the case of a crystal free from 
the of a crystal completely clamped 
longitudinally, and the case of a crystal still longitudi- 
nally clamped with respect to the measuring voltage 
but free with respect to the biasing field. 

Since the stresses are defined by the relation XY 
= — (0F,/dx,), it follows that (0F;/0x;)=0 for the case 
of a totally free crystal. Hence, the x; are functions of 
P? and from (3) we have 


E=2A(T—To)P+4Bc°P® 


+2¢911:03P+2¢10(a1+x2)P. 


stresses, case 


The free dielectric constant er’” is obtained by differ- 


entiating E with respect to P, so that 
(4m9/er’?)=2A (T—To)+12Bc© P?+ 281143 
+2212(%1+%2) + 2211P (Ax; OP) 


+ 2g12P[ (dx; dP)+ (dx dP) |. (14) 


Since the crystal can strain freely, (dx,/dP)#0 and 


DLY show that 
(dx;/dP)= (2x;/P) 


for a free crystal. (15) 


Hence, 


(4x/er’?)=2A(T—T))+12B°-°P? 


+ Og11x 
and it follows from (8) that 


Br? = Bc©+ (1/2P?)[gixst gie(4it%2) ]. (17) 

In the present work the frequency of the measuring 
voltage has been increased beyond the region of the 
piezoelectric response, thus subjecting the crystal to 
complete clamping with respect to the 
voltage. The crystal may still respond to the slowly 
varying biasing field. Under such conditions, in the 
notation of DLY, d’x,=0, where d’x, are the differential 
strains induced by the measuring field under a strain 
condition x; induced by the biasing field and we obtain 


measuring 


(49/er©)=2A(T—T.)+12Bc° P* 


= 1% 
“Ff il- 


(18) 
and, thus, 

Bprf= Bef+(1 6P?)[ gix T 212\ 41 (19) 
This can be rewritten by use of Eq. (17) so that 
Br® 


Triebwasser has shown* that Bc® 
unit. Hence, from Eq. (17) we see t 
(1/2P?)[gixstg12(414+2%2) | 
which in turn leads to 
Bro = Bp¥ +4.73X 10 


8S. Triebwasser, J. Phys. Chem. Solid 





DIELECTRIC PROPERTIES 
The results of the DLY experiment indicated that 
Br? = —2.5X10~" cgs units at the Curie point. If the 
crystal is indeed clamped by the microwave measuring 
field used in our experiment, we should measure 
Br©=+2.23X 10-* cgs units at the Curie temperature. 
This type of behavior would be characteristic of a 
second-order transition, as predicted by Devonshire. 
Our interest in this experiment was centered on the 
temperature region above the Curie point. This region 
is of more practical interest in that ferroelectric losses 
are not present to hinder high-frequency applications. 


DESCRIPTION OF DIELECTROMETER 

The experimental arrangement described in Fig. 1 is 
similar to that used by Jaynes and Varenhorst.’ The 
measuring cell consisted of a 7-in. 0.d. coaxial line with 
a characteristic impedance Zp» of 50 ohms, which was 
terminated by the BaTiO; sample. The coaxial sample 
holder assembly was enclosed in a cylindrical oven to 
permit measurements in the range from room temper- 
ature to about 180°C. 

The BaTiO; samples were single crystals 1X 10.25 
mm, with evaporated gold electrodes on opposite 
1X0,.25-mm faces. A Teflon cap with an H-shaped slit 
across the face was fitted over the center conductor of 
the coaxial line; the sample was held in the slit. One 
electrode of the crystal made contact with the end of 
the center conductor; the other, with the end of a 
spring-loaded shorting plunger. 

An iron-constantan (type J) thermocouple 7; was 
imbedded in the thin face of the plunger to measure 
the temperature of the sample. The spring behind the 
piston-like short circuit always kept it in contact with 
the crystal. Care had to be taken that the pressure be 
kept relatively constant through the whole temperature 
range to maintain good electrical contact with the 
electrodes. On the other hand, if the pressure were 
excessive, the crystal could easily be damaged. This 
was especially critical at the transition temperature 
where the sample rapidly undergoes large dimensional 
changes. Excessive resistance to these changes would 
cause the sample to shatter. 

Thin-wall (0,010 in.) stainless steel tubing was used 
in the construction of the coaxial line. This was done 
in order to minimize heat losses through the line. An 
additional thermocouple 7, was installed inside the 
center conductor, at the end nearest the sample. The 
thermocouple junctions located on opposite ends of the 
specimen permitted the measurement of temperature 
gradient AT=7,—T7y, across the sample. The temper- 
ature of thermocouple 72 could not be monitored during 
a run, however, since this interfered with the rf prop- 
erties of the coaxial line. A heavy brass slug at the 
sample end of the center conductor and a brass collar 
around the same end of the outer conductor helped in 
maintaining AJ <1°C above the Curie temperature. 

*E. T. Jaynes and V. Varenhorst, Microwave Lab Report No. 
287, Stanford University, Stanford, California (unpublished). 
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The oven was insulated with Pyrex wool. Its temper- 
ature was controlled by varying the voltage on a heater 
winding surrounding the coaxial line. Measurements 
were made as the temperature drifted down at a rate 
of approximately 10°C /hr through the range of interest, 
namely 160°C to 115°C. The temperature was moni- 
tored by reading the thermocouple voltage 7; on a 
Rubicon potentiometer. 


MEASUREMENT PROCEDURE 


Each sample was calibrated at 1 kc/sec by measuring 
its capacitance and tané as a function of temperature. 
These curves provided a reference to which the high- 
frequency data could be compared. For this measure- 
ment, a Beco impedance bridge was connected directly 
to the dielectrometer line. The capacitance and tané 
of the sample could be read off the bridge dials as a 
function of temperature. 

In the vhf region, a Boonton 190-A Q meter was 
used. Here again, both the capacitance and Q of the 
sample could be read directly from meter dials. Above 
40 Mc/sec, however, corrections for line length became 
appreciable and had to be taken into account. From 
transmission line theory, the load admittance VY; of a 
reactive network in terms of its input admittance Yin, 
for a line of length J, is 


VY r= YVo(Vin—jY 0 tanBl)/(Yo— Vin tang), 22) 
where Yo=characteristic admittance of the line=2 
X 10-2 ohm and 6=27/X. For the equivalent circuit 
chosen to represent our sample as discussed in the 
following section, the input admittance of the sample is 
Vin*=G.t+ 


jwC s= wC ol (1/Q2)— (1/01) J 


+ jw(C2—-Ci), (23) 
where C 
Ci, Oi 
Co, Qe 

The first step in the procedure consists of measuring 
Cy and Qo» with the Q-meter terminals open. The line 
is then attached not containing a sample; this yields 
the value Ci, the fringing capacitance of the gap; and 
Q,, the line losses. The crystal is then inserted and C2 


capacitance at the open Q-meter terminals; 
capacitance and Q with empty test line; 
capacitance and Q with sample in test line. 


and Q» are measured as a function of temperature, and 


fre juency. 

At 500 Mc/sec and above, a slotted-line technique 
was used. The shift of the VSW (Voltage Standing 
Wave) minimum and the magnitude of the VSWR 
(Voltage Standing Wave Ratio) o in an HP805-B { in. 
coaxial slotted line are sufficient to determine the 
change in capacitance and tané of the sample. General 
Radio unit oscillators provided rf power up to 2000 
Mc/sec; above 2000 Me a 2K41 klystron was 
used. The detected output voltage from the slotted-line 
probe was read on an HP425-Amicrovolt-ammeter. The 
crystal detector was initially calibrated for voltage vs 
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Fic. 2. Bias and probe wave forms expected theoretically. The 
intercept of the wave forms with the vertical axis occurs at the 
condition of zero bias voltage 


power law and its deviation from square-law behavior 
was accounted for in the evaluation of the data. 

In performing the measurements, a brass replica of 
the sample was first placed into the Teflon holder and 
the position of the first minimum dp of the standing 
wave in the slotted-line was measured. This represents 
a point of infinite capacitance which establishes a 
reference plane at a particular frequency.’ The VSWR 
o was also measured. Similar measurements were made 
on the empty test line to give the fringing capacitance 
and line losses. With the crystal in place, ¢ and the 
variation of the position d of the standing wave mini- 
mum with respect to do, namely d—do, were recorded 
as a function of temperature. 

The impedance of the sample Z, is then found in 
terms of o and d from the relation’ 





(e) 











Fic. 3. Bias and probe wave forms observed experimentally. 
This is a copy of a photograph depicting the biasing voltage 
applied to the BaTiO; crystal and the progressive change in the 
pattern detected on the oscilloscope as the standing wave detector 
probe is moved from d to d’. (a) Biasing voltage +500 v. (b) 
Probe at d [position of VSW minimum without bias]. (c), (d) 
Probe between d and d’. (e) Probe at d’ [position of VSW minimum 
shifted by the bias]. This photograph was taken at a crystal 
temperature of 127°C. 
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Fic. 4. Series model: relative dielectric constant vs temperature 


Z1 -24 (24) 


o(1+7°) on 
oe ’ 


e+T? 


where T= tan[8(d—d,) |. This procedure was repeated 
at a number of frequencies. The frequency was moni- 
tored by (a) measuring the wavelength in the slotted 
line, and (b) comparing the signal with the harmonics 
of a 1-Mc/sec frequency standard. 

In order to measure the B coefficient, a variable high 
voltage square wave generator was designed. It pro- 
vided a 20-60 cps pulsed wave [see Fig. 2(a) ] across 
the sample, of amplitude ranging from 0 to 500 v. Due 
to the change in the dielectric constant with applied 
voltage (a change proportional to the square of the 
voltage) the position of the VSW minimum shifts at a 
rate twice that of the applied voltage (i.e., 40-120 cps) 
with respect to the position of the VSW minimum dp 
at zero voltage ; the direction of the shift is independent 
of the polarity of the applied voltage. The slotted line 
probe voltage for this condition is shown in Fig. 2(b). 
If d’ is the new VSW minimum at the maximum and 
minimum of the applied dc voltage then the expected 
probe voltage waveform is shown in Fig. 2(c). For the 
probe intermediate between these positions, the ex- 
pected probe waveform is shown in Fig. 2(d). The 
output of the probe detector was displayed on a high- 
gain dc oscilloscope. A photograph of the scope patterns 
observed is shown in Fig. 3 as the probe is moved from 
dy to d’. From the photographs one sees that the probe 
voltage is not identical during the positive and negative 
maxima of the biasing voltage ; however, the two probe 
voltage minima occur at the same probe position d’. 
This asymmetry has not been explained. 


RESULTS AND DISCUSSION 


The sample in the dielectrometer line can be repre- 
sented by a two-terminal network composed of lumped 
resistive and reactive components. We have seen that 
the experiment consisted essentially of measuring the 
impedance or admittance of the sample as a function 





DIELECTRIC PROPERTIES 
of temperature, frequency, and biasing voltage. At 
any one frequency, a number of combinations of R and 
X will result in the same value for Zz. The simplest 
equivalent circuits of the sample would be those 
resulting from placing an ideal capacitance C in series 
or in parallel with a resistance R. By comparing the 
frequency response of either circuit with that observed 
in the dielectric, one can choose the appropriate 
equivalent representation. 

The impedance of the test line may be described by a 
parallel RC circuit for which the input admittance 


P 


+ jul ris of 


F wCin 
Yi,°= Gin? + joC in? = 


=wCin? tani+ jwCin?. (25) 


This parallel RC network is easily related to the series 
RC network if we use the fact that the real and imagi- 
nary parts of the series and parallel admittances are 
respectively equal. For the series RC circuit the input 
impedance 


Lig” (26) 


It then follows that 
tandb=wl sks. 
Rs= {tané/Cp[ (tand)?+1]} 


Ri,°— Gj wl i) 8 


and 


{Cs=Cp[(tand)*+1 }}. (29) 


It is seen that in the limit where tané is small (in our 
case, at low frequencies or high temperatures), Cp=Cs. 
Below 50 Mc/sec, where the length of line / is short 
compared to a wavelength, the crystal capacitance C's 
is easily derived from instrument dial readings. The 
loss tangent, as derived in the Appendix, is given by 


=[Co/ (Ci—C2) JL(1/Q2) — (1/01) J. 


With our experimental arrangement, at frequencies 
above 50 Mc/sec, line length corrections had to be 
applied to the admittances as obtained from the Q- 
meter readings. If Y=G+ jB is the admittance for 


tands (30) 
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lic. 5. Parallel model: relative dielectric constant vs temperature. 
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lic. 6. Loss tangent vs temperature 


Q-meter readings C and Q and the primed quantities 
refer to the transformed admittances, then it follows 
that 

Cs=[(Bo— Bo)’— (Bi— Bo)’ //a, (31) 


and 


[ (G2—Gy)'— (Gi—Go)"] 
[(B2—Bo)’— (Bi— Bo)’. 


tands 


In view of the well-known difficulties in obtaining 
low Ohmic resistance between the crystal face and an 
evaporated electrode of silver or gold, we were prompted 
to choose a series circuit to represent the sample 
terminating the coaxial line. Examination of the high- 
frequency data supported this assumption (see Figs. 5 
and 7). When interpreting the slotted line measurements 
from 500-2500 Mc/sec, we use the relation 


Zin— jZo tanB(d—do) 


Z.=Z5 - 
Zo— jZin tanB(d—do) 


R+jX (32) 
and the definition 


0 (Zo/Zin) (33) 


to arrive at Eq. (24) above. Hence the loss tangent of 
the sample is given by 
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lic. 7. Curie-Weiss law behavior 
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Fic. 8. Rs (series model resistance) vs temperature. 
1+T? 
~— for large o, 
X T(oc?—1 a1 
and since X = — (1/aCs), 


1 o+T 1 o+T- 
Cs= ~ : (35) 


“Zuo T(e2—1) Zuo Tot 


R o(i+T- 


tand= — 


The dielectric constant comes out of Eqs. (31) and 
(35) by assuming the sample to be a parallel plane 
capacitor, for which 


(36) 


e = (t/Ae)C, 


W here 
: 
electrodes in 


length of sample in meters, A=area of 
(meters)*, €9-=8.854X10-" farad/meter, 
and C=capacitance of sample as computed from Eqs. 
(31) and (35). Equation (36) gives correct results up 
to approximately 1000 Mc/sec. At 2000 Mc/sec, as 
large as a 15% error is introduced by the field curvature 
effect (the variation of the electric field along the thin 
dimension of the crystal). This effect was treated in 
detail by Jaynes.’ It causes the measured dielectric 
constant to appear higher than its actual value.'? 

An IBM 650 computer was used to reduce the data. 
The results which are plotted in Figs. 4-7 were obtained 
from the same crystal and are representative of the 


Fic. 9. Circuit representing 
sample. 


Note added in proof. In a this apparent increase in « 
may be associated with the approach toward a cavity resonance 


in the BaTiO; crystal. 
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TABLE I. Experimental values of the peak dielectric constant 
e’, A in Devonshire’s free-energy equation, and 7) in the Curie- 
Weiss law e’=[29r/A(T—T>) ] as functions of frequency 


Frequency Peak ’ 


1 kc/sec 10 000 3.29 10 
20 Mc/sec 10 000 3.2710 
80 Mc/sec 10 000 2.7 X10 

500 Mc/sec 10 500 3.6 10 

1000 Mc/sec 10 200 4.34 10 

2000 Mc/sec 13 500 3.71K10 


results obtained from a number of crystals, five of 
which yielded data over the entire frequency range 
without shattering. The data taken below the Curie 
temperature are also presented in the figures but are 
not discussed since the crystals are probably multi- 
domain in that region. Figure 4 shows €9’ vs temper- 
ature at a number of frequencies for the series model 
equivalent circuit (see Fig. 9). Most of the apparent 
increase in the dielectric constant at 2000 Mc/sec can 
be accounted for by the field curvature effect mentioned 
above ; the remainder is probably due to the uncertainty 
in locating the position of the standing wave minimum." 
This uncertainty becomes more important as the 
measuring frequency increases, since the total shift in 
the position of the minimum decreases with increasing 
frequency. Table I contains a summary of the constants 
in the Curie-Weiss law for the series model obtained 
from the curves in Fig. 7. In Fig. 8 is plotted the 
resistance R, which in the paraelectric region is observed 
to stay remarkably constant temperature at 
frequencies above 500 Mc/sec. This fact and a consider- 
ation of the curves in Figs. 5 and 7 provide the basis for 


with 


choosing the series model for the equivalent circuit. 
The rapidly increasing value of tané as 
frequency (see Fig. 6) is also consistent witl 


a function of 
this 
model. At 1 kc/sec where R, is negligible compared to 
the high reactance of C,, the parallel resistance R 
(see Fig. 9) representing the bulk losses in the sample 
was determined to be on the order of 10° ohms. 

In Fig. 10, the dielectric constant at 500 Mc/sec is 
plotted as a function of temperature for a number of 
values of biasing voltage applied across the sample. 
The crystal used in these measurements is not the same 
as that one used to obtain the curves in Figs. 4-7. It 
is evident from the curves in Fig. 10 that the dielectric 
constant decreases with applied biasing voltage. The 
Br® coefficient (see Fig. 11) derived from these curves 
varies between 2.1 10~" and 3.710 
the temperature range from 120° to 130°C. This is in ex- 
cellent agreement with the theoretically predicted value 
and leads us to believe that at these high frequencies, 
BaTiO; crystals are completely clamped with respect to 


cgs units over 


the measuring field and indeed undergo a second-order 
transition. 

As an additional check, we tested a crystal at 1 kc/sec 
and found that the Br” coefficient was — 2.5 10~" cgs 
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Fic. 10. Relative dielectric constant vs temperature 
for a number of different biasing voltage. 


units near the Curie point, which is indicative of the 
unclamped condition. 


CONCLUSIONS 


We have measured the frequency dependence of the 
complex dielectric constant of BaTiO ; single crystals 
with special emphasis on the behavior in the para- 
electric region. The measurements at 1 kc/sec are in 
agreement with previous results. At frequencies above 
500 Mc/sec the losses observed are consistent with a 
series equivalent circuit to represent our electroded 
BaTiO; crystals. In keeping with tradition, it is believed 
that the origin of this series resistance is at the surfaces. 
We find in using this model that there is no relaxation 
of ¢)’ in the frequency range under study. 

The effect of an electric biasing field on the dielectric 
constant at 500 Mc/sec was also investigated. It is 
established that the Br coefficient at 500 Mc/sec is 
positive indicating that the crystal is clamped by the 
microwave field. The experimental results are in 
excellent agreement with Devonshires phenomeno- 
logical equation for BaTiO;.?:*5 
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APPENDIX 
Derivation of Expression for tand of Sample 


The loss tangent of the sample is defined by the 
relation 
tands= (1/0s)= (Gs/wCs). 
Let the Q-meter dial readings be: Co, Qo for Q-meter 
terminals open; Ci, Q; for empty test line connected to 
terminal; C2, Q2 for test line plus sample connected to 
terminal. It should be noted that since the measuring 
frequency is held constant: 
CitCiine=Co and CotChinetCs=Co. 
Then we have 
C; —(Co, 
and 
Oo=[wCo 


ve LL 


(Got+G.t+Gs) |, 
so that 
Gs (wl Q2)— (G +-G)) = (aw " Q2)- (wl —:), 


tands=[Co/(Ci—C2) JL(1/Q2) — (1/01) J. 
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The magnetic susceptibility and the electrical resistivity of the intermetallic compound MnSnz are found 
to decrease precipitously as the temperature is lowered through 73°K. Both these abrupt changes exhibit 
a small temperature hysteresis and are highly suggestive of a first-order transition. From 73°K down to 
4.2°K, the susceptibility is essentially constant; above 73°K, the susceptibility rises slowly to a maximum 

at 86°K) and then decreases in a manner consistent with the Curie-Weiss relation. It is tentatively con 
cluded that the abrupt transition at 73°K involves only a partial disordering of an antiferromagnetic state 


N the course of studying the magnetic properties of 

the Mn-Sn system, we have discovered that the 
intermetallic compound MnSn, undergoes an unusually 
rapid transition at about 73°K. At this temperature, 
we observe a large, abrupt change in both its magnetic 
susceptibility and its electrical resistivity. 

An ingot of this material was prepared by induction 
melting of electrolytic manganese and tin in an argon 
From this fairly brittle ingot, whose 
chemical analysis gave 68.5 at. % Sn, we were able to 
machine out a small cylindrical specimen for our 
magnetic measurements anda short ribbon for our 
electrical-resistivity experiments. Both these poly- 
crystalline specimens were annealed for 4 days at 490°C, 
then furnace-cooled to room temperature. X-ray diffrac- 
tion study of filings given the same heat treatment 
revealed a strong MnSn; pattern with some very weak 
lines attributable to 6-Sn. The lattice parameters 
obtained for MnSn, (a=6.66 A, c=5.43 A) agree very 
closely with those previously reported for this ordered 
tetragonal (C16) structure.! The magnetization was 
measured in an apparatus described elsewhere? in 
various fields up to 10 koe at many different tempera- 
tures between 4.2° and 300°K. Measurements of 
resistivity, by standard potentiometric techniques, were 
carried out over the same temperature range. 

Our magnetic measurements indicated the residual 
presence of a ferromagnetic ingredient in our specimen, 
which saturated in fields greater than 4 koe and had a 
Curie temperature of about 270°K. From subsequent 
work on other Mn-Sn alloys, we can identify this ferro- 
magnetic ingredient as approximately 0.2% (by 
volume) of the ordered alloy Mn2Sn. However, the 
dominant component of the magnetization of our speci- 
men increased linearly with field and was easily ex- 
tracted from the data. The volume susceptibilities x,, 
thus obtained for MnSno, are plotted vs temperature 
in Fig. 1. It is evident that as the temperature is raised 
from 4.2°K, the susceptibility remains essentially con- 
stant until, at about 73°K, it suddenly increases over 
twofold. It then continues to increase, but less rapidly, 
at about 86°K. Above this 


atmosphere. 


and reaches a maximum 


1H. Nowotny and K. Schubert, Z. Metallk. 37, 17 (1946). 
2J. S. Kouvel, C. D. Graham, and J. J. Becker, J. Appl. Phys. 
29, 518 (1958). 


latter temperature, where X, is gradually decreasing, 
values for the reciprocal of X, are also plotted in Fig. 1. 
A straight line, shown dotted in the figure, fits all the 
X,! vs T points very well, except those around 270°K 
(whose deviation may be due to the increased suscepti- 
bility of the small amount of Mn.Sn at its Curie point). 
Thus, above its susceptibility maximum, the MnSn. 
exhibits a classical paramagnetic behavior with a small, 
if not zero, paramagnetic Curie temperature. From the 
slope of the X,-' vs T curve, we calculate a value of 
4.53 we for the effective paramagnetic moment 
{gual S(S+1)]}!} per Mn atom. Assuming g=2, we 
convert this to a gugS value of 3.64 us, which is quite 
reasonable for the atomic moment of Mn. 

For a more detailed study of the abrupt change in 
susceptibility, we immersed the MnSnz specimen in a 
liquid-nitrogen bath whose pressure was slowly reduced 
and then slowly brought back to atmospheric. The 
results of quasistatic susceptibility measurements made 
during this temperature cycle between 77° and 68°K 
are shown in Fig. 2. Even though the temperature scale 
in this figure is considerably expanded, the large change 
in X, at about 73°K still appears almost discontinuous. 
Moreover, there is a temperature hysteresis of about 


T™ 


closed circles) 


Fic. 1. Volume susceptibility of MnSne 
and its reciprocal (open circles) vs temperature 
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“. 7 «7 
TK) 

2. Volume susceptibility of MnSnz2 for decreasing and in 
creasing temperature (closed and open circles, respectively). 
(0.7°K in this susceptibility change, which is not inherent 
in our apparatus and must therefore be attributed to 
MnSn2. Both the abruptness of this susceptibility 
change and its temperature hysteresis are highly 
suggestive of a first-order transition. Such a transition 
would be accompanied by a latent heat and a discon- 
tinuous variation of the atomic spacings, but measure- 

ments of these effects have not yet been made. 

The electrical resistivities of our MnSn, ribbon speci- 
men are plotted vs temperature in Fig. 3, and it is clear 
that the resistivity, also, changes abruptly at about 
73°K. Although it is not indicated in the figure, this 


resistivity anomal* was found to have a temperature 


magnitude to that observed in the 
susceptibility. The sharp decrease in resistivity when 
the temperature is lowered below 73°K appears to 
signify a sudden development of magnetic order. Hence, 
the corresponding drop in susceptibility at 73°K, as well 
as its constant value at lower temperatures, may be 
taken as more specific evidence that MnSnz is in an 
ordered antiferromagnetic state in this low-temperature 
range. However, the susceptibility maximum at 86°K, 
seen in Fig. 1, would suggest that the antiferromagnetic 
order in this material is not completely destroyed by the 
abrupt transition at 73°K. The persistence of tempera- 
ture hysteresis in the susceptibility well above 73°K, as 
shown in Fig. 2, may be another indication of some 


hysteresis similar ; 


TRANSIT 


ION IN MnSnze 


Fig. 3. Electrical resistivity of MnSn2 vs temperature 
residual magnetic order between the temperatures of 
the abrupt transition and the susceptibility maximum. 

The possibility inferred from our results that MnSn2 
is an antiferromagnet at low temperatures contradicts 
Guillaud’s report of ferromagnetism for alloys of approx- 
imately this composition,’ but the specimens of this 
earlier work probably contained some ferromagnetic 
Mn.Sn, as our experience with these materials would 
indicate. It should be that FeSn2, which is 
isomorphous with MnSng, was recently reported‘ to be 
an antiferromagnet with a Néel temperature (suscepti- 
bility maximum) of about 380°K. However, there is no 
evidence from these susceptibility measurements above 
room temperature, or from our own recent measure- 
ments of resistivity down to 4.2°K, that FeSny under- 
goes an abrupt transition of the kind we have en- 
countered in MnSne. The determination of the spin 
configurations in MnSnz and FeSng by neutron diffrac- 
tion is being attempted at present. 


noted 


3C. Guillaud, 
published) 

4K. Kanematsu, K. Yasukochi 
Japan 15, 2358 (1960). 


thesis, University of Strasbourg, 1943 (un- 
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The magnetic-shielding constant of a nucleus by free electrons is evaluated by obtaining the classical 
partition function for a system of free electrons in a uniform magnetic field perturbed by the field of a 
nuclear magnet. Both diamagnetic and paramagnetic terms are included in the Hamiltonian. For a highly 
degenerate gas, the shielding constant has oscillatory terms similar to those in the magnetic susceptibility of 
a free-electron gas. The possibility of observing these terms is discussed. 


1. INTRODUCTION 
ego the usual paramagnetic Knight shift! of 


the magnetic-resonance frequency of a nucleus in 
a metal, it was pointed out recently” that there may also 
be an appreciable diamagnetic shift in the opposite 
direction. Das and Sondheimer calculated the first 
field-independent term in the diamagnetic-shielding 
constant for free electrons and conjectured that oscil- 
latory terms, similar to those found in the magnetic 
susceptibility, should exist. In this paper, it is shown 
that such oscillatory terms in the shielding constant 
may arise out of the paramagnetic and diamagnetic 
terms in the Hamiltonian. The paramagnetic oscillatory 
terms are merely a consequence of the fact that the 
density of states is an oscillatory function and are 
generally smaller than the corresponding diamagnetic 
terms. 

The method employed here to evaluate the shielding 
constant is to expand the classical partition function 
of the electron gas in a magnetic field in terms of the 
perturbation due to the nuclear moment. Only the 
term linear in the perturbation is required. This ex- 
pansion is most conveniently done using a Green’s 
function and thus avoids the use of any basis set of 
functions. The Fermi-Dirac phenomena are derived 
from the analytical properties of the classical partition 
function. For an electron gas in a magnetic field, the 
classical partition function has poles along the imaginary 
axis and a branch point at the origin. In the case con- 
sidered here, the poles are replaced by branch points. 
The branch point at the origin gives rise to the steady 
terms and the branch points along the imaginary axis 
to oscillatory terms in the shielding constant. In view 
of the interest of a number of groups in observing this 
phenomenon, it was decided to publish this work. 


2. THEORY 


To expand the partition function of a system in powers 
of a perturbation, we will use the standard Green’s- 
function method.’ The propagator ¥(m, re, yi—‘2) is 


* Present address 
1C. H. Townes, C 
852 (1950 
2T. P. Das and E. H 
3A. J. I 


Mathematics Institute, Oxford, England 
Herring, and W. D. Knight, Phys. Rev. 77, 
Sondheimer, Phil 


Siegert, J. Chem. Phys. 20, 572 


Mag. 5, 529 (1960) 


1952) 


defined by 


/ 


V(r, fo, Y¥i— ¥2) =0(¥1— Y2) 8 Wi" (fe) 


Xexp[—(yi—y2)K Wil), (1) 


where n(y1—Y2) = 1 if y1>~y2 and is zero otherwise. 5 is 
; 


the complete Hamiltonian of the system and y,(r) are 
some complete set of states. The partition function Z(y) 


is given by 
Z(y) fo W(r,r,7 


where y=1/kT. The satisfies 


equation 


0 


propagator 


+3 (1) 
oy 


W (rj, fo, ¥1—Y2) 


The Hamiltonian 5 is taken to consist of two parts 
H=HotH’, (4) 
and x’ is treated as a perturbation. The Green’s func- 
tion for Eq. (3), G(m, tm, yi1—v2), is defined as the 
solution of the equation 
fe] 
—+3Ho(r1) 
dy1 


G(r), f2, Yi-— Y2) 


6(r,;—r b(y1 =a 


Then it is easy to verify that the solution of (3) is 


V(r, f2, ¥i—¥2) = G(n1, fe, ¥1— 2) 


= fatstys G(r, 157 Y3) 


X35’ (r3)V (rs, 2, ¥3—Y2). (6) 


The Green’s function with the appropriate boundary 
condition is 
G(r, f2, ¥i— ¥2) =9(¥1—-Y2) Li 
Xexpl 
In the present work, we will only require the term in 


the partition function linear in the applied perturbation. 
From (2) and (6), this is 


Z'(y) — fac favay G(r, r’, Y 


<7" (re 
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The system we consider here is a free-electron gas 
enclosed in a volume V in a uniform magnetic field H 
in the z direction. The gas is perturbed by a nuclear 
magnetic moment uy also in the z direction located in it. 
By fixing the nuclear magnet along the direction of the 
field H, terms leading to relaxation of the nucleus are 
neglected. The Hamiltonian 3Cp of (4) is that for an 
electron in a magnetic field H, i.e., 


hy? 0 
— V?—ipo*H (« 


2m* oy 


el? 
+ (2+?) +2uo.HS, (9) 
8m*? 
and 3’ is the perturbation due to the moment uy. 
Separating diamagnetic and paramagnetic terms, 3’ is 
the sum of the two terms 3Cq and 3p. 


0 0 
Ha(r)= —2ipo*unr | x—— y ) 
oy Ox 


CHyn (P+y¥ 
a ( ). (10) 
2m*¢? r 


KHp=H,(r)S,= (1607/3) pyomyd(r)S, 


+2y LN (322—r? 'r®)S.. (11) 
The effective mass of the electron is denoted by m*, and 
Mo is the Bohr magneton (e#/2mc). 

It is convenient before using (8) to integrate over 
spin variables and then the coordinate propagator (1) 
is given by (y>0) 


WV (r1,82,7y) 
} exp(—polly) i ¥.* (12) 
Xexp{ — yLHo+35 p(t) +5a(1) Jy. (1) 
+3 exp(uoHy) >: vi" (re) 


X exp{ — yLHo— 35C (41) +5Ca(r1) Jy). (12) 


Applying (8) to each term of (12) treating Hat}, asa 
perturbation, the required terms in the partition func- 
tion are (again separating diamagnetic and paramag- 
netic contributions) 


1 
—*¥ cosh (willy) f ds f dir’ 


G(r, r’, y(1—s))Ra(r’)G(r',r,75), 


1 
= Ay sinh uully) f ds f arde 


G(r, r’, y(1—s))5C,(2’)G(r',r,y5). 


Zaly) 


(13) 


(14) 


We only need consider these terms, which are linear in 
un, to obtain the shielding constant of the nucleus. The 
Green’s function in (13) and (14) is that for a spinless 
electron in a uniform magnetic field and is known from 


NUCLEUS 


BY FREE ELECTRONS 


the work of Sondheimer and Wilson.‘ Thus, 


( m* ) uo Hy 
G(r,r’,y) 
2ah?/7 sinh(uo*Hy) 


* 


rom 
Xexp} — { 2iwo* Hy (xy’ — yx’ 
20 


2h 


+p *Hy coth(zu *Hy )[ ¢ r— x") 


Substitution of (10), (11), and (15) in (13) and, (14) 
followed by a number of integrations gives the results 


3 


Srpopn f m* \3 sinh (oly) 
a ( ) u *H]y : 
3 2rh? sinh (yo*Hy) 


* ; 


m i 
Zaly)=—S87p *us( ) (uo*H : 
2rh* sinh (uo* Hy) 


xf ds s(1—s){(A—1 i. 4-4(4 —1)73 


XIn[.A*+(A—1)?]}. 


Zy(y) (16) 


Y } cosh (uolly ) 


(17) 


It should be noted that, in obtaining (16), the second 
term of (11) vanishes indentically and the remaining 
integration is trivial. The integration of (13) is dis- 
cussed in the Appendix. In (17) 


po*Hys(1—s) sinh(po*Hy) 
(18) 


sinh (uo*Hys) sinh[o*Hy(1—s) | 


For Boltzmann statistics, the free energy is given by 
F=—NhkT |In(Z.+Z,+Za), where Zp» is the partition 
function of the free electrons in the magnetic field and 
V is the number of electrons. The nuclear-shielding 
constant is defined by 


= a 
H Ou v7 uN ° 


The differentiation here is with respect to wy rather 
than H because the shielding constant will in general 
depend on H. Equation (17) is easily expanded in 
power of yu. Hy and the shielding constant is given by 


(19) 


3VH) tanh(pueHy), 
(4 75) (p "Hy)*:-- |. 


o p= (8r.Vu (20) 


oa= — (84 Nuo*?y/9V)E1 (21) 


It is interesting to compare these results with what is 
obtained from a Lorentz sphere argument. As pointed 
out by Das and Sondheimer,' when the electron density 
is constant, the field at a nucleus contributed by elec- 


4 FE. H. Sondheimer and A. H. Wilson, Proc. Roy. So« 
A210, 173 (1951) 
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trons within a Lorentz sphere is just 


(Xx + 


(8x/3 p Xa), (22) 


where X, and Xq4 are the paramagnetic and diamagnetic 
susceptibility, respectively. For a free-electron gas,‘ 


VH) tanh (uoHy), 
Xa= — (Nyuo*/VH) (coth(uo*Hy)—1/po*Hy). 


X= | Vu (23) 


(24) 


Thus, o,= (84/3)X, but the relation (22) is true only 
for the first terms of (21) and (24). The first term of 
(21) was obtained by Das and Sondheimer. 


3. FERMI-DIRAC STATISTICS 


In order to obtain the free energy for Fermi-Dirac 
statistics, we will use the same method as that used by 
Sondheimer and Wilson for the magnetic susceptibility 
free-electron * We define a function <(£) 
(related to the density of states) as the inverse Laplace 
transformation of the classical partition function 


ol a 


gas. 


s(k EyvZ 


(25) 


where c is a positive constant chosen so that all the 
singularities of Z(y) lie to the left of the line of integra- 
tion. In terms of the function <(£), the free energy is 
given by 


(26) 


where fo is the Fermi function [1+expy(E—¢) } and 
¢ is the Fermi energy and may be determined from the 
results of Sondheimer and Wilson on the magnetic 
susceptibility. This has been done in all the formulas 
following. The integral (25) is evaluated by completing 
the contour either to the right or left depending on 
which contour the integrand vanishes. 

The paramagnetic term (16) presents no difficulties. 
For m# m*, Z,(y) has a series of simple poles along the 
imaginary axis with a branch point at y=0. This is 
exactly the behavior of the magnetic susceptibility and 
following Sondheimer and Wilson the shielding constant 


is found to be 
4a N pe? m \*7 /uoll \? 
Pica A da onl 
Ve 2 m* c 
) 


: H¢ 


(—)* sin(nam*/m) cos(nrt 
xX- _ - 


‘po* H— 2/4) 
n’ sinh (nx?/puo*Hy) 


(27) 


, 


Clearly, the oscillatory term in (27) is a reflection of 


where 


Com (On N?2/V?)8(xh?/2m*). (28) 
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the fact that the density of states is an oscillatory 
function. The ratio of the amplitudes of the oscillatory 
term in (27) to the corresponding term in the diamag- 


netic susceptibility is 
Tp 8x /m* po*H mm* 
“ ) = ( )( ) tan( ) (29) 
Makes 3 \ c m 

A typical value from the de Haas-van Alphen effect 
would be V/V=10'—10" leading to 
bo*/fo= 10->—10-* gauss. The other factors in (29) 
amount to about unity, and so, for a field of 10* gauss, 
the ratio (29) is about 10-*. In an actual metal, a more 
exact analysis shows that the factor V~ in (27) should 
be replaced by |¥(0)|*, where y refers to the wave func- 
tion of an electron at the Fermi surface and is nor- 
malized in V. This may partly compensate the factor 
(29) if the electrons contributing to the de Haas-van 
Alphen effect are largely of s character. However, we 
will not discuss this further as a larger oscillatory term 
appears in the diamagnetic-shielding constant. 

We now consider the diamagnetic-shieldi 
arising out of (17). The steady terms are easily obtained 
by expanding Za(y) in powers of yo*Hy, a1 
that 


elec trons / cc, 


ig constant 
d it is found 
: 4 Vi ‘i 
oa(steady) = — 
3VE 


29 


=) 
m 
The first term of (30) was obtained by Das and Sond- 
heimer. We will mainly be concerned here with the 


{IU 


300 


oscillatory terms. The diamagnetic partition function 
(17) consists of two parts which we will distinguish by 
superscripts 1 and 2. The first part may be shown to 
have a series of simple poles along the imaginary axis 
and the oscillatory terms may be determined as above. 
These oscillatory terms turn out to be exactly the same 
order as (27) and therefore we will not consider them 
further. The second term in (17) may be shown to have 
a series of branch points along the imaginary axis at 
po" Hy=nmi, n=0+1---. We define 


J (uo*Hy) = [sinh (uo* Hy) }} 


1 
xf ds A~*(A—1)—4 Inf A} 
0 


Then, although we cannot obtain an expansion of this 
function about the point po*Hy= nzi, we « neverthe- 
less, substitute this value in (31 


an 


’ 


to find 


—1re)"**](n), say. (32) 


These integrals may easily be evaluated numerically. 
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[ I(«)=4.] In obtaining (32), use has been made of the 


result that for OC s<1 and s=nzi 


| sinsems |2e*™*, 


sinhzs sinhz(1—s)= 


Then Z4 (y) has a series of branch points arising out of 
the function [sinh(uo*Hy) |. In order to make it 
single valued, we make a series of cuts in the plane from 
each point nmi to — © parallel to the real axis (see Fig. 
1). For large real y, 


Za” (y)~exp(| moll y| —3|mo*Hy|); 


thus we complete the contour of (25) to the right when 
E< (3|uo*H | —|uol|), and hence, z(£) vanishes for 
these values of E. For E> ($|uo*H| — |uol|), the con- 
tour is completed to the left avoiding all the branch 
cuts as shown in Fig. 1. As the integrand of (25) now 
has no poles or singularities within this contour, we 
only need consider the integrals along the loops en- 
circling the branch cuts. Denoting the loop encircling 
the branch point wo*Hy=nzmi by on, e.g., ABCDE in 
Fig. 1, and putting =yo*Hy in (25) we have 
po*H 
2ri 
Za (t/o*H) 
Xexp (Et ‘po* HT) J 
f2 
Knowing the value of Z® at /=mn7i will be sufficient 
to obtain the most important oscillatory term. Consider 
the integral around o,(m#0) in (33) and put t= nmi-+-x. 
This integral becomes (omitting constants) 


E 1 
vni( -1)] f dx 
Lu * 2ri a) 


exp(/x/yo*H) cosh(nam*i/m- 
x 


exp 


x)J (nwi+x) 


(sinha)! (nri+.) 


E cos(nam*/m)I(n) 1 
~exp vni( ee ' : 
po H 2ni 2ri 


exp(La po*H) ( E )— 
a3 uo*H nin 


nam* 
cos ) exp(umiE/uo*H). (34) 


m 


The terms omitted in (34) are of order (uo*H/£)!. 
Combining (34) with the corresponding term for —n 
gives the contribution to s(/) from all those branch 
points with 70 to be 


m* \3 » (—)"I(n) 
ga (k)=— ( ) 16m wo uvH Ee! 2, 
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1G. 1. Contour of integration of Eq. (3 


In order to calculate the free energy we need the 


integral 


x 


7 Im [ dE E' exp(inrE/*H) 


- 


Put n=y(E—-¢ 
replace (36) by 


. and with an error of O(e-7) we can 


x 


Im exp (tart ul “mf dn 


r 


exp(inrn/p *Hy)e" 
, 9 . J/) 
(1-++e")? 


This may be calculated by completing the contour in the 
upper half plane. Neglecting terms of order (yf)~’, we 
find for (37) the result 


2r’ne) sin(nrt/po*H) 
_ : (38) 
po* Hy sinh (n7?/po*Hy) 


The oscillatory terms in the diamagnetic shielding 
constant are determined from (38), (35), and (26) to be 


12N ru" = 
oa(osc) p: 


VtvyH 


(—)"I(n) cos(nam*/m) sin (nrto/po*H) 
ps . (39) 


sinh (m74/o* Hy) 
The ratio of the amplitude of these terms to the cor- 


responding terms in the diamagnetic susceptibility is 
(omitting factors of order unity) 


Od pot Hy} 
(2) mC) 
XaT os ¢ 
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Owing to the extra factor of 8x? with H= 10‘ gauss and 
(uo*/fo)=10-* gauss, this factor is approximately 
unity [J(1)~0.1]. In order for the terms (39) to be 
observable, we require */uo*Hy <1, i.e., a temperature 
of about 4°K and a field of about 10* gauss as in the 
de Haas-van Alphen effect. Then the amplitude of the 
first oscillation in (39) is 


(12N wpo*?/Veo)I(1), 


independent of the field and temperature. An estima- 
tion for zinc (m*=5X 10-, wo*/ fo>= 3X 10~*)* gives 10-5 
for this amplitude. Similar estimates for other metals 
lie in the range 10-*-10~-*. Thus, in a favorable case, 
this effect may be observed as an actual shift; and in 
less favorable cases, it would be superimposed on the 
line width. The above estimates should be treated with 
caution. It is well known that the de Haas-van Alphen 
effect requires values of V/V and m* to explain meas- 
ured values which are very different from values deduced 
from other phenomena.® However, by using such meas- 
ured values to make the above estimates, we would 
expect to obtain the correct order of magnitude. 
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Here we will derive Eq. (17). Substitution of (10) in 
(13) leads to an integral of the form 


x2+-y'2?— xx’ — yy’ 
drdr 
r' 


/ 


Xexp{ —a*[ (x—2’)?+ (y—y’)? } 


r 29 / "\e7 \ 

Xexp[ —&(z—2’)*], (A1) 

D. Shoenberg, Progress in Low-Temperature Physics, edited by 

C. J. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. 2, p. 226 
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where 


m*uo*H sinh (uo*Hy) 


of = — 
2h? ~— sinh (wo*Hys) sinh[uo*Hy(1—s) } 


6° = m*/2h?ys(1—s). (A3) 
It is convenient to integrate (A1) over the volume con- 
tained within the ellipsoid a?x*+-a7y?+&2?= R?, although 
the final result is independent of the shape of the system. 
The scale transformation ax — x, ay > y, 6s — 3 turns 
this ellipse into a sphere and brings (A1) into the form 


6 

; 
-- fecar 
a 
Keeping r’ fixed, we integrate over all angles of r with 
respect to r’ by choosing the axis of r along r’. This gives 


475 ™ sin*6’ R R 
de’ rdr rdr' 
a Jo (& sin?’ +a? cos?6’)3 
sinh 


) 
Xexp(—r?—r” ) 


x'2+-y'2— xx’ — yy’ 


)ewl- (r—r’)*]. (A4) 
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The first integral gives (a*>6*) 
) ) , 


2a < at (a— 
in( 
6 


6° (a*— 6?) 


6-)3 
). (A6) 


The radial integral may be simplified by integrating the 
last term by parts (which cancels the first two) to give 


(a?— 6)! 


R sinh(2rR) 

f rdr exp(—r*){ 1—exp(—R : 

2rR 

This is easily evaluated to give !/8 together with terms 
which vanish as R— ~. Together with (A6) this leads 


to (17). 
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Infrared Cyclotron Resonance in n-Type InAs and InP 
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(Received February 23, 1961) 


Cyclotron resonance of conduction electrons in InAs and InP has been measured in the far infrared spec- 
tral region. The effective masses obtained for InAs show a variation with magnetic field indicative of the 
nonparabolic nature of the conduction band of this material. 


I. INTRODUCTION 


NFRARED cyclotron resonance of conduction elec- 

trons in InSb has been measured by Burstein et al.! 
and by Palik ef al.? using steady magnetic fields and by 
Keyes ef al.’ using pulsed fields. With pulsed fields 
between 150 and 250 kgauss, Keyes et al.* have ob- 
served cyclotron resonance at room temperature in 
InAs and obtained a conduction-electron effective-mass 
ratio of about 0.030. Lax and Mavroides* have recently 
reviewed cyclotron resonance work to date. They 
discuss additional data by Keyes giving an effective 
mass ratio for InAs of about 0.015 at the bottom of the 
band. 

We have observed cyclotron resonance absorption in 
InAs and InP in the spectral region between 50 and 
160 u using steady magnetic fields up to 75 kgauss. 
From these data for InAs and InP the effective mass 
variation with magnetic field has been obtained. Also, 
the mass at zero magnetic field (at the bottom of the 
conduction band) has been deduced. A preliminary 
report of some of the present work® was given at the 
International Conference on Semiconductor Physics, 
Prague, 1960. 


Il. EXPERIMENTAL TECHNIQUES AND RESULTS 


The detailed experimental techniques are reported 
elsewhere.? The samples were polycrystalline made up 
of a few large single crystals and were made into thin 
sections about 20 uw thick mounted on silicon or crystal 
quartz backings. They had the following carrier con- 
centrations V and mobilities u at liquid nitrogen tem- 
perature. For InAs, N=7X10'*/cm* and p= 70000 
cm?/v sec. For InP, N=6.1X10'5/cm* and p=18 600 
cm?/v sec. The crystal orientations of the samples 
were not determined. It is probable that the conduction 
bands are spherical and the masses isotropic. In each 
case a magnetic field of 60 kgauss was enough to bring 
the cyclotron frequency into the accessible spectral 


! E. Burstein, G. S. Picus and H. A. Gebbie, Phys. Rev. 103, 
825. (1956) 

2 E. D. Palik, G. S. Picus, S. Teitler and R. F. Wallis, Phys 
Rev. 122, 475 (1961). 

3R. J. Keyes, S. Zwerdling, S. Foner, H. H. Kolm, and B. Lax, 
Phys. Rev. 104, 1804 (1956). 

*B. Lax and J. B. Mavroides, Solid-State Physics, edited by 
I’. Seitz and D. Turnbull (Academic Press, Inc., New York, 1960), 
Vol. 11 

5 EF. D. Palik, G. S. Picus, S. Teitler, 
slov. J. Phys. (to be published). 
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region. Then, w.7r=yuH/10'>1, and a distinct resonance 
was observed. Measurements were made in the far 
infrared using a reststrahlen monochromator to obtain 
seven narrow bands of wavelengths. The wave numbers 
of the average wavelengths used are: KRS-5, 65 cm7; 
Csi, 70:cm7"; CsBr, 85 cm: El, 111.cm™; EBr. 134 
cm; KCl, 164 cm; and NaCl, 192 cm~. The mag- 
netic field was varied from zero to 75 kgauss to move 
the cyclotron resonance band through the wavelength 
at which the observations were made. Typical results 
from InAs are shown in Fig. 1. Here the relative trans- 
mission of the sample at 111 cm™ (90 w) is plotted as a 
function of magnetic field. At room temperature the 
band is slightly asymmetrical, but becomes symmetrical 
at low temperature. As in the case of InSb,? the tail at 
high magnetic fields is probably due to transitions for 
k.~0 between the same spin states of the nonparabolic 
Landau sub-bands /=0 and /=1 and transitions be- 
tween higher Landau levels such as /=1 and /=2. 
Within experimental error, no difference was observed 
between the mass obtained from room temperature and 
low temperature data. 

For InP, because of the large effective mass, the 
cyclotron resonance absorption band was observed only 
at the longest wavelengths and highest magnetic fields. 


ween ~80°K 
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Fic. 1. Cyclotron resonance absorption in InAs at 111 cm7 (90 y). 
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At room temperature the band was quite broad, but it 
sharpened appreciably at low temperature. For InP 
there appeared to be no difference between the respec- 
tive room temperature and low temperature effective 
mass ratios. 

The effective masses were computed using the for- 
mula m*=eH/wc, where H is the magnetic field ‘at 
which resonance occurs. In Fig. 2 are shown the results 
for InAs and InP. Here, the effective mass ratio m*/m 
is plotted against magnetic field. The data show that 
the mass increases with increasing magnetic field. This 
is indicative of the nonparabolic nature of the conduc- 
tion band in which the mass increases with increasing 
energy. The variation of mass with magnetic field has 
been discussed by Palik ef al.? in connection with InSb. 
The theory outlined there yields that the energy differ- 
ence AEF between the two lowest Landau levels is given 
by 

AE=hwJ 1— (hw./Eg)(A—B)]. 
Equating AE=heH/m*c, an effective mass m* is ob- 


tained which has a magnetic field dependence. Then 


Eg)(A—B)], (1) 


e spin-orbit splitting, mto* is 


; 
at the bottom 


of the band in zero 


field, and m is the free-electron mass. 


materials and magnetic fields considered in 


the quantity E«)(A—B) is always 


can 


compared to unity. The expression for m* 


n be tten in the approximate iorm, 


hw./E«@)(A—B)], (2) 


which illustrates the linear dependence of m* on H. 
rhe results given by Eqs. (1) and take into account 


between valence and conduction 


only interactions 
bands. In principle, interactions with higher bands 
could be included as discussed by Bowers and Yafet.' 


A rough estimate indicates that inclusion of higher 
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Fic. 2. Effective-mass ratio vs magnetic field for InAs and 
InP from cyclotron resonance data obtained at liquid nitrogen 
temperature. Open circles indicate data obtained with orientation 
I and solid circles data obtained with orientation I] 
bands might increase the slope of the m*/m vs H plot 
for InAs by a few percent and for InP by possibly 20%. 
Assuming for InAs at liquid nitrogen temperature that 
Eg=0.41 ev,? A=0.43 ev,’ and mo*/m=0.023, the de- 
pendence of the effective mass on magnetic fiel 
calculated using Eq. (1) and the results are given by 
the solid line for InAs in Fig. 2. The pulsed field work 
of Keyes ef al.’ giving an effective mass of ~0.03 at 
fields between 150 and 250 kgauss at room temperature, 
is consistent with the present results. Lax and Mav- 


lotron reso- 


roides‘ present other room temperature cy 
nance data of Keyes which suggests a zero-magnetic- 
field mass ratio of ~0.015. The present data indicate 
at most a very slight temperature dependence of the 
effective mass in InAs. We have estimated the tem- 
perature change of effective mass due to dilation of the 
lattice and the subsequent change in band gap? and the 
temperature change in mass due to the distribution of 
carriers in the nonparabolic band.* The first effect in- 
creases the effective mass by about 6% as the tempera- 
ture decreases from room temperature to liquid nitrogen 
temperature while the second effect decreases the effec- 
tive mass as the temperature decreases. For the InAs 
sample used, these two effects roughly cancel indicating 
little or no change in effective mass with temperature 


in agreement with our observations. In view of these 


considerations, it seems unlikely that tl 
the value of 0.015 Lax and 


Mavroides and the value 0.023 reported here can be 


e discrepancy 
between discussed by 
attributed solely to a temperature dependence of the 
mass. 


F. Matossi and F. Stern, Phys. Rev. 111, 472 (1958 
*R. F. Wallis, J. Phys. Chem. Solids 4, 101 (1958 





CYCLOTRON RESONANCE 

Matossi and Stern’ use a value of 0.021 for the con- 
duction electron effective mass ratio in their discussion 
of optical absorption of p-type InAs. Also, electrical 
measurements by Sledek’'’ and Frederikse and Hosler" 
give values of about 0.020. 

lor InP, assuming at liquid nitrogen temperature 
that Eg=1.31 ev," A=0.24 ev, and mo*/m=0.077, a 
theoretical curve based on Eq. (1) has been calculated 
and is shown as a solid line in Fig. 2. A comparison 
between cyclotron resonance and Faraday rotation 
masses for InP can be made in analogy to the com- 
parison for InSb discussed by Palik et al.2 The work of 
Moss and Walton™:'® yields an effective-mass ratio of 
0.075+0.008 for a sample with N=1.07X10!*/cm‘. 
his point is shown on the plot of Fig. 2. The Faraday 
rotation and cyclotron resonance data agree to within 
experimental error. 

In the present work the uncertainty in wavelength is 
about +2% and the uncertainty in the resonant 
magnetic field is about +5%. We estimate the effective 
mass ratios for InAs and InP to be 0.023+0.002 and 
0.077+0.005, respectively. 

In calculating the effective mass from the position of 
the cyclotron resonance line as observed in transmission, 
corrections arising from magneto-plasma effects may be 
necessary if measurements are made near the plasma 
frequency w,. A particularly important correction‘ in- 
volving the so-called depolarization factor L occurs if 
the sample surface is parallel to the magnetic field H., 
and the radiation electric field FE, is plane-polarized 
perpendicular to H., hereafter referred to as orienta- 
tion I. In this case for the rectangular thin sections used, 
the pertinent depolarizing factor is unity. For wr>>1, 
the resonance condition leading to a maximum in the 
real part of the conduction is 


where w ,?= L4rNe?/eom*. If L=1, wr=wy,, the usual 
plasma frequency. 

For the other orientation with the plane of the sample 
perpendicular to H, and the radiation field EZ, perpen- 
dicular to H,, hereafter referred to as orientation IT, the 
pertinent depolarization factor is zero and no correction 
of this kind is necessary. For InAs with w,=40 cm™! 
both orientations were used. For a specific orientation, 
the room temperature and low temperature data were 
essentially the same. At high magnetic fields the data 
for both orientations were the same giving the same 
effective masses. However, at low magnetic fields where 


R. J. Sledek, Phys. Rev. 105, 460 (1957). 
R. J. Sledek, Phys. Rev. 110, 817 (1958). 
‘H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 110, 880 
1958). 
2T. S. Moss and A. K. Walton, Physica 25, 1142 (1959) 
\. K. Walton, (private communication) 


IN nm-TYPE InAs AND InP 


the resonance occurred at w< 2p, there were differences 
in the data for the two orientations. The low tempera- 
ture data for both orientations are shown in lig. ro 
These data indicate that the correction for orientation 
I discussed above is not important when w>2w,. For 
; 2w p; the correction for orien- 
tation I specified by Eq. (3) gives qualitatively reason- 
able results. Quantitatively the corrections appear to be 
somewhat too large compared to the data for orienta- 
tion IT. 

The data of Fig. 2 for orientation IT fall on a straight 
line except for the lowest field point observed with 
KRS-5. Ignoring the low points, a straight line given by 
Eq. (2) fits the other points for both orientations. 

There is another allied reason why the line observed 
in transmission deviates from its expected position when 
w is only slightly larger than w,. Whereas the real part 
of the conductivity and the imaginary part of the di- 
electric constant peak at w, for orientation II, the ab- 
sorption constant and transmission do not peak at w.. 
The transmission can be altered by the rapidly varying 
reflectivity in the region near w, when the magnetic 
field is varied for both orientations I and II.4 The trans- 
mission of a sample taking into account the varying 
reflectivity can be estimated by extensive calculations. 
Such calculations qualitatively suggest that for w near 


the low field data where w< 


w, the transmission as a function of magnetic field is 
altered so that the minimum transmission occurs at a 
lower field than that corresponding to the maximum in 
the real part of the conductivity. A correction of this 
kind appears to be necessary for the KRS-5 data in 
Fig. 2 for orientation II. The raw data provide further 
evidence that the line is distorted due to large changes 
in reflectivity, for as the field is increased beyond the 
apparent resonance line, the transmission 
appreciably above the zero field value. 

The quantitative determination of the corrections to 
be applied when w is near w, may be complicated by the 
presence of inhomogeneities in the particular InAs 
sample used. If the carrier concentration is non-uniform, 
the proper plasma frequency for making the corrections 
may not be the same as that calculated from the mean 
carrier density. 

For InP at liquid nitrogen temperature w,»= 24 cm™ 
(417 uw). The measurements made at high magnetic 
fields using KRS-5, CsI, and CsBr reststrahlen plates 
were sufficiently far removed from w, that no significant 


increases 


correction was necessary. 

We have made Faraday rotation measurements on a 
sample of InAs taken from the same larger piece of 
material from which the cyclotron resonance sample 
was made. The measurements were made at liquid 
nitrogen temperature in the spectral region from 15 to 
20 u using low magnetic fields. The usual straight line 
variation of rotation angle with magnetic field was 
observed at several wavelengths. For the InAs sample 
at liquid nitrogen temperature with a thickness d=0.138 


cm and carrier concentration V = 7X 10'5/cm?, an effec- 
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Fic. 3. Parabolic conduction band of InAs with m o*=0.023 and 


nonparabolic band as deduced from cyclotron resonance. 


tive mass ratio of 0.026+0.003 was obtained. For the 
pure sample used, this represents the mass ratio near 
the bottom of the band. The uncertainty here is large 
because of the fact that six quantities must be measured 
to determine the effective-mass ratio, carrier concentra- 
tion .V, thickness d, magnetic field H, wavelength X, 
index of refraction m, and rotation angle @. Uncertainty 
in N contributes the largest uncertainty in m*. The 
effective-mass ratio obtained from low-field Faraday 
rotation is in agreement with the one 
obtained from cyclotron resonance. We feel that cyclo- 
tron resonance gives the better value. 

Also, Faraday rotation measurements were made at 


reasonable 


R. F. WALLIS 


liquid nitrogen temperature on a sample of InAs with 
9.6X 10'* carriers/cm*. An effective-mass ratio of 0.030 
was obtained. The Faraday rotation and cyclotron 
resonance masses for InAs were compared in a manner 
analogous to the comparison carried out for InP above. 
The effective-mass ratio point 0.030 falls at an equiva- 
lent magnetic field of about 80 kgauss, in reasonable 
agreement with the cyclotron data considering experi- 
mental uncertainties. 

Faraday rotation measurements were also made at 
room temperature for the InAs sample with 9.6X 10" 
cm’. A room temperature effective-mass ratio of 0.032 
was obtained. The change of effective mass with tem- 
perature is discussed by Cardona'* who finds that 
dilational effects of the lattice and carrier distribution 
effects in the nonparabolic band can account for such 
changes in masses measured by Faraday rotation. For 
a degenerate sample with half the carrier concentration 
used in the present experiment, Cardona calculates 
that the two temperature effects will produce a net 
decrease in mass of about 8% in going from room 
temperature to liquid nitrogen temperature and meas- 
ures a 5% decrease. This is in agreement with our 
observations. 

The results for InAs have been used to calculate the 
shape of the conduction band. In Fig. 3 the parabolic 
band given by E=h?k?/2m,* for a fixed effective-mass 
ratio of 0.023 is shown along with the nonparabolic 
band given by E= (h?k?/2mo*)+7'&.777*k'2 The energy 
in ev and cm~ is plotted against the 
cm and a.u. (atomic units) 


wave vector In 
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Influence of Wet and Dry Ambients on Fast Surface States of Germanium* 
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Simultaneous measurements of surface recombination velocity and added trapped charge density in the 
fast states as a function of surface potential were carried out on an n-type specimen which was subjected to 
the following gaseous ambient cycles: (a) room air-vacuum, (b) dry air-vacuum, (c) dry oxygen-vacuum, 
(d) dry nitrogen-vacuum, (e) wet nitrogen-vacuum, and (f) wet oxygen-vacuum. The most important results 
of these measurements were: (1) Dry nitrogen had no influence whatsoever on any of the surface-state 
parameters, (2) dry oxygen affected only the density of states and the unperturbed surface potential, and 
(3) wet nitrogen and wet oxygen had almost the same and most pronounced effect on the fast surface states. 


1. INTRODUCTION 


T is somewhat surprising to note that although the 

influence of a wet ambient on the fast germanium 
surface states was already reported by Brattain and 
Bardeen! in 1953, no serious effort has been made since 
that time to find out how much of this influence is due 
to the carrier gas and how much to the water vapor. 
In order to find out whether the effect of a wet ambient 
can be separated, so that one part of it can be ascribed 
to the carrier gas and the remainder to the presence of 
the water vapor, one and the same n-type germanium 
specimen was subjected to the following wet and dry 
ambient cycles, and in this order: (1) room air-vacuum, 
(2) dry air-vacuum, (3) dry oxygen-vacuum, (4) dry 
nitrogen-vacuum, (5) wet nitrogen-vacuum, and (6) 
wet oxygen-vacuum. Nitrogen and oxygen were selected 
because they are the main constituents of air; hence an 
attempt could be made to explain the results of the 
first cycle by studying the subsequent treatments. In 
view of the complicated behavior of the germanium 
surface states it was quite surprising to find that in 
general the results of these measurements could indeed 
be explained quite consistently by separating the effects 
of the three gases involved: nitrogen, oxygen, and 
water vapor. 


2. EXPERIMENTAL METHOD 


The germanium crystal with dimensions 1.88X0.39 
0.047 cm had a resistivity of 17 ohm cm (at room 
temperature) and was cut parallel to the (111) plane. 
During the entire period of measurements the crystal 
had to be re-etched and reground three times and its 
final thickness decreased to 0.038 cm. The specimen 
had two soldered end contacts, one ohmic and the 
other slightly injecting. It was etched in CP-4A solu- 
tion for 1 min at 35°C. After etching and rinsing with 
distilled water the crystal was placed between the field 

* This work was supported by a contract with the Air Force 
Cambridge Research Center, Air Research and Development 
Command, Bedford, Massachusetts 

+t On leave from the Department of Physics, Hebrew University, 
Jerusalem, Israel. Present address: Research Laboratory, Raythe 
on Company, Waltham, Massachusetts. 

1W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 


plates (mica spacers of 0.004-cm thickness and phos- 
phor-bronze plates) and inserted into the experimental 
tube. Special precautions were taken to avoid any 
grease films, paints, etc., in the tube. All connections 
between the experimental glass tube and the vacuum 
or gas-handling system were made through metal 
vacuum valves to eliminate vacuum stopcock grease. 
The ground joint of the experimental tube un- 
greased (but covered with a thin layer of graphite 
powder to prevent sticking) and sealed from the out- 
side with Apiezon wax. 

Commercial grade Airco oxygen and Linde dry nitro- 
gen were used. The gas-handling system incorporated 
P.O; and dry-ice traps for the dry ambient cycles and 
two water bubblers for the wet cycles. The stated 
minimum purity of Linde dry nitrogen is 99.7%. To 
remove any oxygen traces the gas was bubbled through 
an alkaline solution of pyrogallol before reaching the 
water bubbles. These precautions were entirely satis- 


was 


factory, as gas discharge from the ac field-effect voltage 
in wet nitrogen did not change the resistivity or life- 
time of the sample. As ozone is known to have a great 
effect on germanium surfaces,?* the presence of oxygen 
would have been noticed immediately during a gas 
discharge. In the wet ambients, gas discharge from the 
ac field-effect voltage commenced at about 500 v (for 
oxygen as well as nitrogen); in a vacuum of 10-* mm 
Hg, an ac voltage of 1000 v could be applied without 
any breakdown. 

The sequence of the cycles was the following. The 
tube was evacuated and the crystal remained in vacuum 
for over two weeks, so that it became stabilized. It 
was then put through one dry air-vacuum cycle. 
Starting again from vacuum, dry oxygen was admitted 
to the tube and remained there for at least two days. 
The tube was then evacuated and kept at 10-* mm Hg 
for two days, after which dry nitrogen was admitted. 
The same procedure was employed for the wet cycles. 
Wet cycles and room air-vacuum cycles were repeated 
to check the reproducibility. After the first wet oxygen 


cycle the tube was evacuated, it was kept at 10 mm 
2A. V. Rzhanov, Soviet Phys.-Tech 
(translation) 
3E. Harnick and Y. 
96 (1959). 


Phys. 2, 2274 (1957) 
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TABLE I. Parameters of fast surface states for m-type sample after treatment with different ambients 


lime after 
first run 


days mobient ) R Cp/Cn 


(10 cm-?) 


N; s( SM 


(cm/sec) 


A. Air-vacuum 


99 
20 


25 


Room air 
Vacuum 
Vacuum, 
after 15 day 
Dry air 
Dry air, 
after 2 dz 
Vacuum 
Vacuum 
Room air 


Vacuum 

Dry oxygen 
after 2 day 

Vacuum 


Dry nitrogen 
after 5 day 
Vacuum 


he Pe) 


30 
20 
33 


435 
830 
830 


980 
920 


1050 
675 


420 


ients 
28 
60 


1000 
1400 


41 
40 
40 
33 


40 


C. Wet ambients 


181 
0.45 


2.6 


0.4 


Vacuum 
Wet nitrogen, 


—0.1) to 
+-(). 9) 


0.8-6.0 


? 
? 


? 
? 
/ 


1 
1 
2 


60 
8020 


820 
870 
150+30 810 
100 


100 
21050 


1790 
i790 


285 


36 x 1050 


). Baking 


\t zero f 


Hg for three days and then baked in vacuum for 3 hr 
at 90°C. All measurements were performed at 20-21°C. 
The technique of the combined surface recombina- 
tion velocity and surface conductivity measurements, 
as well as the interpretation of data, were those de- 
veloped by Many and his co-workers.‘ Because, in wet 
ambients, the unperturbed surface potential #,o shifts 
on application of an ac field,5 a somewhat modified 
technique of measurement was used.® For a fixed ac 
field voltage the phase shifter was adjusted so that the 
injecting pulse occurred exactly at the crossover (from 
positive to negative values) of the ac field voltage. A 
resistance measurement taken at this phase shifter 
setting is equal to Ro, the specimen resistance corre- 
sponding to u“,o for this applied fixed ac voltage. The 
lifetime measurements were made in the usual way, 
with the injecting pulse occurring at the crest of the 
ac field voltage. 
Rev. 107, 404 (1957) 
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3. EXPERIMENTAL RESULTS 


Table I summarizes typical results. The notation is 
that used by Kingston and Neustadter’ and Many and 
Gerlich.‘ The E,— £; is the energy of the recombination 
center, # is the intercept of the axis of symmetry of the 
s/sm curve with the abscissa (s denoting the surface 
recombination velocity and sy its maximum value), 
u,o is the unperturbed surface potential in units of kT. 
The hole, electron capture probabil 
respectively [c,/cx=exp(2mo) |. The density of the re- 
combination centers per square centimeter is N;. The 
energy and density of the recombination ineffective 
charge traps are E,/— EF; and Ny’. 

The experimental accuracy depended somewhat on 
the ambient. The most accurate results were obtained 
with dry ambients and room air. The estimated errors 
were 0.3kT for (E:,—E,) and uo; 50% for ¢p/en, 
¥ (10-15)% for Ni, and 5% for sy. For (Ry— Ro) >3 
ohm (Ry denotes the crystal’s maximum resistance) 


tieS are Cp, Cn, 


s. 26, 718 


7 R. H. Kingston and R. F. Neustadter, | pl. Ph 


(1955). 





WET AND DRY AMBIENTS ON 
Usy iS accurate to -0.2kT, but if Ry=Ro then it can 
only be stated that uso lies between (—1.3)kT and 
(—3)kT, e.g., measurements No. 17, and 18, and 21. 
(E,'/—E;) and N;/ are derived from “curve fitting” and 
hence are less accurate; an error of 0.5kT for the 
energy and 20% for the density seems to be reason- 
able. The density NV; is usually obtained by measuring 
the slope of the AQ,,(u,) curve (i.e., added charge 
density versus surface potential) at «,=E,—£E;, but 
this could not be done for the wet ambients, because 
the shift in #,9 with applied ac field voltage rendered 
this AQ,,(#,) curve meaningless. Therefore, NV; was 
calculated from the experimental data for all points 
within the range of --1k7 of (£,—£;) and the average 
of these densities was taken to be the final result. The 
accuracies for these data are given in the table; that 
for the corresponding energies is about 0.57. The 
results will now be discussed for each ambient treat- 
ment separately. 


A. Air-Vacuum 


On changing from room air to vacuum, all cycles 
cause a decrease in (E,—£;), an increase in N;’, and a 
shift of u,9 towards more positive values. For most 
runs, V, decreased considerably but two runs showed 
an increase from 53X10" cm~ to 65X10" cm, and 
from 70X10" cm to 8010" cm~, respectively. No 
definite behavior could be found for mo, the most sensi- 
tive of all parameters. These cycles seemed to have 
little effect on (2,/—£,) but it must be emphasized 
that, unless the experimental data clearly contradicted 
it, all AQ,,(u,) curves were analyzed with the assump- 
tion that (#,’—,) was not changed by the ambient. 

Vacuum-dry air cycles had little effect on the energy 
but increased the density of states and, as already re- 
ported by many investigators,* moved u,o towards 
negative values. The reproducible changes in filament 
lifetime of a germanium crystal subjected to a series 
of dry air-vacuum cycles, observed by Madden and 
Marsh in this laboratory,’ are therefore mainly due to 
the change in the undisturbed surface potential. The 
u.o Value for vacuum is always inside or very near the 
plateau region of the s/sy curve [i.e., between (—1) 
and 4 3RT for all the reported measurements, whereas 
for all dry air measurements it is situated well to the 
left of the plateau, i.e., in the region of higher lifetimes. 


B. Dry Ambients 


The experimental results show that dry nitrogen has 
no influence on any parameter of the surface states. 
Subsequent vacuum-dry nitrogen cycles were either 
identical (Nos. 12, 13) or differences 
within the experimental accuracy (Nos. 14, 15). This 


showed well 


8M. Kikuchi, J. Phys. Soc. Japan 12, 436 (1957). 
*H. H. Madden and J. E. Marsh, Scientific Rept. No. 9, 
AFCRC-TN-58-151. 
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Fic. 1. Measurements of fractional surface recombination 
velocity s/sy(us) and added trapped charged density AQ,.(us) in 
a dry oxygen atmosphere and in vacuum. The figure refers to 
measurements 10, 11 of Table I. 


result was confirmed by the following experiment. 
With the crystal in vacuum, the Many bridge was 
carefully adjusted to the values of Ro and 7» for the 
sample, these being the resistance and lifetime values 
corresponding to #.9. Dry nitrogen was then slowly 
admitted to the tube and the R and + oscilloscopes were 
observed to detect any changes in these values. This 


experiment was repeated twice and it was always 
found that during the whole process, beginning with 
the vacuum of 10“ mm Hg and ending with dry 
nitrogen of atmospheric pressure, the Many bridge was 


always accurately balanced. Dry nitrogen is therefore 
a perfect “‘carrier gas,” well suited to investigate the 
influence of water vapor on the germanium surface 
states. 

Dry oxygen causes an increase in the density of 
states and moves #,o to the left by 5&7. Figure 1 gives 
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vacuum cycles are solely due to the presence of the 
dry oxygen, a result to be expected. 

Baking in vacuum decreased the energy and density 
of states and shifted u,9 towards the left; it had no 
effect on the capture probabilities. (See Fig. 2.) Near 
(E,— E;) the two experimental curves for AQ,, vs us 
clearly show the nonparallel displacement which is 
characteristic of states different in density as well as 
energy. 


C. Wet Ambients 


In studying the influence of wet nitrogen, i.e., of 
water vapor, it was necessary to distinguish between 
an immediate effect and a long-term change. The most 
striking change found after admission of water vapor 
is a pronounced decrease in ¢c,/c,; indeed ¢,>c, and 
the recombination center changed from an acceptor to 
a donor type. A swing of u,9 towards the left is also 
noted. After about eight days stay in the wet ambient 
atmosphere the long-term change predominates, thus 
indicating a considerable increase in energy and density 
(No. 18). Unfortunately, the experimental data of run 
18 (Fig. 3) did not permit a determination of u» with 
any reasonable accuracy and it can only be stated that 
uy is between (—0.1) and (+0.9). No evaluation of 
surface parameters could be made from measurements 
performed immediately after the admission of wet 
nitrogen, as the field effect did not swing the surface 
potential over the plateau of the s/sy(u,) curve. Be- 
cause 4,9 changed with applied field, no AQ,,(u,) curve 
could be constructed and hence no information was 
obtained about the charge traps. 

The effect of wet oxygen is exactly the same as the 
long-term effect of water vapor, i.e., it causes an in- 
crease of energy and density of states (Fig. 4), and a 
large decrease in up and uo. From the measurements 
taken immediately after admission of wet oxygen 











Fic. 2. Measurements of fractional surface recombination 


velocity s/sy(u,) and added trapped charge density AQ,,(u,) 
before and after bakeouc of sample. The figure refers to measure 
ments 23, 24 of Table I 


the experimental results for two measurements, one 
taken in a dry oxygen atmosphere and the other in 
vacuum immediately after the oxygen was evacuated. 
Whereas the lifetime measurements indicate a common 
s/Ssyw curve, the AQ,,(u,) measurements clearly show 
the parallel-shift characteristic of surface states having 
the same (£,—£E;) and up value, but differing in 1,0 
and \,.° No values for the parameters could be given 
for measurements performed immediately after ad- 
mitting dry oxygen to the tube because the surface 
potential became so negative that even the highest 
electric field proved to be insufficient to pass over the aN: ee 
. a ‘ Fic. 3. Measurements of fractional surf: recombinatior 
plateau of the s/s(u,) curve. In conclusion, it seems velocity 5 su(#.) in @ wet nitrogen atmosphere and in vacuum, 
quite clear that the changes found in the dry air- referring to measurements 18, 19 of Table I 





WET AND DRY AMBIENTS ON 











0 Vocuum 

© Wet oxygen 

--Theoretical curve 
Ey-Ej=7kT jugetkT 

— Theoretical curve 
Ey-Ej=4kT jug? 2.5kT 




















Q2 : 


eS ee a = 
7-6 5-4 3-2 +1 ] 


i = SS 
234s 6 Ff ®& 

Fic. 4. Measurements of fractional surface recombination 
velocity s/sy(u,) in a wet oxygen atmosphere and in vacuum, 
referring to measurements 21, 22 of Table I. 


(following measurement No. 20) it could only be in- 
ferred that (£,—£,) was greater than 6.5&7 and JN, 
seemed to be over 600X 10" cm~*. The removal of wet 
oxygen caused all surface parameters to change in the 
direction back towards their normal vacuum values, but 
many went beyond these values ; the energy decreased to 
tkT, the lowest value measured, and «,o shifted to its 
most positive position of 3.127. It was always found 
that a wet oxygen atmosphere produced a surface with 
the lowest recombination velocity. 

With no field applied, Ro=Rw and u,o was in the 
region of minimum surface conductivity, i.e., between 
(—1.3) and (—3)kT. In a wet nitrogen atmosphere 
and after application of an ac field of 2X 10° v/cm t,o 
shifted to +5k7. The value of Ray was almost un- 
affected by the field. This shift in #,9 occurred for both 
carrier gases. Since water has a very high dielectric 
constant, the most plausible cause of this excess con- 
ductivity is ionic conduction in the adsorbed water 
layer. This has been suspected for a long time," but 
Eriksen ef al.'' discarded this assumption because, even 
after passing a current of 80 ya for 18 hr through a 
water layer adsorbed on a germanium p-n diode, they 
observed no pressure rise in their closed system. After 
discussing the original experiment with the authors, 
two possible reasons were found to account for the 
constancy of pressure despite ionic conduction: (a) The 
total amount of water liberated. was equivalent to over 
10° molecular layers, hence the slow adsorption of water 
molecules could have been a very severe rate limiting 
factor. No data for the rate of adsorption of H,O on 
germanium oxide are available, but for a clean ger- 
manium surface an additional uptake after two or 
three molecular layers is almost undetectable.” (b) The 

10 J. T. Law, Proc. I.R.E. 42, 1367 (1954). 

uW. T. Eriksen, H. Statz, and G. A. deMars, J. Appl. Phys. 
28, 133 (1957). 

2S, Wolsky (private communication). 
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total volume of liberated hydrogen was 0.5 cm*. Taking 
a volumetric absorption coefficient of 0.017, about 30 
cm* of water are sufficient to dissolve this amount of 
hydrogen. The experiment was performed in an atmos- 
phere oversaturated with water vapor and a water 
manometer was employed. Hence, 30 cm* of water may 


well have been present in the closed system. 


4. DISCUSSION 


The most striking result of the measurements re- 
ported here is the enormous influence of water vapor 
on the recombination centers. By comparing the long- 
term results of the wet nitrogen and wet oxygen, it is 
apparent that the carrier gas has little effect, since the 
results of these two cycles are the same. Only the in- 
crease in (,— E;) after admission of wet oxygen is much 
greater than that found after the wet nitrogen treat- 
ment. An increase in the energy of states is almost 
always accompanied by an increase in density, because 
the slope of the AQ,,(#,) curve increases with increasing 
u, and hence, other things being equal (e.g., for similar 
values of wo), the greater the energy, the greater the 
slope of the curve at u,= (/,—£;). In other words, the 
closer the state is to the bands, the greater is its density. 
Calculations on a model of an impurity semiconductor 
suggested" that the lower end of the conduction band 
is not sharply defined, but “‘tails off” into the forbidden 
band." A similar intrusion of density of states from the 
conduction band into the energy gap for semiconductor 
surfaces might explain this relation between energy 
and density of states. 

No detailed explanation for the pronounced effect of 
water vapor on the surface states can be offered. A 
positive water molecule on the surface, being preferen- 
tially adsorbed, would decrease c, and turn the center 
more donorlike. But it would also tend to decrease the 
center’s energy, contrary to the experimental evidence. 
Rather than expecting the water to affect the states 
already present at the germanium-oxide interface, one 
has to assume that by partly dissolving the germanium 
oxide, new centers are created and these dominate the 
recombination processes. 

The results of the room air-vacuum cycles could be 
explained as being caused mainly by the removal of 
water vapor, as this would lead to the observed de- 
creases in energy and density, i.e., cycles 1, 2 being 
equivalent to 18, 19." This assumption is strengthened 
by observing that heating in vacuum, i.e., additional 
removal of water vapor, resulted in further decrease of 
energy and density. 

The effect of humidity on the surface states has been 


13H. Schlosser, Bull. Am. Phys. Soc. 6, 27 (1961) and H. M. 
James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 (1953). 

14 Some experimental confirmation for the case of a real lattice 
was reported by Pankove in Phys. Rev. Letters 4, 20 (1960). 

4a A similar observation was made by H. H. Madden and H. 
F, Farnsworth, Phys. Rev. 112, 793 (1958). 
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studied by Wang and Wallis,'® Rzhanov et al.,!* Dorda," 
and Flietner.'® The surfaces of Wang and Wallis’ n- and 
p-type crystals were oriented in the (110) plane and 
they cycled their sample through ozone, dry oxygen, 
and wet nitrogen. Measurements were taken after the 
crystal had stayed for about 1 hr in the ambient. They 
reported that the density of states increased tremen- 
dously after exposure to ozone, gradually recovered in 
dry oxygen, and again increased in wet nitrogen, the 
energy of states and c,/c, being unaffected by the 
ambient. Rzhanov et al.'® subjected their p-type speci- 
men to cycles of dry nitrogen, vacuum, slightly ozon- 
ized oxygen, and wet nitrogen, but they only mention 
that wet nitrogen, after a sufficiently long time, re- 
stored the initial properties of the specimen. After 
baking the sample in vacuum (at 100°C for a few 
hours) they reported a slight dec rease in Ni, an increase 
in (Z,—£,), and inconclusive changes in ¢,/c,. Dorda”’ 
measured n- and p-type germanium at different relative 
humidities and concluded that dehydration of the 
surface oxide causes a decrease in the surface-state 
densities. Flietner'* performed field-effect measure- 
ments in dry oxygen, wet nitrogen, and wet ozone 
atmospheres. The surfaces of his m- and p-type crystals 
were inclined less than 8° to the (111) planes. He 
found “‘little or no reactions for dry oxygen, wet nitro- 
gen cycles” and stated that moist oxygen, following a 
dry oxygen cycle, affected only the unperturbed surface 
potential “,o. Wang and Wallis’ findings and Flietner’s 
results disagree therefore with our data and the reason 
for this may be either because of objectionable tech- 
niques of measurements or different crystal orientation, 
or both. Wang and Wallis used the “small field effect”’ 
but were unaware of the w,o shift in wet ambients, 
which could introduce serious errors. Flietner per- 
formed only surface-conductivity measurements and 
these are quite insensitive to changes in energy and 
density of the traps. Wang and Wallis’ results could 
be explained by the different crystal planes. This ex- 
planation cannot be supported from the available in- 

> S. Wang and G. Wallis, Phys. Rev. 107, 947 (1957). 

6A. V. Rzhanov, N. M. Pavlov, and M. A. Selezneva, Soviet 
Phys.—Tech. Phys. 3, 2419 (1958) (translation). 

17G. Dorda, International Conference on Semiconductor Phys 
ics, Prague, 1960 (to be published). 


18H. Flietner, Ann. Physik 3, 414 (1959 
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formation because so little is known about the effect 
of crystal planes. Difference in chemical treatment 
seems an unlikely explanation; all investigators used 
either CP-4 or CP-4A and recent work on chemical 
treatment® indicated that such etches yield repro- 
ducible surfaces. 

All of the dry ambient measurements reported here 
can be explained by assuming that dry oxygen in- 
creases the density and ratio of capture cross section 
of the states and has very little effect on the energy. 
This same behavior, although accompanied by an in- 
crease in (E;—£;), was reported by Harnick et al., 
and Margoninski.'® Both found that etching in HNO; 
generally caused these three surface parameters to in- 
crease. Slow oxidation of the germanium surface seems, 
therefore, to cause an enhancement of surface param- 
eters, which surmise is further supported by the fact 
that baking in dry air or in an oxygen atmosphere 
causes this same increase.” 

Many and Gerlich’s‘ results, however, are in direct 
contradiction to all dry ambient measurements re- 
ported here. Subjecting their n-type sample to vacuum, 
dry oxygen, and dry nitrogen cycles, they invariably 
found: (a) decreases in energy, density, and ¢p/Cc» 
changing from vacuum to dry oxygen, and the opposite 
trend when going back from dry oxygen to vacuum; 
(b) a decrease in energy on changing from dry oxygen 
to dry nitrogen and an increase when changing from 
dry nitrogen to vacuum, 1; and c,/c, 
unaffected by this treatment. No explanation for this 
contradicting experimental evidence can be suggested, 
other than difference in surface orientation 
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Self-diffusion in‘ argon crystals is discussed on the basis of the mobility of vacancies, and in the scheme 
of the “absolute rate theory.”’ Detailed calculations are made for the heat of activation Q and for the pre- 
exponential factor Do including quantum corrections. The change of potential energy is evaluated first by 
minimizing the lattice energy with respect to the displacement of the four atoms around the diffusing 
particle, next by calculating first-order elastic relaxation of the entire lattice. The change of vibrational 
properties is evaluated in the Einstein approximation. Including the contributions for the hole formation, 
the values Dyp=4.20X10~ cm? sec, 0=13.85X 107 ev, are found at T=80°K; the zero-point energy 


contributes 5% to the heat of activation. 


1. INTRODUCTION 


HE problem of determining theoretically the 

self-diffusion coefficients of crystals is usually 
viewed in the well-known simplified scheme of the 
absolute rate theory. 

It has been recently suggested by Rice! that this 
approach is not satisfactory in principle, mainly because 
neglecting the dynamical correlation between atoms 
“masks much of the physical situation.” Rice himself 
developed a dynamical theory which avoids the above 
difficulties. At this stage, however, Rice’s approach is 
not suitable for accurate calculations of diffusion 
coefficients; practical applications can be made only 
under rather restrictive assumptions? whose impli- 
cations can hardly be guessed. 

From another point of view, Vineyard* showed that 
the results of the “absolute rate theory” are quite 
consistent with the rigorous formulation of transport 
phenomena in solids, when applied to the total phase 
space of the system, and provided the configurational 
integral of the system at the saddle point between the 
initial and final configurations is evaluated in terms of 
an harmonic potential. 

However, it seems to the writers that the reliability 
of the harmonic approximation at the saddle point 
configuration is subject in turn to the existence of a 
transition state, so that Vineyard’s work does not seem 
to justify completely the scheme of the absolute rate 
theory. We shall return to this subject in a subsequent 
paper.‘ 

*Work supported in part by the Consiglio Nazionale delle 
Ricerche. 

1S. A. Rice, Phys. Rev. 112, 804 (1958) ; 
Nachtrieb, J. Chem. Phys. 31, 139 (1959). 

24. W. Lawson, S. A. Rice, R. D. Corneliussen, and 'N. H. 
Nachtrieb, J. Chem. Phys. 32, 447 (1960); O. P. Manley and 
S. A. Rice, Phys. Rev. 117, 632 (1960). 

3G. H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 

4G. Nardelli, Nuovo cimento (to be published); preliminary 
communication at the XLVI Conference of the Italian Physical 
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It would be interesting to obtain a posteriori quanti- 
tative indications on the limits of the absolute rate 
theory, by comparing the results of reliable calculations 
to accurate experimental data. While there exist a 
large number of experimental data on self-diffusion in 
solids, very few complete calculations have been carried 
out so far; they concern the self-diffusion coefficient of 
copper, and the activation energy of alkali metals and 
of some ionic crystals. Moreover, all the theoretical 
results are necessarily affected by crude approximations 
and, although very important indications on the atomic 
mechanism of diffusion have been obtained, no quanti- 
tative comparison with experimental data can be 
attempted. The numerical values of the activation 
energy of copper calculated by different authors differ 
by as much as 100%. In metallic solids, as well as in 
ionic crystals and valence crystals, it is practically 
impossible, so far, to carry out accurate calculations. 
In the case of metals, and probably also of valence 
crystals, this is mainly due to the difficulty of treating 
the contribution of valence electrons to the activation 
energy ; in ionic crystals the difficulty arises from the 
polarization effects. 

The situation is more promising in the simplest group 
of Van der Waals crystals, i.e., “inert gas” crystals. 
As is known, this type of solid is the most suitable for 
fundamental studies on crystal lattices because of its 
simplicity: essentially “two-body” forces of central 
type, short-range interatomic potential, and no addi- 
tional polarization effects. Moreover, the validity of 
the adiabatic theorem for large displacements makes it 
possible to include the electronic contribution in a 
well-defined potential function. If we apply the absolute 
rate theory to the evaluation of the self-diffusion 
coefficients of the heavier inert gas crystals, such as 
Ar, Kr, and Xe, where quantum effects are relatively 
small, the limits of the theoretical scheme should not be 


masked by the approximation introduced in order 
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actually to solve the problem, as is the case with the 
other substances. 

We choose argon crystals, because the interatomic 
potential is known with a greater accuracy than for 
krypton and xenon, and because self-diffusion measure- 
ments are in progress at the University of Genova 
(G. Boato and co-workers). In a previous paper® two 
of us have calculated the vacancy concentration in 
inert-gas crystals; in this paper we evaluate ‘the self- 
diffusion coefficient of argon, under the hypothesis 
that atoms diffuse through a vacancy mechanism. 
Preliminary results have already been published.® 
Vacancy interchange seems to be the dominant mecha- 
nism; a preliminary estimate of the formation energy 
of interstitials yields values considerably higher (about 
four times) than for the creation of vacancies. This 
agrees with the results found in copper (for a review of 
the theoretical results, see Lazarus.’ Similarly, the 
activation energy for direct-exchange diffusion is 
thought to be much too high; no attempt has been 
made to consider mechanisms based on the motion of 
crowdions and of the split interstitial. 

Calculations have been performed at 80°K, because 
experiments will be carried out in a temperature range 
around this point. 


2. PRELIMINARY CONSIDERATIONS 


Let us assume for the self-diffusion coefficient for 
vacancy diffusion the usual expression®: 

D= ia? exp(—SAF), AF=AF,+4F;, (1) 
where B=(kT)™, a is the lattice constant, 7 is a vi- 
brational frequency, and AF is the Helmholtz free 
energy per atom for the activation of the “transition 
state,” including the free energy AF, of formation of 
a hole. As is known, the above expression implies that 
there exists a “transition state” which is sufficiently 
well defined and whose lifetime is sufficiently long that 
it makes sense to define the thermodynamic properties 
of the activated atom. 

The aim of the present paper is the numerical 
calculation of the two quantities, » and AF, which 
appear in (1), in the spirit of the absolute rate theory. 
Some corrections will be introduced in order to take 
into account quantum effects, which play a rather 
important role in argon crystals. 

For these purposes we extend the Vineyard formu- 
lation’ to a quantum system. Assuming that the system 
coordinate involved in the diffusive motion could be 


5 G. Nardelli and A. Repanai-Chiarotti, Nuovo cimento 18, 1053 

1960). 

*R. Fieschi, G. Nardelli, and A. 
cimento No. 3, 463 (1959) 

7D. Lazarus, in Solid-State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1960), Vol. 10. 

8 C. Zener, Imperfections in Nearly Perfect Crystals (John Wiley 
& Sons, Inc., New York, 1952). 
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treated from a semiclassical point of view,® we 
write 

p= (8h) “[Z,°(B)/Z2(8) Jon, 


and 


AF=AF,+AF ;=A+[F,(8)—F(8) Jon 
+[F,(8)— F,°(8) |pn- (3) 


Here (Z,)pn and (Z,°),, denote the phonon partition 
functions for the hole configuration, and for the same 
configuration when the coordinate of the diffusing 
particle in the hole direction is constrained at the 
proper lattice site. A® is the change of lattice energy 
for the formation of the activated complex, including 
the formation energy of the hole, and (F) pn, (Fs)py, 
(Fr) pn, (Fx°)pn are the phonon free energies, respec- 
tively, for the perfect lattice, the saddle point, the hole, 
and the constrained hole configuration. 

It is easily verified that the above expressions for 7 
and AF correspond to Vineyard’s results, in the classical 
limit for 8—> 0. The Helmholtz free energy per atom 
for the activation of self-diffusion can also be split into 
three terms: 

AF = A®+ AE, e+ AF 3 (4) 


AEzpe, and AF,» are, respectively, the changes of zero- 
point energy and thermal free energy, including the 
contribution from the hole formation. 


3. METHOD OF CALCULATION 
(a) Lattice Energy 


The saddle-point configuration is characterized by a 
large displacement field in the region near the diffusing 
particle. This situation does not allow the direct use of 
the harmonic theory in order to obtain the displace- 
ments, as has been done in the case of a vacancy.*:” 

We try to solve the elastic problem for the discrete 
displacement field assuming that only a small part of 
the crystal, which we call region (I), suffers large 
displacements, whereas every other atom [region (II) ] 
suffers a displacement small enough to be treated by the 
elastic theory of discrete media. 

In general, starting from an initial deformed con- 
figuration, hereafter referred to as the (*) configuration, 
the potential energy of the crystal can be expanded in 
a Taylor series: 


&,=Netae*+[/]'-(eH se [47 £6) 


+{anharmonic terms}. (5) 


In this expression .V is the total number of particles of 
the perfect lattice, ¢, the rigid lattice energy per atom, 
and A¢* the lattice energy change for the formation of 
the initial configuration; [£] is the column matrix 


affect 
high quantum 
high atomic 


*This condition, very crude in principle, should not 
drastically the numerical results because of the 
numbers involved in the diffusive motion 
mass of the particle 

 H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957). 


and the 





SELF- 


whose elements are the vector displacements of all the 
atoms in the crystal from the (*) configuration; the 
elements of the column matrix [f] are the first-order 
derivatives of the potential energy, and those of the 
square matrix [A ] are the second-order derivatives, 
both evaluated in the (*) configuration; by [--- |] we 
mean the adjoint to [--> ]. 

If the initial deformed configuration is sufficiently 
close to the true equilibrium configuration, in the 
expansion (5) the anharmonic terms can be neglected. 
As the (*) configuration we assume that for which only 
the four nearest neighbors B,, ---, Bs of the particle 
at the saddle point are displaced from the regular 
lattice site B; to the new position B,*=B;+v,, every 
other atom being undisplaced (Fig. 1); v,; is chosen in 
such a way that the potential energy is a minimum 
when region (II) is unrelaxed. Therefore region (I) 
includes the atom at the saddle point 0 (the origin of 
the coordinate axes), its four nearest neighbors 
(B,---B,), and the two holes (/,/2). 

The coefficients [f] of the linear term in the above 
expansion may be regarded as external forces exerted 
on the system”; owing to the present choice of the 
displacements v,, the forces on the atoms of region (I) 
vanish. 

The condition of elastic equilibrium for the saddle- 
point configuration is then 


nes 

[4 ]-Lé]= 

The reliability of the harmonic approximation is proved 
a posteriori. The solution is formally given by 

[éJ=—-LAT’-L/]. (7) 


The first term in the right-hand member of (4), that is 
the static contribution to the Helmholtz free energy 
for activation of the transition state, is finally 


Ab= Ab*—1 f]'-[A}-[/1. (8) 


— [f]. (0) 


We call the second term in the right-hand member the 
relaxation energy, A® relax. 

The main difficulties in the evaluation of the relax- 
ation energy are given by the inversion of the matrix 
[A |. We can try to achieve this through a perturbative 
expansion, splitting [4 ] into the sum of two terms, 

[4 J=[40]+L41], (9) 
so that 


r 


CAP = ¥ (-1)"((4o}*-[41))"- [he 


) 


(10) 


This expansion converges to the true inverse matrix, 
provided each eigenvalue of [Ao}'-[A1] is smaller 
than unity in absolute value. For the evaluation of 
each term of (10) we need the knowledge of the inverse 
unperturbed matrix [Ao]. 

The above choice of the initial deformed configuration 
1 J. D. Eshelby, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 3. 
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atom at the saddle point. 


suggests the following decomposition: 


[Ao]= (“ | ae ) 
tai baa —s 


where the square submatrix [_A' ] contains the elements 
of [A ] which refer only to the atoms B* of region (I) 
(the diffusing particle is considered as a fixed potential 
source), [A'!] contains the elements connected with 
the atoms of region (II), while [A!*!' ] is the rectangular 
submatrix, representing the coupling between the sets 
{B*} and (II) of atoms. 

From the above considerations it follows that the 
relaxation energy can be expanded in powers of the 
perturbation [.4, ]: 


4 


A®,, lax —} = A®,, lax . ; (12) 


n=0 


where 


A® ciax'" (—1)"Lf]t-(LA0] '.[A,])" 


[AcE]. 
The first contribution (2=0) represents the elastic 


work done by the “forces” exerted by region (I) on 
the atoms of region (II). The first power of the pertur- 


(13) 
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bation (m=1) gives no contribution, so that the 
submatrix [A'}"' plays its role in the third (n= 2) and 
following terms only. 


(b) Zero-Point Energy and Thermal 
Free Energy 


In order to evaluate the vibrational contribution to 
the Helmholtz free energy for the activation of self- 
diffusion we should employ the “trace formula” given 
by Lifshitz, Montroll, and others.’*-* Unfortunately, 
the perturbation operator corresponding to a hole or to 
the saddle point configuration is not sufficiently simple 
to employ the trace formula for numerical applications. 
Alternatively, we could use the perturbative techniques 
suggested by Stripp and Kirkwood" some years ago, 
but at the present time we do not know any proof for 
the this perturbative expansion.'® 
Huntington and co-workers'® tried to justify the 
Einstein model for the self-entropy of a vacancy in fcc 
metals; however, in the light of more rigorous theory, 
their proof does not seem to be generally valid. 

Nevertheless, the Einstein scheme should give the 
correct order of magnitude of the perturbation on the 
vibrational properties; hence we follow this scheme in 


convergence of 


view of its simplicity. 

The Einstein frequencies of the atoms in region (II) 
are slightly affected by the distortion of region (1), so 
that the change of phonon free energy in region (II) 
may be evaluated by a perturbative expansion. Then, 
if we define 


¢(s)=h(z)!/2+37 In[1—exp(—Bhz!)], (14) 


we can write, remembering (3), 


AE wetAF 


(15) 


’ 


where M is the atomic mass; we=2zvz is the Einstein 
frequency for the perfect lattice; wa(B*) are the 
Einstein frequencies (a=1, 2,3) of the atom B*, and 


wa(Q) are the transverse Einstein frequencies (a= 2, 3) 


Lifshitz, Suppl. Nuovo cimento 3, 716 (1956). 
W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955); 
102, 72 (1956); A. A. Maradudin, P. Mazur, E. W. Montroll, and 
G. H. Weiss, Revs. Modern Phys. 30, 175 (1958); J. Mahanty, 
\. A. Maradudin, and G. H. Weiss, Progr. Theoret. Phys. (Kyoto) 
20, 369 (1958 
‘K. F. Stripp and J. G. Kirkwe 
1954 
+G. Nardelli and N. Tettamanzi 


yublished) ; preliminary communication 


od, J. Chem. Phys. 22, 1579 


Nuovo cimento (to be 
1); at the XLVI Conference 
Italian Physical Society 

*H. B. Huntington, G. A. Schirn, and E 
Rev. 99, 1085 (1955 


} 
of the 


S. Wajda, Phys 
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of the diffusing atom, both in the saddle-point configu- 
ration; wi() is the Einstein frequency, in the hole 
direction, of a nearest neighbor of the hole before 
diffusion. By ¢‘” (wg”) we mean the mth-order derivative 
of ¢g(s) evaluated at z=wg”. We note that the first 
term in the right-hand member of (14) represents the 
zero-point energy while the second term represents the 
thermal free energy. 


4. NUMERICAL RESULTS 


The Helmholtz free energy per atom for the activation 
of the “transition state” is evaluated at the temperature 
of 80°K. We use the following Lennard-Jones inter- 
atomic potential, 


$(r)= @r-"?— Br-6, (16) 


where @=1.63X 10-7 ergX A” and ®=1.05X10-" erg 
XA*.!" For the sake of consistency, we choose for the 
lattice constant the equilibrium value calculated by 
means of the above potential; at T=80°K, Zucker'® 
gives the value a=5.45 A. 


(a) Change of Lattice Energy 


(a-1) Energy Change for the Formation of 
the (*) Configuration 


Remembering its definition [ Sec. 3 (a) ], A®* is given by 


AD* = 3€,4+(| rri—rhe| +>; O(/r;!) 

+E O([ 0°) —Ds™ Li o(|e;—1,° 

+>; B* >) o(|rj;—-1 ) -25° 8 > 5 B 

+$(|rjs—17|)3205° Li? o(|r;—15|), 

where r,’ is the position vector of the /th lattice site of 
region (II), and by >) ;°"? 3°," ¢(---) we mean the 
double summation of the interatomic potential for the 
indicated sets of atoms when region (II) is in the 
unrelaxed configuration. The summations are per- 
formed including contributions up to third neighbors. 
Owing to the short-range character of the interatomic 
potential, this limitation seems to be a reliable approxi- 
mation for argon crystals. The rigid lattice energy per 
atom in the perfect crystal ¢,>0 is evaluated by the 
lattice sums of Jones and Ingham. 


(17) 


(a-2) Relaxation Energy 


The relaxation energy is given by the perturbative 


expansion (12). The “forces” [f ] are defined as 


(f] 
r; indicates the position vector of the /th atom, and the 
derivative is evaluated at the (*) configuration. With 
the adopted convention, we may write 


(02) 


{ (Ob/Or;)«} ; (18) 


(19) 


C. Domb and pF Zuck¢ 4 Nature 178, 484 (1956). 


1954) 


* J. Zucker, J. Chem. Phys. 25, 915 





DIFFUSION C 


where 
f£i=0, (j=1---4) 

4) ) I 
fn m (B (B) 


o(|r])+ dO o(\r—r,|)— LX o(|r—8;| 


d 


or 


(hy,he 


—_ = o(|r—r;!) 


r=r/? 
The matrix [A | is defined in a similar way as 
[A ]={(@/dr,0ry )x}. 
The elements of the submatrix [A'] are 
0 1 (B® () (B) 


> Dd ’e(\rjy—ry |)+d o(\r;) 
a ae j 


(B) (II) | 
+¥° ¥ o(\r;-1/|) 


j l 


(22) 


Ir =rj*,rj' =r)"* 


r;* is the position vector of the atom B,*. 

To evaluate the elements of the submatrix [A] it 
is convenient to split it into two parts, the first giving 
the coupling coefficients between the atoms in the 
perfect lattice, and the second including the pertur- 
bation to the former matrix arising from the imper- 
fection of region (I): 


[4 ]=(4,"]+[64"], (23) 


[Ap"] 


p indicates that the derivatives of the total potential 
energy of the lattice are evaluated at the perfect 
crystal configuration ;/ and /’ range only over the atoms 
of region (II); 


where 
{ (a°h dr,0ry) p} 2 (24) 


| a 0 
6A =5 yy} o(\r 
lar or 
B 
—>¥ o(\r—r;/)— ¥ o(\r—r!) 


F) h 


Finally, the elements of the perturbation matrix [A; | 
are 

0 0 

o(irj;— (26) 


| ar, or, 


In view of the short-range character of the inter- 
atomic potential, the forces and the perturbation 
matrices [6A™] and [A'!'] are assumed to have 
nonvanishing elements only for the first and second 
neighbors to the holes and to the four atoms B. Pro- 
vided the perturbative expansion (12) is convergent, 
the evaluation of the relaxation energy is substantially 
a problem of numerical inversion of the unperturbed 
matrix. Only those elements which are connected by 
the perturbation [A'!] are necessary. 
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Fic. 2. Atoms of region (I) and of region (II) in the first 
quadrant. The broken circles indicate points of the set (II*). 
he components are in units of d/2 





We note also that, up to the first-order term, only 
inversion of the submatrix [A ,!!+6A™] is required. 
Unfortunately the inversion of [Ao] or [A,'!'+6A™] is 
too difficult a numerical problem. A rough estimate of 
the zero-order relaxation energy can be easily obtained 
if we neglect the influence of the tensors outside the 
diagonal of the matrix [A ,''+6A' ], ie., if we neglect 
the coupling between different atoms of the lattice. 
The contribution arising from the off-diagonal tensors 
could be of the same order as that from the diagonal 
ones; in any case, the Einstein approximation should 
give the correct order of magnitude of the relaxation 
energy. 

Let [ 
matrix; we obtain 


A '+6A"]; be the Einstein part of the 


AP tax $C} [A +54] Lf". (26) 


be ¥ 

Further contributions to the relaxation energy should 
be calculated from the terms A®rejax'” in (13); even 
the calculation of A®;e1ax°, however, requires a con- 
siderable amount of work. We found it more convenient 
to evaluate the second-order relaxation energy and the 
displacements of B* atoms by direct lattice calculations, 
by minimizing the potential energy of the B atoms 
when region (II) is relaxed up to first order. The atoms 
of the reduced set (II)*, on which there are non- 
vanishing forces, are shown in Fig. 2. The results for 
the displacements are shown in Table I; the contri- 
butions to the activation lattice energies are reported 


in Table II. 
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ras_e I. Displacements at the elastic equilibrium (in units of 
10-*d) ; the coordinate axes are oriented as in Figs. 1 and 2. 


\toms é : f, 





4.70 


5), first approx.* 
second approx.® A AW 
0 
—0.071 
0.867 


1.069 
0.045 


0.005 —0.078 


m lattice calculations 


(b) Change of Phonon Free Energy 


The phonon free energy for the activation of self- 
diffusion has been evaluated by the approximate 
expression (14). Owing to the limitations implicit in 
the Einstein approximation we consider only the first- 
order term of the infinite expansion in the right-hand 
member of (14). The new frequencies are evaluated for 
the (*) configuration, since the relaxation of region 
(II) is small. 

The numerical results for AE,,- and AF yt, 
temperature of 80°K are reported in Table III. 

The last term in the right-hand member of (15) gives 
the change of phonon free energy of region (II), while 
the others represent the change of phonon free energy 
of region (I) (always neglecting the degree of freedom 
associated with the direction of diffusion). 

In order to compare the present results with those of 
Huntington,'® we split the change of entropy into the 


rape II. Change of lattice energy. 


13.8510 
~ 0.5010 
total 13.12 10° 


&.70«K107 e 
—0.03«K 10% e 


contributions of region (I) and region 
classical approximation we have 


AS'/k=—-4¥ In[wa(B*)/we] 
1 


a 


— > Infw.(0)/we |—In[wr(h 


AS /k~— (Qwg*)'Sp[6A™ ])/ M. (28) 


Region (I) gives a decrease of entropy of +2.68k; this 
comes from the increase of the frequencies due to the 
crowding of the five atoms. The analogous contribution 
found by Huntington in Cu is smaller (AS'/k= — 1.10). 


NARDELLI, 
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The difference could be explained in part by the 
slightly smaller outward relaxation of B atoms in argon 
[v(Ar)=0.055d, v(Cu)=0.06d) and in part by the 
different rate of change of the elastic constants with 
the change of lattice parameters. 

The contribution of region (II) differs considerably 
from the estimate given by Huntington: AS'(A)/k 
= —().064, AS™(Cu)/k=1.97. The disc repancy is due 
to the fact that Huntington assumes that every atom 
of region (II) contributes as much as the neighbors of 
a vacancy, while direct calculations show that some 
frequencies increase, others decrease, and their effects 
partly compensate. 


(c) The Vibrational Frequency & 


The vibrational frequency @ is easily evaluated if 
again we employ the Einstein approximation: 


&~ (8h) 2 sinh[38hw,(h)], (29) 


where, as before, w,(h) is the Einstein frequency, in the 


rase III. Zero point energy and thermal free energ 
activation of self at 80°K 


ailtusio 


0.7210? ev 
0.51K 10-2 ev 
1.2710? ev 

30« 10 
2.74 


hole direction, of a nearest neighbor of the hole. The 
numerical value is reported in Table IV; we note that 
for T=80°K there is no substantial difference between 
@ and w,(h). 

Finally the contribution to the self-diffusion coeffi- 
cients are summarized in Table V, where Q, Dy, and D 
are given by the usual expressions D= Dy exp(—8Q), 
Do= va? exp(— AF tn/k), and Q=Ab+ Al 


5. DISCUSSION 


Besides the simplification implicit in the adopted 
scheme, the reliability of the numerical results is 
subject also to the validity of the following assumptions : 
(a) Self-diffusion occurs mainly by a vacancy mecha- 
nism; (b) the adiabatic 
placements large enough to describe the atomic jumps 
in the diffusion process, and the 
is just Lu’ o Ey) 
two-body potential; (c) the harmonic approximation 
holds, in the Einstein scheme, in evaluating the relax- 
ation and the of the 


theorem holds even for dis- 


“effective pote ntial”’ 


), where ¢(r) is a well-defined 


energy vibrational properties 


TABLE IV. Vibrational frequency 1 at 80°K 


0.559 10" sec 
0.554 10" sec 





SELF-DIFFUSION 
TABLE V. Self-diffusion coefficient (7 =80°K, a=5.45 / 


4.20 10 


* cm? sec”! 
1.69 104 cm? sec"! 
13.85 107? ev 
8.16 107? ev® 
5.69 107? ev 
13.12 10°? ev = 3026 cal/mole 
7.95 10~- cm? sec™! 


® See reference 5. 


activated complex; (d) the perturbative expansions 
are quickly convergent. 

Point (a) has been already considered; however, it 
would be worthwhile to consider also crowdion diffusion 
and the diffusion of a split interstitial. 

The adiabatic theorem should hold because of the 
‘closed-shell”’ structure of atoms in argon crystals. The 
effective potential could include a many-body compo- 
nent'® but this term should not appreciably affect the 
numerical results. Moreover, the present (12-6) 
Lennard-Jones potential seems to be valid for argon 
crystals up to a pressure of many thousand atmos- 
pheres,”” where the interatomic distance is of the same 
order as that between the squeezed atoms in the saddle 
complex. 


‘ 


The validity of the harmonic approximation for 
evaluating the relaxation energy is proved a posteriori 
by the weakness of the displacement field; the anhar- 
monicity could still affect to some extent the phonon 
free energy. Even in the last case, however, its impor- 
tance is probably negligible. 

A critical point is the convergence of the perturbation 
expansion. In the general case the convergence has not 
been proven”; nevertheless the convergence is easily 
verified in the Einstein approximation. For the elastic 
problem, the physical meaning of the Einstein approxi- 
mation is that of neglecting the transmission of the 
strain around the point of application of a given force. 
Therefore this approximation should not be suitable 
for evaluating the strain itself, but it should give a 
reasonable estimate of the relaxation energy. More 
than 90% of the heat of activation, however, is ac- 
counted by the energy of region (I) only. The reliability 
of the Einstein approximation for the vibrational 
properties of a lattice defect cannot be proven in the 
general case; however, if there is no impurity frequency 
associated to the defect itself, it seems that the Einstein 
approximation can give fairly good numerical results, 
in the high-temperature limit.'® We note that in the 
present scheme there is no relaxation far away from 


.. Jansen, thesis, Leiden, 1955 (unpublished). 

. W. Stewardt, J. Phys. Chem. Solids 1, 146 (1956). 

Ve note that Kanzaki! deduced the perturbative expansion 
for the elastic displacement around a vacancy by an iteration 
method; he does not prove the convergence of the expansion 
either. 
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the activated complex, so that any perturbation to the 
dynamical matrix coming from the relaxation field via 
the anharmonic terms® is completely neglected. In 
another paper® it has been proven that surface effects 
are not to be taken into account in the evaluation of 
vibrational changes due to the formation of a lattice 
defect. 

As to the numerical results, it is worth noting 
(Table IIT) that the change of zero-point energy gives 
an appreciable contribution. Hence a poor estimate of 
the vibrational properties of the activated complex 
could affect to some extent the activation energy for 
self-diffusion. The same consideration holds particu- 
larly for the pre-exponential factor Do. 

The value we obtain for the heat of activation Q 
can be compared with the results of the empirical rule 
of Nachtrieb and co-workers,” connecting Q to the 
latent heat of melting L,, in cubic metals: 


Qso°k (atomic theory) = 3.210 cal/mole, 


30) 
16.5... ( j 


QOso°x (Nachtrieb) 4.633 cal/mole. 


The self-diffusion coefficient has been calculated at 
T=80°K. It is not completely safe to suppose that the 
temperature dependence of the three contributions A®, 
AEF zpe, and AF,» are such that they combine to give a 
linear temperature dependence of AF. It has been 
shown® that for the hole formation the temperature 
dependence deviates from the linear law, especially at 
low temperature; hence calculation of D should be 
repeated at different temperatures. However, in a 
temperature range of 10° around 75°K, the deviation 
of AF, from a linear dependence on T is about 2%. 
This fact suggest that formula (1) can be used with 
confidence in a small temperature range, such as can 
be examined experimentally, assuming for Q and Do 
the values at 80°K. 

Comparing the present results for the pre-exponential 
factor Dy and the heat of activation Q for self-diffusion 
to the corresponding values in other crystals, we can 
conclude that transport processes occur in argon at 
lower rates than in close-packed metals. The pre- 
exponential factor Do is surprisingly small as compared 
with the experimental results for close-packed metals; 
this fact cannot be explained on the basis of the present 
model. 
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The total cr 
of electron energy 


f 


intersection of an 


ss section for the scattering of electrons by atomic oxygen has been measured as a function 
from 2.3 to 11.6 ev. The number of electrons scattered from a region defined by the 
electron beam and a modulated molecular oxygen beam was compared with the number 


scattered when the oxygen beam was partially dissociated. A radio-frequency discharge dissociated about 
30% of the molecules. The degree of dissociation was measured with a mass spectrometer. From the data, 


the ratios of 
calculated by 


atomic to molecular scattering cross sections were obtained. 


The absolute atomic values were 


nultiplying these ratios by the molecular oxygen cross sections obtained by Briiche. The 


result is a virtually constant cross section of (6.2+0.5)ao* in the entire energy range studied. This result is 


compared with five theoretical estimates. 


I. INTRODUCTION 


NTEREST in the properties of high-temperature air 
has produced several theoretical calculations for 
the total scattering cross section of electrons by atomic 
oxygen. Recent estimates of its magnitude have yielded 
divergent results.'~* 

Electron-neutral scattering cross sections are avail- 
able for all stable atmospheric constituents.° The recent 
development of the modulated molecular beam tech- 
nique has made it possible to obtain electron collision 
cross sections for such unstable species as atomic oxygen. 

The ratios of cross sections of atomic to molecular 


oxygen are obtained from 2.3 ev to the threshold of ioni- 


zation. The absolute atomic values are calculated from 
these ratios and the molecular oxygen results obtained 
by Briiche.' 


Il. EXPERIMENTAL 
A. General Description 


The measurements of the atomic oxygen cross sections 
were performed with a modulated molecular beam ap- 
paratus. This general experimental approach has been 
employed in previous investigations of labile atomic 
species.’~® 

The basic measurement consisted of comparing the 
number of electrons scattered from a region defined 
by the intersection of an electron beam and a molecular 
number scattered the 
oxygen beam was partially dissociated. 


oxygen beam, with the when 
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A schematic arrangement of the apparatus is pre- 
sented in Fig. 1. Not shown is the vacuum envelope, 
made from mild steel (cadmium plated) to minimize 
stray fields. The partially dissociated oxygen beam is 
produced in a discharge tube located in the first of three 
vacuum chambers. The beam passes through a bulkhead 
slit into an intermediate chamber whose primary pur 
pose is vacuum isolation from the source. Here, also, 
any charged particles are removed by a set of parallel 
condenser plates. As the beam emerges into the experi 
mental chamber, it is chopped by a slotted rotating 
wheel at 101.8 cps, and it is further collimated by a slit 
just prior to the electron gun mount. It 
rupted by a beam shutter. The oxygen beam proceeds 


may be inter 


through the electron gun, where it intersects the electro 
beam and scatters electrons at tl 

The attenuation of the electron beam, due to scattering 
by the neutral beam, is measured as an ac signal. Fi 
nally the oxygen beam enters a mass spectrometer which 


1e chopping frequency. 


may be employed to determine the degree of dissoci 
ation. 


B. Atom Source 


The source of atomic an rf discharge. 
The oscillator normally operated at a fre 
Mc/sec and an input of about 30 w. The 
tube was 25-mm diam Pyrex about 150 mm long with 
a 1.4-mm diam beam exit oxygen (Liquid 
Carbonic Medical, 99.7% pure) was mixed with 2 to 
3% H: to promote dissociation." The dis 
terized by a reddish pink glow, was operated at about 
1.5 mm Hg pressure. Typically, 2 of the mole- 
cules were dissociated. 


oxygen was 
quency of 15 


discharge 
oe oon 
nole. ne 


harge, charac 


5 to 35% 
It was necessary to investigate the temperature of 
the discharge to ensure that differences between the 
scattering signal with the discharge on and off were due 
to atoms rather than velocity changes in beam particles. 
pton to the 

peak with 
the spectrometer. It is unlikely that the Kr changes the 
discharge characteristics.” No change in tl 
of the Kr mass peak was observed between 


This was accomplished by adding 1% kry 
discharge mixture and monitoring its mas 


e magnitude 
discharge 
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on and off. A change as small as 3% (about 3°C) would 
have been seen. This indicated that velocity changes 
could be neglected. 

It is unlikely that a significant fraction of electronic- 
ally or vibrationally excited species reached the inter- 
action region. A review of evidence for this conclusion 
has been presented by Linnet and Marsden." Subse- 
quently, Fite and Brackmann,” who used a partially 
dissociated oxygen beam similar to that of our experi- 
ment, were unable to find excited species. A concentra- 
tion higher than 3% would have been detected. 


C. Electron Gun 


The source of low-energy electrons (Fig. 2) was con- 
structed from cylindrical stainless steel electron gun 
parts. All components except the filament were at 
ground potential. The filament was placed at the ap- 
propriate accelerating potential. The gun was sur- 
rounded by a stainless steel oven which allowed it to be 
outgassed at 250°C. 

The relative cross section at 
tained from a ratio of electron currents which were 
measured at the collector. This ratio is the ac scattering 
signal to direct current. In principle, the two intersect- 
ing beams should be the same size. The electron beam, 
by definition, consists cnly of electrons reaching the col- 
lector. If any part of the electron beam fails to pass 
through the neutral beam, the currents will not be ap- 
propriate for the calculation of this ratio. If the neutral 
beam is too large, then some electrons may be deflected 
into the collector, decreasing the angular resolution. 
Alignment difficulties necessitated the use of a molecular 
beam height larger than the electron beam diameter. 
Variation of the neutral beam height from 1.8 to 2.4 


each voltage was ob- 
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Fic. 2. Diagram of low-energy electron gun 
of the electron beam is measured at the 
beam holes D;, De, D3, and Dy, are 0.08, 
in. in diameter, respectively 


times greater than the electron beam produced no 
observable change in the relative cross section obtained. 

Calculation of the angular re — of the gun, wel 
using a method similar to that of Kusch," yielded 1 
value of about 25°. This angle chen: is the scattering 
angle for which the efficiency of detection of scattering 
is 50%. Although the effect of the nondetectable scat- 
tering upon the total atomic cross section must await 
angular distribution measurements, the present method 
of obtaining the cross section by measuring a ratio of 
cross sections reduces the error. 

The filament was thoriated tungsten. 
of accuracy is determined by the a 
ratio, and noise from the filament was far greater than 
from any other source, considerable attention was given 
to filament selection. 

The energy of the electrons, as the energy 
spread, was determined by applying retarding potentials 
(£) to the collector and observing the collector currents 

The energy spread (defined as the width at half- 
maximum of dI/dE vs E) was 0.45 v at 11 v and 0.33 v 
at 2.3 v. 


Since the limit 
signal-to-noise 


as well 


D. Mass Spectrometer 


The mass spectrometer used to monitor the degree of 
dissociation was a 60-deg sector instrument with 10-cm 
radius of curvature. Mass analysis was performed at a 
constant ion energy (about 275 ev) the mag- 
net current. The magnet, inside the vacuum, was sur- 
rounded by a magnetic shield of soft iron to minimize 
the effect of stray fields upon the low-energy electrons. 
This shield also functioned as a vacuum-tight container 
which prevented outgassing of the magnet coils. 

The ion source was a Bayard-Alpert inverted type. 
Three cylindrical electrodes focused the ions into the 
magnetic field. A collimator in front of the ionizer per- 
mitted the neutral beam pass cleanly through it, 
which made surface recombination negligible. 

Since the temperature of the gas remained constant 
(within 3°C) when the discharge was struck, the degree 
of dissociation was measured primarily by the decrease 
in the mass 32 peak. No mass peaks other than 32, 16, 
2, and 1 (the latter two from the H2 impurity) were seen. 
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The rise of the mass 16 peak was also measured at 
intervals. The results were consistent with ionization 
cross sections measured by Fite and Brackmann,” 
although precise comparison was precluded by the elec- 
tron energy spread of the ionizer. The spectrometer 
was further used in a search for degassed water vapor. 
This test was conducted with an argon discharge and 
negative results were obtained. 


E. Circuitry 


The present circuitry consisted of conventional phase- 
sensitive, narrow-bandpass amplification.’ Two modifi- 
cations are noted. 

A preamplifier with a tuned L-C circuit was used. 
The circuit had an ac input impedance of approximately 
107 ohms at the chopping frequency, but only 3000 
ohms de resistance. Since the collected direct current 
was typically 1-3 ya, it was not necessary to compensate 
for a de voltage drop across an input resistor to maintain 
the collector at ground potential. A secondary advantage 
was the ability to conduct the signal through long 
shielded cables and to use its capacitance as part of the 
tuned circuit, which obviated the need to place the 
preamplifier inside the vacuum. 

The scattering signal at the collector was not uni- 
formly amplified at all energies. This was attributed 
to an energy-dependent ac impedance (comparable in 
magnitude to the preamplifier input impedance) charac- 
teristic of the gun. This led to the introduction of a null 
system. The circuit employed a fraction of the ac cur- 
rent from the photocell, shifted its phase, and converted 
it to an adjustable, accurately known, constant current 
source. This provided a calibrated source of alternating 
current 180° out of phase with the scattering signal, 
which could be applied to just cancel the scattering 
signal. This eliminated the need for linearity in the 
amplification system. 

Although the sensitivity of the electronics was about 
10-* amp, electron gun noise limited detection to about 
10-'* amp. 


F. Apparatus Tests 


The need for the greatest possible beam intensity led 
to source pressures greater than those satisfying effusive 
flow. This leads to two possible sources of error. First, 
a gas cloud probably forms near the source which might 
preferentially scatter either atoms or molecules. Second, 
the partially hydrodynamic flow may lead to atomic 
velocities that differ from the expected v2 factor of the 
molecular velocities. The combined effect of these two 
sources of error was measured by an ionization experi- 
ment. The electron impact ionizer (Fig. 3) was designed 
to collect all ions, including those energetic ones formed 
in the dissociative ionization of molecular oxygen. The 
total ion collection was verified experimentally by the 


constancy of the ion signal despite large variations of 
extraction and focusing conditions. The electron energy 
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Fic. 3. Arrangement of ionization experiment. The molecular 
beam goes into the paper. All ions formed in the interaction region, 
including dissociatively ionized oxygen, are collected, Cylindrical 
components and circular electron beam apertures are used 


was 200 ev. The ion signal was measured with the dis- 
charge on (J’) and off (J). The fraction of molecules 
dissociated (D) was separately measured with the 
spectrometer. 

If velocity and scattering effects did not exist, these 
data would give the following ratio of the total ioniza- 
tion cross section of atomic oxygen (Q,) to that of 
molecular oxygen (Q,,): 

() ‘fg J)—1+D 


a 


O», Dv2 


Qm has been measured by Tate and Smith.'* The devia- 
tion of our ionization result from the correct value 
yielded a correction factor which was applied to the 
scattering results. 

The correct value of Q, was obtained by replacing 
the exit hole of the discharge tube with a 0,02-mm slit 
and repeating the measurements. The source pressure 
was about 1 mm Hg (the oxygen mean free path is 
about 0.04 mm), thereby satisfying Knudsen conditions. 
The degree of dissociation was measured as before. The 
measurement of Q, at 200 ev yielded 1.42 ray”. Neglect- 
ing multiple ionization of atomic oxygen, we may com- 
pare this value with results for single ionization. It is 
in good agreement with an experimental value of Fite 
and Brackmann” (1.467a,?) and theoretical 
value of Seaton’ (1.612a,7) but in disagreement with 
the more recent work (2.427a,") of Boksenberg.'® The 
apparatus was also tested by the use of hydrogen. We 
obtained good agreement with a previous measurement? 


with a 


of the ionization cross section of atomic hydrogen. These 
determinations will be discussed in a subsequent paper. 
The correction applied to the scattering cross sections 
of atomic oxygen is about minus 20%, 

Several sources of erroneous ac scattering signals 
should be considered. These are 101.8 cps modulation 
of (a) filament emission, (b) background gas pressure, 
and (c) photons from the discharge. 


‘J. T. Tate and P. T. Smith, Phys. Rev. 39, 270 

M J Seaton, Phys. Rev. 113, 814 (1959 

6A. Boksenberg, Physics Depart ent, Univ 
London (private communication) 
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A filament modulation signal, unless it had the same 
phase and energy dependence as a true scattering signal, 
would have changed the shape of a known energy vs 
cross-section curve. Such an alteration was initially 
observed in experiments with molecular oxygen, al- 
though the inert gases helium and argon gave the correct 
energy dependence.® The filament modulation was mani- 
fested directly in a change of phase from the true scat- 
tering signal..More precise alignment of the molecular 
beam with the gun, which eliminated the possibility of 
collisions of neutral beam particles with gun surfaces 
and consequent scattering into the filament, overcame 
this difficulty. The undesired phase shift vanished and 
the molecular oxygen cross-section data then agreed 
with the curve obtained by Briiche.* The inert gases 
still showed an energy dependence consistent with 
previous results. The cross-section curve of molecular 
oxygen’® is shown in Fig. 4 as well as experimental points 
obtained with the present apparatus. Since only the 
energy variation of the cross section was measured and 
not its absolute magnitude, the curve was normalized 
to Briiche’s results at 11.5 ev. 

The molecular cross sections obtained with the ap- 
paratus could have resulted from sufficiently intense 
pressure modulation of the background gas, largely 
composed of beam molecules. For an atomic oxygen 
beam, recombination would lead to incorrect cross 
sections. Three independent tests demonstrated that 
background modulation was not important for oxygen. 
First, the beam shutter was closed. This presumably 
blocked the beam without seriously altering the back- 
ground modulation. No ac signal was observed. Second, 
35% of the wall area of the oven was removed and re- 
placed by mesh (of 95% transmission). This would be 
expected to alter significantly the pressure modulation 
inside the oven caused by beam particles deflected there 
by oven and gun surfaces. No change in the ac signal 
was observed. Finally in the most direct test, a small 
ionizer was placed in several strategic positions in the 
apparatus, both in the beam and out. The modulated 
ion current was 10% to 10* times as high in the beam as 
in the background gas, demonstrating that background 
modulation was negligible. 

Because of the low intermediate chamber pressure, 
chopped background gas, coinciding spatially with the 
beam, is negligible compared to the beam. 

Tests for possible effects from modulated photons, 
originating in the discharge, showed negative results. 
No ac signal was observed in a comparison of beam 
shutters of thin collodion film (transparent to photons) 
and the normal copper sheet. Finally, with the electron 
beam off, no ac signal was observed at the collector. 


G. Experimental Procedure 


The electron gun was normally degassed about two 
hours at 250°C. The temperature was then lowered to 
200°C for normal operation. Typical pressures in the 
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Fic. 4. Total collision cross sections for electrons scattered by 

molecular oxygen. The spread of data is greater than for the cross 

sections of atomic oxygen, since the latter are obtained from 
measurements relative to molecular oxygen at a given energy. 


experimental chamber were 6X10~7 and 2X10-7 mm 
Hg with gas flow on and off, respectively. 

The filament was placed at the appropriate voltage 
and was heated by direct current to a temperature such 
that, at the highest accelerating voltage used, the emis- 
sion was space-charge limited. This procedure mini- 
mized the effect of random emission changes. 

With the beam flag closed, the recorder reading of 
ac output was noted. The beam flag was opened then 
and the resulting ac scattering signal was balanced by 
means of the null system. The de collector current was 
recorded simultaneously. The discharge then was turned 
on and a new null system current was recorded, as well 
as the direct current. After these two scattering signals 
were obtained, the degree of dissociation was measured 
with the mass spectrometer. Occasionally, the gas into 
the discharge tube was turned off and the difference in 
ac signals at the gun collector with flag open and closed 
was noted. This difference was always zero. 

An integrating circuit in the electronics of 10-sec 
time constant was used to feed the pen recorder. Obser- 
vations of signals with the recorder were made normally 
for a period of 5 to 10 min. 

The gas was admitted to the discharge tube through 
a needle valve from a reservoir held somewhat above 
an atmosphere of pressure. Since the pressure in the 
discharge was about 1.5 mm Hg, the mass flow remained 
constant regardless of discharge conditions. Under these 
circumstances, the ratio of the atomic to the molecular 
cross section (Q4/Q:) is given’? by 


Oa (S’/S)-—14+D 


Ow Dv2 


where S’ and S are defined as the scattered alternating 
current per unit de electron beam current with the dis- 
charge on and off, respectively, and D is the fraction of 
molecules dissociated. 


7 lr. Brackmann, W. L. Fite, and R. H 
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III. DISCUSSION OF RESULTS 


A partial solution of the electron-atomic oxygen 
scattering problem was obtained by Bates and Massey'® 
who considered only s-wave scattering. They employed 
Hartree-Fock functions and a variable parameter to 
account for the effect of polarization of the orbitals upon 
the scattering. Seaton’ has calculated a p-wave 
contribution. 

Robinson,' who did not include exchange or polariza- 
tion in his calculations, obtained both s- and p-wave 
contributions. Hammerling, Shine, and Kivel? obtained 
only an s-wave; polarization and exchange corrections 
were estimated. 

Temkin’ also computed s-wave scattering. In satis- 
fying the Pauli principle, the exchange polarization is 
treated more elaborately than by the other theorists. It 
is not a parameter as in the Bates and Massey treat- 
ment. Temkin’s method sacrifices some polarizability 
terms which are classically included by Bates and Mas- 
sey. Temkin suggests that the s-wave cross section 
should be bracketed by his results and those of Bates 
and Massey. 

Klein and Brueckner* have published results in- 
cluding s- and p-wave caclulations. They determine the 
polarization (and, implicitly, exchange) parameters 
by utilizing experimental results on the binding energy 
of . 

The present experimental results consisted of deter- 
minations spread over the entire energy range from 
2.3 to 11.6 ev. Although the measurements at low energy 
were inherently less accurate, the spread of points there 
was not significantly greater than that at the higher 
energies. We have obtained a least squares fit for our 
data with the result that the cross section is almost 
constant at (6.2+0.5)a;" over the entire energy range 
studied. The quoted error gives a band of values about 
the curve in which the half the 64 experimental points 
lie. 

Our results as well as the theoretical estimates, are 


*D. R. Bates and H. S. W 
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19M. J. Seaton 
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s for electrons si 


have 


added to the 


shown in Fig. 5. Also shown is a point (near 0.5 ev) ob- 
tained by a shock tube technique.”® For purposes of 
comparison, p-wave cross sections have been added to 
the s waves of Bates and Massey; Temkin; and Ham- 
merling, Shine, and Kivel. The p-wave results of Seaton 
and Klein and Brueckner are very similar (surprisingly 
so, in view of the different computational methods). 
The latter are used here because of the larger energy 
range computed. 

The Bates and Massey s-wave result was 
from Seaton.” It was calculated to 2 ev; the dashed 
line is an extrapolation. 

Our results are bracketed by the Bates and Massey 
and Temkin curves over the range calculated. This is 
in accord with Temkin’s predictions. 
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A paramagnetic resonance absorption spectrum has been observed in the products of a radio frequency 
electrodeless discharge in fluorine gas. The spectrum consists of eight lines, widely spaced over a magnetic 
field range 2000-6000 gauss, which can be identified with AMr=-+1 transitions in the ground 2? level of 
the F atom. Analysis of the spectrum yields — gy(F ; ?P4)/gp=438.4839+0.0003, Av(F ; 2Py) =4020.01+-0.02 
Mc/sec, —a’”’ (F; 2P)/h=446+10 Mc/sec, where a’” is the coupling constant of the off-diagonal hyperfine 
interaction in the ?P term and gp is the g factor of protons in a cylindrical sample of mineral oil 


1. INTRODUCTION 


HE theory of the linear Zeeman effect for many- 

electron atoms has recently been extended'~* to 
include relativistic contributions, calculated to order 
c’uoH. For simple atomic states this allows the calcu- 
lation of atomic g factors, in terms of the theoretical 
magnetic properties of the free electron, to a precision 
of one part per million or so. Since atomic g factors are 
susceptible to equally precise measurement by para- 
magnetic resonance methods, direct tests of the over-all 
theory are possible. 

In certain cases more detailed tests can be made. 
Measurements of® g7(H;*S;)/gp, and of? gp/gi, (gp the 
proton g factor) have led to a fairly direct test of the 
theoretical value of g./g:, the ratio of the electron spin 
g factor to its orbital g factor. Also a direct measurement 
of g./g: has been made on the free electron.* Both of 
these experiments are in good accord with theory, but 
they are not of sufficient accuracy to determine the a” 
term for the electron spin magnetic moment. On the 
other hand, the measured? ratio g;(He; 4S1)/g7(H; 2S;), 
which is insensitive to the precise value of the electron 
spin magnetic moment, provides a rigorous test of the 
relativistic Zeeman theory. This experiment is in 
excellent accord with theory.! 
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For more complex states of many-electron atoms, 
the confrontation of theory with experiment may be less 
clear cut, chiefly because of imperfect knowledge of 
atomic wave functions; a precise g-factor calculation 
requires knowledge of the radial, as well as the angular, 
dependence of the wave function. At present, this limits 
precise comparisons to the ground states of fairly light 
atoms, where relativistic small and LS 
coupling prevails. One such atom, O'*, has already been 
thoroughly investigated, both in theory? and experi- 
ment.!':” Unfortunately, there is reason to believe that 
g factors calculated with even the best Hartree-Fock 
oxygen functions are of considerably poorer quality 


effects are 


than the experimental results, and this robs the com- 
parison of theory with experiment of much of its 
significance. 

The self-consistent field method should give better 
wave functions for fluorine, which is one step nearer 
than oxygen to a closed-shell electron configuration. 
Together with the essentially pure LS coupling expected 
in the ground ?P term, this may permit a calculation of 
the fluorine g factors which approaches the desired 
precision of +10~®. Because of the largely orbital 
magnetism of the ?P term, it should then be possible 
to extract a particularly precise value of g./g: for the 
electron from a measured ratio of the form gy(F)/g7(H). 


2. ENERGY LEVELS 


Observed microwave Zeeman spectra are often 
complicated by quadratic and higher-order Zeeman 
effects, as well as by hyperfine structure (hfs). In such 
cases the linear Zeeman effect, and hence the atomic g 
factor, must be extricated from the observed spectrum 
by comparing it with a detailed energy level calculation. 
In favorable cases the accuracy of this calculation will 
be checked by the observed spectrum itself; i.e., to the 
extent that the number of lines exceeds the number of 
unknown atomic constants used in the calculation, the 
requirement of internal consistency must be satisfied. 

The ground term of the fluorine atom is an inverted 
P, the metastable *P; level lying about 400 cm™ above 
the ground *P; level. The only stable isotope of fluorine, 
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F’, has a nuclear spin 7=4 and a nuclear magnetic 
moment close to that of the proton. The magnetic 
dipole hfs interaction should be strong, due jointly to 
the large nuclear g factor and, as implied by the doublet 
splitting, a rather large value of (r~*). The observed 
paramagnetic resonance spectrum has, in fact, a 
decided intermediate field character, and its interpre- 
tation requires energy level solutions in which the hfs 
interaction is placed on an equal footing with the 
external magnetic interaction, even in calculating per- 
turbations arising from the presence of the neighboring 
doublet component. That is, off-diagonal (in J) matrix 
elements of the hfs interaction, as well as the more usual 
off-diagonal magnetic interaction matrix elements, must 
be retained in the calculation. Clendenin® has performed 
this sort of calculation relativistically for the case of an 
atom with a single valence electron which moves in a 
central field. Of special interest here is his result for an 
1 doublet with J=3: 
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AW = (j+3)[a;— |k+1) (a” 
This represents an expansion of the doublet energies in 
powers of 1/6, where 6 is the doublet splitting, in which 
quadratic and higher-order terms are neglected. The 
quantities a; and a’” are, respectively, the diagonal and 
off-diagonal (in j) hfs coupling constants; aj;4; is 
commonly written as a’, and a;_,; as a’. The quantities 
Gi,4 and G;, are large component relativistic radial 
wavefunctions. Further discussion of (1) is given in 
reference 13. 

The relativistic nature of the solution, which restricts 

7 W. W. Clendenin, Phys. Rev. 94, 1590 (1954). The formula 
presented in this paper contains serious typographical errors, 
which have been corrected in Eq. (1) above. Minor changes in 
notation have also been made. 
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it to the one-electron central field enters (1) 
explicitly only through the quantity .V, the non- 
relativistic analog of which is the normalization integral 
of a Schrédinger radial function. Otherwise, the solution 
is applicable to a general Russell-Saunders L doublet 
with J=4. For the rather light fluorine atom, where 
relativistic effects should be small, we set .\ equal to 
unity and, on substituting /=1, assume that (1) 
the doublet energies correctly to terms linear in 1/6. 
Third-order perturbation theory indicates that terms 
quadratic in 1/6 have a relative size of about 1 part in 
10’. Although not wholly negligible, such contributions 
are smaller than the experimental uncertainties, and 
may safely be ignored. 

The propriety of this use of a one-electron formula to 
describe the energy levels of the fluorine atom, with 
five valence electrons, is discussed further in Sec. 4. 
In the last analysis the justification is @ posteriori: Eq. 
(1) fits the observed spectrum. 


case, 


gives 


3. THE EXPERIMENT 


The paramagnetic resonance absorption spectrum of 
the fluorine atom was sought in the products of a 
radiofrequency electrodeless discharge in 
fluorine gas. Aside from minor modifications in the gas- 
handling system made necessary by the corrosive nature 
of fluorine, the apparatus and conduct of the experi- 
ment were those of the earlier work on oxygen. 


low-pressure 


3.1. Apparatus 


The spectrometer employs a 7/9); cylindrical trans- 
mission cavity excited at its resonant frequency of 
9100 Mc/sec by a dc-stabilized klystron. A bolometer 
detector is used, and signal amplification is at 30 cps, 
the magnetic field modulation frequency. A 
magnetic field perpendicular to the cavity axis is 
provided by an 8-in. 
submarine storage cells and controlled by a 
resonance feedback circuit. 

The absorption sample was a fast 
gas, contained in a quartz tube which could be inserted 
axially through the microwave cavity. Just upstream 
of the cavity, the gas tube passed through a radio- 
frequency coil resonant at 40 Mc/sec which was 
coupled to a 50-watt oscillator. With this 
arrangement, a deep red glow discharge, showing strong 
optical lines of the neutral fluorine atom, could be 
excited in the fluorine gas stream at a pressure of a few 
mm of Hg." Pressure broadening of the microwave 
absorption lines required, however, that the total 
pressure in the cavity be somewhat less than 100u Hg; 
this pressure differential was maintained by interposing 
a drilled aluminum plug in the quartz tube. 


static 


electromagnet, powered by 


proton 


moving stream of 


power 


4 No attempt was made to measure fluorine gas 


ym measured 


pressures 
accurately ; here, as later, pressures were estimated fre 
flow rates and calculated pumping speeds 





MICROWAVE 


Fluorine was fed to the discharge through a variable 
leak (a flattened copper tube) from a steel storage tank 
which contained electrolytically generated fluorine!® 
at a pressure of one atmosphere. Valves were of the 
bellows type, with Teflon gaskets; connections were 
made with brass piping. The entire storage system was 
purged with fluorine gas before the final filling. The 
low-pressure part of the gas system, past the variable 
leak, was made of Pyrex glass except in the vulnerable 
region of the glow discharge, where quartz was used to 
minimize contamination of the gas stream. Stopcock 
grease and neoprene O-rings gave satisfactory service at 
pressures below 1 mm Hg. The vacuum pumps were 
protected by a charcoal trap in which the fluorine was 
removed by chemical reaction. 


3.2. The Spectrum 


A cursory search over the magnetic field range 
4000-6000 gauss disclosed six strong, widely separated 
microwave absorption lines. Their positions were in 
harmony with the energies (1) provided the values 
gy} (the Landé g factor of a *P; level) and AW/h 
~4000 Mc/sec were used to calculate the expected 














Fic. 1. Energy diagram appropriate to the #P level of fluorine. 
Transitions corresponding to observed lines are labelled a through 
roll /AW. 
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Fic. 2. A fluorine line (second from left) obscured by the 
oxygen impurity spectrum. 


magnetic field spectrum. The results of this rough 
calculation are shown in Fig. 1, which is a plot of the 
magnetic field dependence of the energies (1) for a 
?P; level. The eight predicted AMr=+1 transitions 
are indicated by arrows, and the abscissas of the six 
arrows labelled a through f are consistent with the six 
observed lines. The transitions g and / would be for- 
bidden at strong fields; at the intermediate fields 
indicated in Fig. 1 their line intensities should be, 
respectively, about § and $ that of the strong lines. On 
more careful search at their predicted positions, lines 
g and / were in fact found, and with their expected 
intensities. 

At no time were further absorption lines found which 
could be assigned to transitions in the metastable *P; 
level. This is not surprising, since the calculated *P,; 
transition probabilities are some five times smaller 
than that of the least favorable *P; transition (corre- 
sponding to line g). Even neglecting population differ- 
ences, this alone would place any ?P; absorption signals 
well below the spectrometer noise level. Other lines 
did, however, appear: four are shown in the experi- 
mental record of Fig. 2, together with one of the strong 
fluorine lines which is accidentally coincident at this 
observing frequency. The spacings and mean g factor 
of this quartet identifies it positively with the *P2 state 
of atomic oxygen. The two lines of the *?; oxygen 
spectrum, which occupy flanking positions 5 gauss to 
either side of the *P: quartet, were also present. From 
the relative signal intensities of Fig. 2, the concen- 
tration of oxygen atoms in the microwave cavity may 
be estimated as roughly one-half that of fluorine atoms. 
This should not, however, be taken as a reliable measure 
of the oxygen impurity in the inlet gas, since the radio- 
frequency discharge system worked somewhat better 
for oxygen than for fluorine. Also, fluoridation of the 
walls of the discharge tube may have released a signifi- 
cant amount of oxygen to the gas stream; in the region 
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Tas_e I. Energies of the *P; transitions (F, Mr) — (F’, Mr—1). x= (gz 
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of the glow discharge the quartz surface was visibly 
attacked. 

Because of the interference from the oxygen lines, 
© precise measurements were attempted on line c. 
Line g was also neglected because of its low intensity. 
A typical recording of one of the remaining six lines is 
shown in Fig. 3. Abscissas represent proton resonance 
frequencies measured in the same volume of magnetic 
field as occupied by the fluorine gas sample. The 
spectrometer displays in a point-by-point way an 
approximate first derivative of the absorption line. The 
experimental points have been fitted roughly by the 
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Fic. 3. A fluorine line. Experimental points are fitted roughly 
with the derivative of a Lorentz absorption line, neglecting field 
modulation broadening effects 
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pure derivative of a Lorentz line ; deviations from a good 
fit are of the sort that can be accounted for by 
broadening and symmetrical distortion of 
caused by modulation of the magnetic field. The width 
between peaks of the quasi-derivative line is 60 mgauss. 
This corresponds, after subtraction of the calculated 
modulation broadening,'® to a Lorentz half-width of 35 
mgauss (7 parts in 10°). In this and other recordings 
of the fluorine lines, pressure effects were the major 
source of line broadening; at pressures so low that the 
lines were barely detectable, their widths were 

to approach the limiting value set by 
field inhomogeneity over the sampl 
15 mgauss. 


the 
the line 


found 
magnetic 
volume: about 
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3.3. Analysis of the Spectrum 


It is convenient to expand the root appearing in (1) 
in powers of T'/[1—4M px/(2j+1 We discard 
all terms of second and higher order in 1/6, and write in 
Table I the energies of the eight AM; 
in the rs level. 


In each of these eight equations, five 


+1 transitions 


constants 
characteristic of the fluorine ?P term appear: g,(?P3), 
AW (?P;), a’”’, gr, and 6. Of these, only g; and 6 have 
been measured in other experiments; to deduce gy, from 
the observed spectrum, one must therefore find simul 
taneous values of AW and a’”’. The small relative size of 
the terms involving (uo/7)*/6 suggests a trial and error 
method, in which the coefficients of these 
evaluated numerically from rough « 


terms are 


xpe rimental values 


16R. Beringer and-J. G. Castle, Jr., Phys. Rev. 78, 581 (1950) 
g j 
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of gy and AW, together with trial values of a’”’. The 
transition energy equations for lines a and f may then 
be solved explicitly for gy and AW in terms of v, H, and 
the fundamental constants # and yo. The latter are 
eliminated by expressing H through the proton reso- 
nance relation 


hvp= —g pull. 


Then on substituting the measured microwave fre- 
quency v and the proton resonance frequencies v, 
measured at the centers of lines a and f, one may 
calculate precise values of Av=AW/h and the ratio 
84/8 p- 

By adjusting a’” (and recalculating Av and g/g, 
with each adjustment), a set of values for the three 
constants were eventually found which predicted, 
within experimental error, the measured positions of all 
eight lines of the fluorine spectrum. 


ur 


3.4. Results 


The numerical results depend somewhat on the values 
of the doublet splitting 6 and the nuclear g-factor ratio 
g:/g, used in the analysis. For 6 we have used the value 
—404.0 cm (the negative sign accounts for the 


inverted fine structure) found from the vacuum 


ultraviolet spectrum of F1.!" The tolerable error in this 
number, within which our results are unaffected, is 
about 1 cm™'; the number of figures quoted would 
indicate that the actual uncertainty is somewhat less. 
The ratio g;/g» has been measured in several nuclear 
magnetic resonance experiments, all of which agree 
to the necessary precision of 1 part in 10‘. We have used 
the value g7/g,=0.940814+0.000009 measured in 
aqueous HF.'* A molecular beam experiment has shown 
the sign of the ratio to be positive.” 


TABLE II]. Experimental data on gy/g, and Av." 


Data set ~ £5 / 21 Av (Mc/sec) 


438.48367 

48403 

48433 

48380 

48422 

48382 

48415 

8 48371 
9 48439 
10 48365 
11 48345 
12 .48442 
13 48384 
14 .48382 
15 48389 
16 48341 


4019.973 
19.986 
20.021 
20.027 
20.011 
20.032 
20.033 
20.010 
20.014 
20.018 
20.012 
19.996 
19.981 
20.012 
20.000 
19.998 


"Mean value: —£7/8p =438.48391 +0.00008 ; 


sec. 
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1G. 4. Histogram of 16 determinations of the 
fluorine ?P; g-factor ratio 


Table II contains the results of sixteen observations 
of each of the lines a and Js obtained from the analysis 
described in Sec. 3.3. These measurements were all of 
about the same quality, so the calculated values of Av 
and g,/g, have been assigned equal weights in taking 
mean values. The histograms of Figs. 4 and 5 present 
the results in graphic form. The total spreads in these 
distributions can be accounted for by estimated errors 
in measuring the magnetic field and in tuning the kly- 
stron to the cavity resonance frequency. The relative 
errors in Av and g,/g, differ by a factor of about six, but 
this only reflects the relative sizes of magnetic and 
hyperfine energies at the magnetic field strength used. 

Figure 6 shows the consistency of these mean values 
with other lines of the spectrum. The comparisons are 
made by calculating the transition frequencies Veate 
from the measured proton resonance frequencies v, and 
the experimental values of Av, gy/g, and a’”’, and then 
comparing with the measured microwave frequency. 
The results of several observations of each line are 
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Fic. 6. Histograms illustrating the consistency of the fluorine 


spectrum with the energy formula (1). 


plotted in the form of histograms. The average devia- 
tions from perfect fit are a few parts in 10? for each of 
the lines 6, d, and e; experimental uncertainties were 
larger for line 4 because of its low intensity. The 
appropriate value of a’”’ was in fact chosen to make the 
grand average deviation from perfect fit for lines ), d, 
and e essentially zero; the good fit to line # can be 
regarded as confirmation of the results, 
especially of the value of Av, to which it is particularly 
sensitive. 
We take as primary experimental results: 


additional 


*. 2P;) 2 p= 438.4839+0.0003, 
Av(F ;?P,)=4020.0140.02 Mc 
—q!""(F-2P) h=446+10 Me sec, 


sec, 


where g, refers to protons in a cylindrical sample of 
mineral oil of length-to-diameter ratio 5/1. The un- 
certainties quoted with g,/g, and Av are four times the 
statistical standard errors in the respective means, and 
they include about 80% of the individual measurements. 
The uncertainty in a” is a conservative estimate based 
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on the fitting process described above. 
the measured values of Av and a’, we find the hfs 
coupling constant for the °P; level to be a’(F;?P,)/h 
= 2009.99+0.01 Mc/sec. 


On combining 


4. DISCUSSION 


To interpret the fluorine spectrum, we have used 
theoretical energy levels which were originally calcu- 
lated for a single relativistic # electron in a central field. 
This is not so drastic a misrepresentation as it may 
seem, for the form of Eq. (1) is determined almost 
entirely by angular momentum considerations. A 
careful calculation of the 
relativistic operator 


eigenvalues of the non- 


H=HKotgsuod-H+giuol-(H+H.), 


in any pure *P term with /=}3, would reproduce (1) 
exactly but for the relativistic correction V. The 
symbol H, in (2) represents the magnetic field produced 
at the nucleus by the atomic electrons; the magnetic 
dipole hfs interaction must be written in this way 
(instead of the approximate form alI-J) to 
matrix elements off-diagonal in J. 

To the extent, then, that effects and 
possible deviations from LS coupling can be absorbed 
by the constants gy, Av, and a’”, Eq. (1) should be 
adequate for purposes of deriving these constants 
from the fluorine spectrum. The internal 
consistency of the spectrum, shown by Fig. 6, should 
dispel any remaining doubt on this point. We consider 
the histograms of Fig. 6 as sufficient evidence that the 
results of this experiment are subject only to errors of 
measurement, not of interpretation 

The most troublesome experimental errors are those 
caused by nonuniformity of the magnetic field over the 
absorption sample. By repeated careful shimming of the 
electromagnet, these errors were 
possible and were given a more-or-less random distri 
bution. The success of this effort, as judged by the 
shapes of the histograms in Figs. 4 and 5, was something 


preserve 


relativistic 


excellent 


made as small as 


less than complete. Nevertheless, any errors arising 
therefrom should be well inside the quoted uncertainties 
Errors from imperfect tuning of the klystron to the 
cavity resonant frequency are probably comparable 
with magnetic field errors, but it is much easier to give 
them a random distribution. The 
determined mostly by the ratio of a microwave to a 
proton resonance frequency; both frequencies were 
measured by comparison with the same laboratory 
frequency standard consisting of a crystal oscillator 
and multiplier chains, and so errors in the calibration 
of the standard are relatively unimportant. The value 
of Av does depend on an absolute frequency measure- 
ment, but the required accuracy was easily maintained 
by checking the laboratory standard 
against WWV. Of other conceivable systematic errors, 
the most serious might be a pressure shift of the reso- 


value of g7/gp 


oct asionally 
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nance lines. A full investigation of pressure effects in 
fluorine would be difficult; we were content to observe 
that there was no significant line shift as the gas flow 
rate was varied within practical limits. The possible 
existence of a pressure shift too small to be detected 
in this way is accounted for by the experimental 
uncertainties quoted in Sec. 3.4. 

The measured ratio gy/gp is best compared with 
theory by combining it with the analogous ratio 
measured in the ground state of atomic hydrogen: 
— gs (H; *S;)/g,=658.2167+0.0006. This is the mean 
result of two paramagnetic resonance measurements* 
one made by the atomic beam method, the other with 
the same apparatus used here. Small corrections for 
shape-dependent diamagnetism of the proton samples 
are included in this figure.’? The experimental ratio of 
g factors is then 

gy (F ;*P3)/gs(H; 2S;) = 3 — (49741) X10-*. 
The Landé g factors alone would give a theoretical 
ratio of 2; it from this ratio that 
concerns us here. 

The detailed Zeeman theory of light atoms includes 
four known sources of g-factor perturbations: the 
electron spin g-factor anomaly, the relativistic Zeeman 
effect, deviation from pure LS coupling, and the effect 
of nuclear motion about the center of mass. The last 
of these can be calculated by the method of Abragam 
and Van Vleck,” based on the earlier work of Phillips”’; 
we find the contribution to the fluorine g factor to be 
less than 10~® and hence negligible. Deviation from LS 
coupling can alter an ideal g factor through its admixture 
of states of different 1 and S, and hence different g 
factors. In the fluorine ?P term, which is the only term 
of the ground 2° configuration, deviation from LS 
through combined 


is the deviation 


coupling can come about enly 
electrostatic and magnetic admixture of non-LS 
from configurations. Corre- 
sponding g-factor contributions appear only on reaching 
the fourth order of a perturbation caiculation and, 
although important in heavy atoms, decrease rapidly 
with atomic number”; we estimate that the fluorine ?P 
g factors are affected by at most a few parts in 10’. The 
relativistic and diamagnetic g-factor corrections are 
difficult to evaluate for complex atoms, and we have 
made only an approximate calculation, following the 
method of Abragam and Van Vleck which neglects 
exchange effects. The relativistic correction, which 
involves (7)»», the mean kinetic energy of a 2p electron, 
was computed with self-consistent field wavefunctions 
for fluorine given by Brown” and amounts to Ag 

— (16/15) ({T)2p/me?)= —176X10-*. The diamag- 
netic corrections include the Lamb correction and the 
orbit-orbit correction and in the notation of Abragam 


( oupled States excited 


*” M. Phillips, Phys. Rev. 76, 1803 (1949). 
21 M. Phillips, Phys. Rev. 88, 202 (1952). 
2 1. W. Brown, Phys. Rev. 44, 214 (1933). 
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and Van Vleck are given by: 


Ag; amb=> — (2/9)a? ((W 2p 
and 


Agorbit-orbit = — (2/9)a?((W pap +(V pap). 


The quantities (W)s, and (V)s, were evaluated using 
Slater analytic wavefunctions® and were found to have 
the values (W )op= 2.85 and (V)2,=0.40 in atomic units. 
Hence it follows that Ag ramp=—33X10 and 
Agorbit-orbit = —39X10-*§. When added to the non- 
relativistic g factor of a *P; state, this gives the 
theoretical result: gy(F; °P;)=g,./3+2g, 3—248X 10-*. 
If this is combined with the theoretical hydrogen g 
factor’ g,(H;7S;)=g,(1—a?/3), and the theoretical 
values g,=2(1.0011596) and g,;=1 are inserted, the 
result is gy(F;?P3)/gs(H; *S;)=3%—498X10-%. This 
ratio is consistent with the experimental results. 

Of major concern in a more careful calculation of 
relativistic effects would be the quality of the atomic 
wave functions used. For instance, an accuracy of 
+10~® in the theoretical g factor would require knowl- 
edge of (T)2» to about 3%. This makes severe demands 
of a self-consistent field wave function, and independent 
experimental tests of the wave function are necessary 
if one is to put confidence in a g factor calculated out 
as far as 10~-®. Appropriate tests are provided by the 
observed fine and hyperfine structure since they, like 
(T)2», depend strongly on the behavior of the wave ° 
function near the nucleus. 

Brown’s self-consistent field, although the result of a 
simplified Hartree-Fock calculation, still predicts the 
fine structure fairly well: The calculated spin-orbit 
doublet splitting is 428.9 cm~', which differs from the 
observed splitting by 6%. By way of contrast, the 
corresponding discrepancy for using an 
elaborately calculated Hartree-Fock field, is 10%.° 

The fluorine hfs is potentially valuable as a test of 


oxygen, 


wave functions because the theory of the hfs may be 
cross checked among the three measurable coupling 

except for negligible relativistic 
corrections, are!®?> q’ 15, a’ =5a’, and 
a’”’ = —5a’/16, where the mean value of r~ is taken over 
the 2p wave function. The measured ratio a’”’/a’ 
actually differs from the theoretical value —37’g by some 
30%; obviously, the theory must be refined before the 
hfs can serve as a test of wave functions. 

Such hfs perturbations have been observed in many 
atoms, and they are generally thought to be caused by 
configuration mixing. In particular, Fermi and Segré?’ 
have shown that a configuration having unpaired s 


constants which, 
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= 16g 710° Tr 


electrons, which have a large magnetic interaction with 
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the nucleus, can strongly affect the hfs of other con- 
figurations to which it is electrostatically coupled. 
Koster’* has made detailed calculations of this effect 
on the hfs of the *P ground term of gallium, including 
only the excited configuration which results from 
promoting a 4s electron to a 5s orbital. Schwartz” has 
calculated the relative contributions of this 
mixing”’ to the three hfs constants of a general 2 term. 

With the assumption that s— s’ mixing in fluorine— 
an admixture of 2s2p*ns configurations to the 
ground 2s*2°—is the major source of hfs perturbation, 
Schwartz’s analysis may be applied to the measured 
ratio a’’’/a’ to determine §’, the fractional contribution 
by s electrons to the measured hfs constant a’. For a 


“c / 
§-—?$ 


.e., 


*P term, and neglecting small relativistic corrections, 
the theoretical hfs constants a’, a’’, and a’” must now 
be multiplied by, respectively, the correction factors 
i+’), (1-9" and (1—16@’/5). Thus the theo- 
retical ratio a’”’/a’ becomes —5(1—168’/5)/16(1+ 8’). 
On equating this to the measured ratio, one finds 
8’=0.074; that is, if s electrons alone are responsible 
for the hfs perturbation, they account for 7.4% of the 
observed value of a’. Because of the extremely strong 
coupling of the unpaired 2s electron with the nucleus, 
the actual admixture of 2s2p*°ns configurations required 
is reasonably small: The formulas given by Koster 
suggest that such configurations need contribute less 
than 1% to forming the *P states in fluorine. 

Through its adjustment of the theoretical 29° 
coupling constants, Schwartz’s analysis allows one to 
deduce a consistent value of (r 
Its value is 6.784 


5) 


from the spectrum. 
only 1.5% smaller than that given 
3G. | Rev 


2% C. Schwartz, Phys. Rev 
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by integration with Brown’s wave function. Un- 
fortunately, at least from our point of view, this serves 
less as a test of the wave function than of the assump- 
tion of s—s’ mixing. A measurement of the *P; hfs 
interval would clarify the situation, since the ratio 
a’’/a’ is also predicted by Schwartz’s analysis; the value 
of 8’ deduced here would require the ratio to be 4.59 
instead of the uncorrected value 5. 

Configuration mixing has no effect on an atomic g 
factor comparable to‘its perturbation of hfs, because 
the interaction responsible 
between electrons 


the electrostatic repulsion 
can mix only states of the same 


angular momenta; the coupling of the ground term can 
be altered only through additional spin-dependent 
interactions in the excited configurations. Corresponding 


g-factor perturbations do not occur in lower than fourth 
order, and thus can be negligible while th 
hfs perturbations are large. There way, 
however, in which excited configurations can enter a 
ground-state g factor correc- 
tions. Here, as in hfs, the configurations containing 
unpaired s electrons are probably tl} 
since s electrons have large kinetic 
large magnetic interactions with the We 
estimate from the observed hfs perturbation that 
relativistic g-factor corrections calculated for a pure 
2p° configuration may be in error by as much as 1% 
through neglect of s 

Note added in proof. For a discussion of the theoreti 
g value for fluorine refer also to J. S. M. Harvey, R. 
Kamper, and K. R. Lea, Proc. Phys. Soc. 
979 (1960). 
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The microwave spectrum of atomic chlorine has been observed at 9190 Mc/sec in the products of an 
rf electrodeless discharge. Of the twelve allowed transitions per isotope, AM;=0, AM =-+1, five arising 
from Cl* and two from Cl*? have been measured. Using a nonrelativistic Hamiltonian, analysis of the data 
yields —gy(Cl; ?Py)/gp=438.50415+0.00063, where g, is the proton gyromagnetic ratio in a cylindrical 
sample of mineral oil. This result can be transformed to gy(Cl; ?P4)/gz(D) =0.666201+0.000002. A calcu- 
lation of the gy (Cl)-isotope effect shows that it should not be observable in the present experiment. Estimates 
of the atom-atom and atom-molecule hard-sphere collision cross sections are made from measurements of 


linewidth and line intensity. 


1. INTRODUCTION 

HE excellent agreement between the theoretically 

computed and experimentally determined elec- 
tronic g factors for fluorine! produced incentive for 
similar experiment for the heavier 
halogen, chlorine. This paper describes the experimental 
and analytical techniques used in the determination 
of g7(Cl;?P,). It is hoped that when suitably accurate 
wave functions are available, the results presented 
here will be of value in further testing the theory of 
atomic magnetism. 


conducting a 


2. APPARATUS 


The microwave paramagnetic resonance spectrom- 
eter used in this experiment was originally developed 
by Beringer and Heald? and later modified for experi- 
ments on oxygen® and fluorine.’ A description of the 
apparatus is given in references 1-3. The scheme for 
producing the atomic vapor to be studied is similar 
to that employed for fluorine. Chlorine gas bled into 
the pumping line passing through the microwave cavity 
was dissociated directly above the cavity by means of 
a 50-w electrodeless rf discharge. A 1-mm i.d. constric- 
tion in the tubing just below the discharge allowed the 
attainment of a lower pressure (80u Hg) in the cavity 
region, thus reducing pressure broadening of the 
observed absorption line while permitting a higher 
pressure in the discharge region for optimum atom 
production. No wall coating was applied to the tube. 
A 2-liter liquid air trap on the downstream side of the 
cavity was used to remove the pumped chlorine gas. 
lhe Pound-stabilized klystron providing the microwave 
transition energy was continuously monitored against 
a harmonic of the laboratory cesium beam frequency 
standard.‘ In this way the transition frequency was 
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measured to 0.1 ppm. The applied magnetic field was 
regulated by a proton resonance probe. The proton 
resonance oscillator was locked to the desired frequency 
synthesized from the laboratory frequency standard 
and a BC-221 frequency meter. A field stability of 0.1 
ppm was achieved at the position of the regulating 
probe. 


3. EXPERIMENTAL PROCEDURE 


Before taking any measurements on a given transition, 
the microwave cavity was removed and the magnetic 
field in the 2-cm* sample region was shimmed to a 
homogeneity of at least 3 ppm. The field was plotted 
by a second proton probe of 30-mmé volume. A final 
check on the field homogeneity with the cavity in place 
was made preceding each run by recording the proton 
resonance, using a larger field-calibrating probe, probe 
I, positioned to occupy the volume in the cavity seen 
by the absorbing atom vapor. Since the microwave 
magnetic field and proton-resonance probe rf magnetic 
field will not have the same spatial distributions over 
the sample volume, the apparent center of one resonance 
may not correspond with that of the other resonance. 
To estimate the size of such an effect, another calibrat- 
ing probe, probe II, of smaller diameter was used. 
The field as measured by probe I was now plotted 
against the field-regulating probe. After exchanging 
probe I for probe II, the plot was repeated. It was 
found that when the proton resonance was symmetrical 
and the field gradient less than 3 ppm, the two plots 
coincided to within 1 ppm. Thus, any error arising from 
differences in fH,?dVsampte for chlorine atoms and 
nuclear magnetic resonance protons lies within the 
field inhomogeneity. Figure 1 shows the dimensions of 
the calibrating probes. 

The process of taking data consisted essentially of 
plotting in a point-by-point fashion the quasi-derivative 
absorption line as a function of the field-regulating 
probe frequency while keeping the klystron frequency 
fixed. Thus a knowledge of the field differential between 
the regulating probe and the sample was necessary. 
This was measured by means of calibrating probe I 
both before and after a microwave run. Data were 
accepted only when two such field-calibrating runs 
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Fic. 1. Field-calibrating proton probes referred to as I, II in text. 


agreed to within the measured field inhomogeneity. 
The cavity resonance frequency was measured before 
and after each run since, if the klystron and cavity 
are not tuned to the same frequency, the apparent 
center of the observed resonance will shift an amount 
proportional to dyv= (veavity— Vklystron). For conditions 
encountered in this experiment, this effect amounted 
to an apparent shift of dv/5. In typical runs, this shift 
was £10-* ppm. The points obtained by the method 
described above for a given run were plotted as shown 
in Fig. 2. The line center, chosen as the crossover point 
for a symmetric line, could then be assigned a value of 
magnetic field in terms of the corresponding proton 
resonance frequency. 
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Fic. 2. Typical absorption line in chlorine atomic vapor. 
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4. THEORY 


The ground term of atomic chlorine is an inverted 
*P, the *P, level lying 2641 10* Mc/sec above the *P; 
level.5 Both isotopes Cl**, Cl*? have a nuclear spin of 
and hence magnetic and electric hyperfine interactions 
are present. As a result, the magnetic dipole selection 
rules AM;=0, AM,;=+1 allow a total of 12 resolved 
transitions at a nominal frequency of 9190 Mc/se« 
among the 16 nondegenerate ground-state energy levels. 

Since the chlorine atom has a p* electron configura- 
tion, if LS coupling holds it can be treated as a closed 
shell plus one “positive p electron.” The use of a 
nonrelativistic, single-electron Hamiltonian may then 
be possible. A relativistic treatment for the single 
electron has been considered by several authors.*® 
For the energy levels of chlorine with LS coupling, 
relativistic corrections not absorbed by gy and the 
hyperfine coupling constants a, 6 amount to <0.1 ppm. 
Since a precision on the order of 1 ppm was expected 
in this experiment, the choice of the nonrelativistic 
treatment appeared reasonable. The internal con- 
sistency of the results can be used in judging the 
validity of this approach. 

The experimental data were 
following Hamiltonian: 


I= Hotuo(gzL+¢ S)-Hot+u g71- 


; 


3 
1 


analyzed using 


H,o+H,.)+%a, 


where Ko is that part which has no orientational 
dependence; Ho is the applied magnetic field; H, is the 
magnetic field at the nucleus caused by the electrons; 
and 3, is the difference between the true electrostatic 
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interaction and the interaction between the electrons 
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and a nuclear point charge. This scheme of writing the 
Hamiltonian preserves any possible contributions 
off-diagonal in J. The desired energy levels can be 
obtained by treating off-diagonal hfs contributions 
separately and working at first with the Hamiltonian 


Ke Hot+uo(grL+¢,S)-Ho 
+ wogrl-Ho+Aal-J+hb0.,. (2) 


The values used for the hfs coupling constants a, 6 
were those of Holloway, Aubrey, and King.’ Figure 3 
shows schematically the energy levels of chlorine in a 
high magnetic field. The shift of the My= +} levels, 
(Que? H?/9h5)~40 ppm, results from the mixing of the 
*P, and ?P, states by the applied magnetic field. The 
spectrum of the allowed transitions for each isotope 
is shown in Fig. 4. 

At a resonance frequency of 9190 Mc/sec the applied 
magnetic field essentially decouples J and I (a~200 
Mc/sec). Thus an appropriate representation is 
(JIM,M,). Labeling with MrMy, where Mr=My 
+My, the secular determinant breaks up into sub- 
determinants along the diagonal. The determinant for 
the P-doublet level complex consisting of 24 rows and 
24 columns can be reduced to 16X16 by eliminating 
elements off-diagonal in J. This was done by adding 
appropriate multiples of rows and columns. All 7)’; 
levels were assumed to lie an amount /é above the 
*P, levels. The error resulting from this approximation 
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Fic. 4. High-field microwave Zeeman spectrum of chlorine 
at 9100 Mc/sec. The four labeled resonances correspond to the 
numbered transitions shown in Fig. 3. 


arises from omission of terms in 1/6?, where 6 is the 
doublet separation. Figure 5 shows the secular deter- 
minant (1/ha)|30-mpmyz| of Eq. (2) correct to terms 
through order 1/6 after reduction of the *P; elements. 
An exact solution (through order 1/5) was feasible 
for the energy levels (M1,M ,)=+ (3,3), + (3,3), and 
+ (1,3). For the observed transition (M;;My;<> My) 
= ( 


292 
3; $< 4) it was then possible to obtain a polynomial 
in the dimensionless parameter x=pogyHo/ha without 
introducing any significant additional approximations. 
In the case of the more unwieldy transitions, pertinent 
energies were expressed as series in powers of x. These 
expansions were carried out through terms equivalent 
to those obtained by a fourth-order perturbation treat- 
ment. Neglected terms are expected to contribute 


ha 





Fic. 5. The secular determinant of 3C/ha of Eq. (2) correct to terms through order 1/65 after reduction of the ?P, elements. 
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Solutions of Eq. (2) for selected transitions as polynomials in 
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3; X=pogyHo/ha 


Use upper sign for M;=4 and lower sign for 4@,;=—}. 
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corrections on the order of 0.1 ppm. For the 5 transitions 
measured, the formulas derived as discussed above are 
given in Table I. 

For a selected transition, an iterative method can be 
used to solve the corresponding equation given in 
Table I for the value of x. In the case of the (3; 3 
transition, it was possible to derive an approximate 

; 


solution accurate to 0.2 ppm: 


<> 
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ig hfs contributions was as 
After including matrix elements of wog(I-H.) 
the 24 24 secular deter- 
minant, a subsequent reduction to a 16X 16 determinant 
showed that only hfs elements diagonal in My, My, 
contribute significant corrections to the energy of the 
levels. These corrections, to be added to the values of 


the 


The treatment of remaini 
follows: 


and %,, off-diagonal" in J in 


st 


x obtained from solutions of the equations in 
Table I, ble II. Here 6 is the usual 
quadrupole coupling constant and a’” is the off-diagonal 


m< it defined by 


are given in Ta 


I (JIM, H, Ie J-1 M;) 


M,=J-1. (4) 


I (2J—1 
‘he ratio a’’’/a can be computed using single p-electron 
functions. This result,’? a’’’/a=—5/16, together 
the known value of a permits the choice of a 
reasonable trial 


with 
value for a’’’. No readjustment was 
found necessary for fitting theory and experiment within 
the experimental error. 

Matrix element 


representatior 


s of KH. given by Schwartz® in the (fF Mp) 
the (MW ,M7;) representation 
o, explicit identification of the 
is made. The 
terms of the quadrupole coupling 
appear in Table I] 

n to be consistent with that of 
choice of the phase of the wave 
functions. This choice is such that the sign of the matrix element 


LSJ M | L,| LS J—1 My) is negative for My=J—1. 


transformed to 


formalism of Schwartz, 1 
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5. RESULTS 


Having determined a value of x for a given microwave 
transition frequency and applied magnetic field, the 
ratio gy(Cl)/g, follows as the primary experimental 
result. Here g, refers to protons in the mineral oil of 
probe I, Fig. 1. For Cl**, 28 measurements were made 
on the 5 transitions indicated in Table I. A histogram 
of gy(Cl*)/g, determinations reduced from these data 
is shown in Fig. 6. The transitions (M;,M,< My,-) 
= (3,3 <4) and (3, 3+ —}) were also measured for 
Cl’. The following values were found: 


— gy (Cl; 2Py)/g,=438.5042+0.0006, 


— gy (Cl; *P3)/g¢p=438.5038+0.0008. 

The errors quoted were taken as + the half-widths at 

half heights of the respective histograms. A weighted 

average of the g,(Cl)/g, ratios for the chlorine isotopes 

gives 
—gy(Cl;?P3)g,=438.50415+0.00063. 

This ratio can be transformed to gy(Cl)/gs(D) by 

using the Geiger, Hughes, and Radford 

of gy(D)/gp. Thus, 


measurement 


g7(Cl; ?P3)/g7(D) =0.666201+ 0.000002. 


Since the scatter of the g, values for different transitions 
reflects the uncertainty in the theory, and since the 
width of the histogram for all measured Cl** transitions 
(Fig. 6) is comparable to the width of that for a single 
transition, the Hamiltonian given in Eq. (1) 
parently adequate for the precision attained in this 
experiment. 

The question of observability of a g,(Cl) 
effect arises. A nuclear mass dependence i 


is ap- 


isotope 
S expec ted, 
since the orbital g factor, gz, is aflected by the motion of 
the nucleus. The general theory of this effect has been 
given by Phillips.'* Where M, is the nuclear mass and 
m is the electron mass, the order of magnitude of such 
an effect for 2P, state is given by 
gy(M,)/g7(M2) 
» J. S. Geiger, V. W 
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TABLE IT. hfs corrections to x off-diagonal in J. 


My, «> Vy Ax 
4 —3a’"'x/26+bx/45 
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M1; 


> 


—a’”’x/26—bx/46 


+bx/25 


Following the treatment by Abragam and VanVleck,'® 
a calculation using Slater wave functions'® gives 
gz (Cl**)/g7(Cl7)~—0.1 ppm. Apparently then, no 
gy-isotope effect should be observable in the present 
experiment. 

The chlorine g factor itself can be written 


gs(Cl) 1 
gC)=——_ -—--z, 
Sp &s/8p 


(6) 


The experimental value’ g;(D)/g, was transformed to 
g:/£p. This ratio, g./gp= —658.2279+0.0008, and the 
g factor of the free electron,!” g,=2.0023192, give 


ga (Cl; 2Py)=1.333923-+0.000003. 


The error quoted includes the uncertainty in the ratio 
g./£p- 


6. COMPARISON WITH OTHER MEASUREMENTS 


The change in the above value of gy(Cl) from that 
reported earlier'’ resulted wholly from refinement in the 
theory. Independent determinations have been reported 
by Wolga and Strandberg,’® [g7(Cl) lws=1.33376 
+0.00007; and by Harvey, Kamper, and Lea,” 
[g7(Cl) Juxi=1.3339275+0.0000030, with g7(Cl)/g> 

438.5048+4-0.0007. In view of the apparent difference 
in the g factor as determined by independent work, a 
brief discussion of possible causes follows”. The proton 
environment in the HKL experiment was a 0.163-molar 
solution of nickel sulfate. In deriving gy(Cl), HKL 
used the Koenig, Prodell, Kusch” value for g7(H)/gp 
(spherical mineral oil sample). They then transformed 
this ratio to that for an H,O sample by a correction of 
3.4 ppm.” No further correction was applied, since the 
bulk diamagnetism of H.O was cancelled by the 
paramagnetism of the nickel sulfate. For comparison 
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calculations. 
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with the result obtained in this paper, [gs(Cl) ]pr 
1.333923+0.000003, g(Cl) was calculated [ Eq. (6) ] 
using the HKL value of gy(Cl)/g, and g ;(D)/gp 
instead of gy(H)/g»p,” both referred to the same proton 
geometry. Thus, [gy (Cl) Juxx’ = 1.3339294+0.0000030. 
Thomas,” using Petrolatum USP-light, and Gutowsky 
and McClure,™ using Nujol, have reported g, values for 
these two mineral oils which differ by 2.1 ppm referred 
to He gas. This difference is of proper size to cause agree- 
ment between the HKL and BR results. However, appli- 
cation of such a correction cannot here be justified. In 
order to avoid complication in transforming g,(Cl)/gp 
to gz(Cl), BR used the same mineral oil and sample 
geometry as was used in measuring gy(D)/g,. Thus, 
shape factor or sample difference corrections should not 
enter. As a check, a redetermination of g7(O)/g» was 
made; the result agreed with that obtained previously® 
to within 1 ppm. 

Although a detailed comparison of the theories used 
by HKL and BR was not made, the basic assumptions 
are evidently the same. A mutual exchange of data 
and subsequent calculation showed a difference of 1 ppm 
in the values of g,(Cl). This was true even for one of the 
theoretically simplest transitions, (3; $< 3). The cause 
of the discrepancy is not known at present. 

Theoretical calculations of gy values for the halogens 
have been presented by HKL. For chlorine, using pres- 
ently available wave functions, satisfactory agreement 
with experiment was found to within the limits of accu- 
racy of theory, ~10 ppm. 


7. COLLISION CROSS SECTIONS 


By observing under constant pressure the absorption 
linewidth while varying the number of absorbing atoms, 
one obtains information leading to a value for atom- 
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Fic. 7. Relative intensity and linewidth of a chlorine 
absorption line vs rf discharge voltage 


atom and atom-molecule hard-sphere collision cross 
In Fig. 7, the linewidth is shown as a function 
atom concentration is 
intensity. Assuming a 
linewidth due to collisions is 


sections. 
of rf discharge voltage. The 
proportional to the sign 
Lorentz line shape, the 
written 

j; 


dyv= | L Cacttat VaenFen" an |, (7) 


where V44=mean relative velocity, o4.=collision cross 
section, m,=number/cm® in absorbing sample, and 
k=a (atom) or m (molecule). Experimentally, the 
change in linewidth A(dv) was zero, and since the gas 
flow was maintained constant, the number n=3n,+nn 


remained constant. Thus it is found that 
(8) 
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with the assumption that the particles in the region of 
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Fic. 8. Pressure broadening of 


observation remain at a constant and in 
thermal equilibrium. Using the results of kinetic theory 
for a Maxwellian velocity distribution, 


temperature 


Oan 2.30 Be (9 


For obtaining an absolute relation for the collision 


cross sections, rewrite Eq. (7) using Eq. (8 


The ratio A(dv)/An was 

change in linewidth as a functi 

value, obtained from Fig. 8, is 2 
$.1+2)x«10 


(10+3)X 10 
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Photoelectric effect and pair annihilation in hydrogen with 
large momentum transfer are studied, taking into account the 
recoil and anomalous magnetic moment of proton, in an effort to 
see whether these processes can be used to probe quantum 
electrodynamics at small distances. A negative result is obtained. 
It turns out that for an incident energy of 100 Mev the important 
term containing the electron propagator, which is sensitive to 
small distance modifications, is about 0.5% of the term, which is 
insensitive to them. 

The proton structure is described by two covariant form factors 
determined by the electron-proton scattering. The differential 
cross sections are calculated in the Born approximation in the 
laboratory system, neglecting the binding energy of the hydrogen 
atom. The results are analyzed in the extreme relativistic energy 
range and in the special case that the outgoing electron (photon) 


I. INTRODUCTION 


es is expected that large angle photoelectric effect 
and pair annihilation in hydrogen at high energies 
might provide a test of the validity of quantum electro- 
dynamics at small distances.'~* In particular, these 
may small-distance (~10~" cm) 
of the electron propagator. This happens 
because ambiguities arising from the proton vertex 
(Figs. 1 and 2) are removed by the use of two covariant 
form factors®> which obtained in the 
electron-proton scattering experiments.®? With ambi- 
guities arising from interactions of nonelectromagnetic 


processes reveal a 


behavior? 


can be elastic 


origin removed, the processes in Figs. 1(a) and 2(a) 
yield new information on the electron and positron 
propagators at small distances if the virtual inter- 
mediate electron and positron lines in Figs. 1(a) and 
2(a) are far off the mass shell, as is the case for a 
high-energy interaction with large momentum transfer. 

In this paper, large-angle photoelectric effect and 
pair annihilation in hydrogen are investigated in an 
attempt to see if these processes can be used to probe 
the behavior of the electron and positron propagators 
in quantum electrodynamics at small distances. 

* This work is based in part on a Ph.D. thesis submitted in 
1959 to the Faculty of Philosophy of the Johns Hopkins Uni 
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comes off perpendicular to the incident beam. The total cross 
sections are calculated in the high-energy approximation simply 
to check the present method of calculations 

The differential very small ~10-*-10- 
cm?/sr. The same calculations, if applied to an atom with higher 
atomic number Z, give the differential cross sections for the above 
processes larger by a factor 22°, if one neglects screening. For a 
Au target the differential cross sections are then of the order of 
10-8-10-%! cm?/sr. However, this extension of the calculations 
introduces a considerable error in the differential cross sections, 
influences of the Coulomb field and anomalous 
magnetic moment of a nucleous to the electron wave functions are 
neglected. It will serve only as an estimate of the order of mag- 


cross sections are 


because the 


nitude of the differential cross sections 


and 2(a) show how 
quantum electrodynamics ‘is probed in such an experi- 
ment. In Fig. 1(a) [Fig. 2(a)] the photon is directly 
absorbed (emitted) at a large angle with the direction 
of the outgoing electron (incident positron); and the 
intermediate electron (positron) lines are ~69, 134, 
and 197 Mev off the mass shell for incident photon 
(positron) energies 50, 100, and 150 Mev, respectively. 
These diagrams are sensitive to small-distance modifi- 


‘eynman diagrams in Figs. 1(a) 
Feynman diagrams in Figs. 1 


cations of the propagators. On the other hand, in Figs. 
1(b) and 2(b) the intermediate electron lines are not 
too far off the mass shell, e.g., 10 Mev for an incident 
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Fic. 1. Feynman diagrams for photoelectric effect. 
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100 Mev. Thus, th 
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ese diagrams are not too 
distance modifications. A simple 
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energy 
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and 150 Mev, 


he propagators to 
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it is shown here that the significant 
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that the experiment must in 
he propagator to less than 1%. 

t and pair annihilation in hydrogen 

S are just the reverse processes of 

and pair production.’ In  brems- 

luction, it is necessary to expand 

a power series’ in g* in order to 


so 
measure 


otoe eltec 


sections over a solid 


from which one 


ticles, 


the expressions required for coincidence 
here are three 


experiments. This is due to the fact that 
parti ‘his integration is unneces- 
sary for the ler consideration, because 
here are only two partic les in the final state. 
The present made in the Born 
approximation. Radiative corrections’ and the binding 
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of the hydrogen atom are disregarded. The recoil and 
anomalous magnetic moment of the proton are taken 
into account. The differential cross sections for both 
processes are evaluated for the case in which the out- 
going electron and photon emerge at right angles to the 
incident beam. The total cross sections are calculated 
in the extreme relativistic approximation simply to 
check the present method of calculation. 


II. CALCULATION 


The calculations for these processes are made in the 
Born approximation with the help of the standard 
technique” in field theory, taking into consideration 
the recoil and anomalous magnetic moment of the 
proton. Neglecting the binding of the hydrogen atom, 
the ground-state wave function can be taken as 


- p-xi+F 


[3a 3 (2ar)3 Fhe 


V ( X1,X2) 


where dp in the normalization factor is the first Bohr 
radius, p= (0,m) and P=(0,M) are the 4-momenta of 
the electron and proton and x; and x are the space- 
time coordinates of the electron and It is 
believed that the use of the free propagator for a bound 
electron in a hydrogen (thus neglecting the 
binding of the hydrogen atom) is allowed because the 
incident particles have extremely high energies. In fact, 
in the extreme relativistic approximation, the use of 
the above wave function for the hydrogen atom (the 
electron-proton system) introduces an error of less than 
3% to the more accurate value" of differential cross 
section for photoelectric effect which is calculated by 


proton. 


atom 


using the relativistic Coulomb wave function for the 
bound and ejected electrons. 

The photoelectric effect (Fig. 1 
lation (Fig. 2) in the hydrogen atom at high 
are very closely related to each other. The 
element fur pair annihilation is easily obtained by the 
simple substitution 


p' > —ps, 


into the photoelectric effect. 
The differential cross section for photoelectric effect 
is computed below. The matrix element for the above 


] 


and pair annihi- 


energies 
matrix 


process is 


(p’,P’| Mm | p,P,k)= (2e)-2(mM /e' E'2w)! 


1 
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J. M. Jauch and F. Rohrlich, Theory of Phot 
Addison-Wesley Publishing Company, Ir 
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R. H. Pratt, Phys. Rev. 117, 1017 (1960 
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The notation used in this paper is almost the same as 
that in reference 10. A glossary of symbols is given in 


the Appendix. The rationalized natural unit system, 
h=c=1, 


is employed. The relative sign difference in the first 
and second terms in Eq. (1) is due to the relative sign 
difference in electron and proton charges. The first 
term in Eq. (1) corresponds to Figs. 1(a) and 1(b), 
and the second to Figs. 1(c) and 1(d). 

By the standard technique,” the matrix element can 
be squared, averaged over the initial states (i.e., 
electron and proton spins and photon polarization) and 
summed over the final states (i.e., electron and proton 
spins) to yield the differential cross section 

do p’ | Mm de’ , , 
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The expressions in Eqs. (7)-(9) have already been 
simplified to a certain extent with the help of energy 
and momentum conservation. In (7)-(9) the 
following abbreviations for the form factors are used: 


Eqs. 


Fy 2=Fi2(¢@), F'12=Fi.2(q”), 
and 

G,.2o=F o(k?=0). 
The terms A, B, and C in Eq. (6) are the main term 
a generalization of the Bethe-Heitler term' which 
includes the effects of recoil and anomalous magnetic 


moment of the proton), the interference term and the 


2H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 


83 (1934) 
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Compton term correction to 
proton current), (9) 
be applied to the problems of bremsstrahlung and pair 
production by proper changes of symbols. The results 
of the present calculation agree with those in reference 
8, insofar as the two calculations overlap. 


(the dynamical 
respectively. Equations (7 


Because of the complicated general expression above, 
one considers the special case in which it has a simpler 
form; the outgoing electron is ejec ted perpendicular to 
the incident photon direction in the laboratory system. 
Keeping only the lowest order and simplifying the 
expression in Eq. (6) with the help of the energy and 
momentum conservation law, one finds in the extreme, 
relativistic limit, that the differential cross section in 
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differential cross section for pair annihilation 
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Equation (14) is exactly the same as the one with atomic 
number Z = 1 for the photoelectric effect" in the extreme 
relativistic energy limit. 


III. CONCLUSION 


It was the intention of this paper to see whether 
photoelectric effect and pair annihilation at high 
energies could be used to obtain new information on 
the electron and positron propagators, if one could 
measure small values (~10-*-10~" cm?/sr) of the 
differential cross sections for these processes. It turns 
out, however, that the term of Fig. 1(a) [or lig. 2(a) 1 
which is sensitive to small-distance modifications, is 
smaller by a multiplicative factor of mc?/w Lor (mc?/e,) | 
than the term of Fig. 1(b) [or Fig. 2(b)], which is 
insensitive to them. This can be seen by comparing the 
first and second terms in Eq. (2), which correspond to 
Figs. 1(a) and 1(b) [or Figs. 2(a) and 2(b)], after 
rationalizing the denominators and making use of the 
experimental arrangement under consideration. For 
instance, for an incident energy of 100 Mev, the 
significant term of Fig. 1(a) is about 0.5% of the term 
of Fig. 1(b). The contribution arising from the term 
B+C to the term A in Eq. (6) is 13% for the above 
incident energy and involves effects of polarization of 
the proton due to the virtual photopion production 
which is not considered in the present paper. For 
incident energies of 150 and 500 Mev, these contri- 
butions are 24% and 605%, respectively. It is, there- 
fore, in principle impossible to perform experiments to 
the electron and positron propagators to a 
reasonable percentage; e.g., 40%. 


measure 


For a rough estimate of the differential cross sections, 
the whole calculation may be applied to an atom with 
higher atomic number Z, by neglecting the binding of 
the atom and by using a vertex operator for the nucleus 
similar to the proton vertex operator, if a similar in- 
terpretation of two covariant form factors is allowed 
for the nucleus. If such a bold extension of the phe- 
theory is the 
inges in symbols are required: 


following 


applic able, 


nomenological 


I’,,(q) rae q),; 
M — Mz.a, 


i? KE A; 


and 
Z, 


where Mz { and Kz,A are the 


mass and anomalous 
magnetic moment of the nucleus, respectively. 
Thus the differential cross sections have an addi- 
tional factor 2Z® (the factor 2 arises from the fact that 
K shell contains”two electrons), if one neglects 
screening effects. Consequently, they increase by the 


factor 6.15109 for a Au target with Z=79: to the 


4W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed., p. 209, Eq. (18). 
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order of 10~*-10-*! cm?/sr, which can be measurable. 
For a nucleus with higher atomic number, the inter- 
ference term B and Compton term C are negligible 
compared to the main term A because of the large value 
of the nuclear mass. The effect of the recoil and anoma- 
lous magnetic moment in the term A 
negligible for the same reason. 

F accurate 


cross sections, the 


main is also 


differential 
wave functions for the 
bound and outgoing electrons including the effects of 


or more evaluation of the 


Coulom|t 


anomalous magnetic moment of a nucleus must be used. 

When the Coulomb correction" is made in the K- 
shell photoelectric effect in a Au atom, in the extreme 
relativistic limit, the corrected total cross section will 
be reduced to 20% of the one calculated by the method 
mentioned above. 
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APPENDIX 
Glossary of Symbols 
energy-momentum 4 vector of ingoing 
¢ le ( tron 
,€): energy-momentum 4 vector of outgoing 
electron 
,é_): energy-momentum 4 vector of ingoing 
electron 
,€,): energy-momentum 4 vector of ingoing 
positron 


kw): energy-momentum 4 vector of ingoing or out- 
going photon 
P=(P,E 
proton 
P'=(P’"»,E’ 


proton 


energy-momentum 4 vector of ingoing 


energy-momentum + vector of outgoing 


{e,}: polarization 4 vector of ingoing or outgoing 
photon 


m: electron mass 


M: proton mass 
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1.7926: anomalous magnetic moment of proton in 
nuclear magneton unit 


bartix 


1/137.0: fine structure constant 


bh? me?=0.529X 10 


cm: first Bohr radius of 
hydrogen atom 


formic? = 2.818 10- 
radius 


} 


cm: classica 


| electronic 


ui(p’): Dirac spinors (positive energy) of free 
electron 

, U(P’): Dirac spinors (positive energy) of free 
proton 


A-B—A,B 


: scalar product of two 4-vectors A 
and B 


> 


o(g*): covariant form 
current distributions of 
ponential 
c 1 
| 1 — ay 2d , where 
r° 0.8 10-" cm. 


T 


distributions 


dQ,: differential solid angle 
going electron 


differential solid angle al 


. 1 
going photon. 
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ELASTIC SCATTERING OF £ 
have used variational methods to show that virtual 
positronium formation changes the results of the “static 
approximation” considerably. It is the purpose of this 
paper to examine the former effect, about which nothing 
is known yet, in the positron problem. In the electron 
problem, Geltman*® has used a variational method to 
examine the effect of virtual excitation of the 2s and 3s 
states. 

The method of solving the problem employed here 
is that of the eigenfunction expansion approach of Mott 
and Massey,’ together with the Hartree-Fock varia- 
tional principle.’ Namely, the over-all wave function of 
the incident projectile plus hydrogen atom system is 
expanded in terms of the complete set of functions 
which are eigenfunctions of the target Hamiltonian. The 
contribution from the continuum in this expansion is 
the first three S-state 
from the denumerably 
infinite discrete set of eigenfunctions. That is, if virtual 


neglected. Furthermore, only 
eigenfunctions are retained 


excitation can be considered as giving rise to distortive 
elects, only spheric al distortions will be considered here 
Thus, the present calculation is primarily exploratory. 

In order to examine nonsph« rical distortive effects, 
the L>O states would have to be included. Such a 
program is being developed by the authors in collabora- 
tion with V. M. Burke and H. Schey for the electron 
problem. The formation for including real or virtual 
positronium formation, as well as excitation effects, 
using the eigenfunction approach and Kohn’s® varia- 
tional principle has been developed by Cody and Smith‘ 
and it is hoped that numerical results based on this 
formalism will form the basis of future reports 

In Sec. I the mathematical problem is discussed. 
The positron results are presented in Sec. II and the 
If. All 
, where dp is the Bohr 
radius of the hydrogen atom. Scattering lengths and wave 
numbers, &, are given in units of ajand 1/do, respectively. 


electron results are presented in Sec. cross 


sections are given in units of 7a 


I. MATHEMATICAL METHOD 


The mathematical problem (neglecting electron ex- 
change, or positronium formation) reduces to solving a 
system of V « oupled second-order differential equations, 
where .V is the number of S-state terms taken in the 
eigenfunction expansion. The solutions to these equa- 
tions, (x), are interpreted as describing the motion 
of the incident or emerging projectiles relative to the 
target. Since we shall be interested in incident energies 
below excitation thresholds, we require solutions with 
exponential decaying asymptotic forms in all channels 
except the incident channel. In the incident channel, 
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‘N. F. Mott and H. S. W. Massey, 

Oxford University Press, New York, 1949 

W. Kohn, Phys. Rev. 74, 1763 (1948) 

W. J. Cody and K. Smith, Argonne National Laborator 
Report, ANL-6121, 1960 (unpublished) 


1960 
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, 2nd ed., Chap. VIII 
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we require the solution to be oscillatory; from this 

solution we calculate the phase shift and consequently 

the corresponding partial wave elastic cross section. 
Exploiting the exponential asymptotic 

conditions is the feature of this 

methods have been used here. 


boundary 


novel paper. Two 


In the first method, which is an analogous procedure 
to that used by Smith’ for the electron problem above 
thresholds, the 


excitation differential equations are 


numerically integrated out from the origin into the 
asymptotic region, .V times. For V second-order equa- 


tions, 2.V constants must be specified in some way 
before the numerical solution can begin. The condition 
that the solutions vanish at the origin determines .V 
constants, the remaining .V are arbitrary. For /=0, the 
\ arbitrary constants are identified with the first 
derivatives at the origin. The second derivatives are 
related to these arbitrary constants. With this informa- 
tion, it is possible to use the Runge-Kutta method (see 
Gill’) to solve the system of equations. For {=1. the 
P waves, first vanish and the 
arbitrary constants are identified with the second de- 


the derivatives also 
rivatives at the origin. It is possible, once more, to solve 
the equations using the Runge-Kutta method. For />1, 
and for the interactions used in this class of problems, 
the second derivatives also vanish and the Runge-Kutta 
method cannot be used starting from the origin. How- 
ever, it is possible to perform an expansion in an ascend- 
ing power series of the independent variable x. This 
series can then be used to evaluate the functions and 
and the numerical 
integration started from that point. In this method, the 
solutions in the inelastic channels contain some positive 


their derivatives at some small x 


exponential which dominates the decaying exponential 
at large x. In order to avoid this, a second method was 
devised which imposed the asymptotic conditions at the 
outset. 

In the forward solution of the 
systems of equations was stopped at some point, x» say, 


second method, the 


which is not in the asymptotic region. The solution is 
restarted in the asymptotic region, imposing the asymp- 
totic boundary condition (which amounts to specifying 
the .V—1 logarithmic 
backward numerical integration to 


derivatives) and performing a 
. Since only V—1 
constants can be specified unambiguously, it is neces- 
sary to obtain .V+1 linearly independent solutions in 
the outer region. The .V forward solutions and the V+1 
backward their first are 


matched at x9. Explicitly, the matching condition at xo is 


solutions, and derivatives, 


where # and wy are arbitrary coefficients to be deter- 


mined from these equations. The V inner solutions, 


ith, Phvs. Rev. 120, 845 (1960 


Cambridge Phil. Soc. 47, 96 (1951) 
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Pane I. Phase shifts (rad) for the scattering of positrons by hy II. POSITRON RESULTS 


b): strong 


drogen atoms. Row (a): static approximation; row 
1 ) 


s-3s coupling The static approximation is the name given to those 
calculations which assume only one term, e.g., the 1s 
state, in the eigenfunction expansion of the total wave 
function of the incident projectile plus hydrogen atom 


0.3713 0.0584 0.0082 system. When two terms are assumed, e.g., 1s and 2s 
0.3569 0.0549 —().0077 “ 


0.3537 


ling approximation - row (¢ 


states, the approximation is called the strong-coupling 
approximation. 

0.3043 0.0322 0.0028 — ae m F : : 

(0.2936 0.0305 0.0027 Phase shifts calculated in the static (1s state only 

0.2914 and strong coupling (1s-2s) approximations are pre- 


0.2636 0.0214 sented in Table I. In Fig. 1, we plot —& cotno versus k? 
“4 » . . . - . 
0 V.02 in order to obtain an estimate of the scattering length. 
5] _ . . . 
7 In Fig. 2, we plot the elastic scattering cross section 
0.2181 0.0121 0.0005 » 
0211 00114 0 0006 versus the energy. 
In the static approximation, we note that the /=0 

0.1145 0.0018 phase shifts at kodo>=0.5 and 0.2 agree with those 
0 as 0.0017 calculated by Massey and Moussa.’ In Fig. 1, for the 
0 02 . *~ . > oy ; ° 

static approximation, as k — 0, k cotm) — —1.718. This 
0.0580 0.0002 


0.0562 
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multiplied by their corresponding coefficients wa, are 1.76 

then added together; similarly for the V+1 outer ek 

solutions. The phase shift is calculated from the matched ° 

solution in the incident channel. 80 
When electron exchange (or positronium formation) 
is included, the mathematical problem involves the 
solution of systems of coupled integro-differential equa- 
tions. We adopted a straightforward iteration pro- 
the first iteration, the integral terms are 

he matched solution to the resulting 

system of homogeneous equations is calcu- 

thod discussed above. This matched 

1 into the integral terms and 

mogeneous equations is 

v <a, and once in the 


hing condition is now 


+ 


where § are the solutions to the inhomogeneous equa- 


tions. There are 2.V equations, but 2.V+1 fitting param- 











eters w_ and wy. An additional equation can be con- 
structed due to the over-all normalization of the 
problem being arbitrary. The new matched solution is 


then substituted back into the integral terms and the 





cycle repeated. The iteration procedure was assumed 
to have converged when the resulting phase shift did 
not change by more than a specified epsilon from one 
iteration to the next. 





ELASTIC: SCATTERING OF 


PABLe II 
eglecting 
c) have the 


scattering of electrons 
and 


elastic 
hydrogen atoms. 
gnificance as in Table I. 


Phase shifts for the 
exchange) by 
same si 


Rows (a), (b), 


0.9633 0.0752 
0.8962 0.0927 
0.8575 0.0938 


0.0087 
0.0095 
0.0096 


1.0210 
0.5887 
0.2516 
1.0446 


0.0238 
2.5769 


0.0030 
0.0032 
0.0032 


0.0406 
0.0464 
0.0471 


0.0263 
0.0294 


0.0005 
0.0006 
0.0006 


0.0147 
0.0163 
0.0165 
0.0021 
0.0023 
0.0023 


0.0003 


corresponds to a scattering length Ay=-+0.582, where 
1 is defined by lim,ok cotn) — —1/Ao. 

In the strong- as. ap proximation, the effect of 
virtual excitation to the 2 


to give a slightly lower value 


2s atomic state of hydrogen is 
for the scattering length, 
A +-(0.564, and to decrease the elastic scattering cross 
sections by a few percent. This decrease in the 
section is consistent with the Massey 
and Moussa,’ which was based on the measurements of 
Marder ef al. 
by helium, neon, and argon atoms, and with the calcu- 
lations of Moiseiwitsch."! 


cTOSS 


conjecture of 


on the low energy scattering of positrons 


Recently, Moussa! and Spruch and Rosenberg? have 
taken into account the possibility of virtual positronium 
formation. If the positron is not bound to the hydrogen 
then the result of the latter authors is the better 


two, 


atom, 
of the their calculations are based on a 
rigorous minimum principle. However, both authors 
obtained a much larger effect than that observed here. 
In fact, Spruch and Rosenberg’ obtained a negative 
cattering length. 


since 


The qualitative consequence of this 
result is that the positron is attracted toward the hy- 
drogen atom at very low energies. In view of this serious 
disagreement with the model assumed here, calculations 
based on the formalism given in Cody and Smith® must 
be carried out to determine the very low energy behavior 
of the Furthermore, the effect of posi- 
tronium formation might cause an appreciable change 
in the excitation cross sections as calculated by Smith 
et al.'* in the strong-coupling approximation. 


cross S@€¢ tion. 


S. Marder, V. W 

Rev. 103, 1258 (1956 

B. L. Moiseiwitsch, Proc. Phys. So¢ (London) 72, 139 

K. Smith, W. F. Miller, and A. J. P. Mumford, Pro« 
London) 76, 559 (1960) 
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III. ELECTRON RESULTS 


Phase shifts for the elastic 
hydrogen atoms, 


scattering of electrons by 
negle ting exchange and including ex- 
change are presented 1 
The total 


coupling approximation, 


ables II and IIT, respectively. 
strong- 


elastic cross no-exchange 


sections, 


are prese¢ nted in | ig. 3. 
approxima- 


handrasekhar and Breen® at 


Ihe phase shifts calculated in the stati 
tion agree with those of ( 
k=0.5, 0.2, and 0.1. 


give a scattering length of 


These phase shifts extrapolate to 
9.35ao. The elastic scatter- 
ing cross section increases smoothly, with decreasing 
energy, interest. 

\ very feature of the 


no-exchange approximation 


over the entire range of 


interesting strong-coupling, 
is the vanishing of the zero- 
order partial wave cross section at an energy just below 
To verify that this effect was not spurious, the 
carried out at k=0.4 under many 
Firstly, both methods described in Sec. I] 
were wi set ondly, the 
used and t phi ise shift was seen to be indepe ndent of 
e starting x. The result 
used in the i 
being i dependent of the location of a 


3.4 ev. 
calculations were 
conditions. 
power series expansion was 
was also in dependent of the 
scheme, as well as 
The introduc- 


step size ntegration 


Zero-order 

ng of electror 

al excitatior 
plet; row (« 


rad) for the 

, including the 

Row : no-exchange; 
ittering lengths are given 


2.901 
2.404 


J. 103, 41 (1946 
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approximatior 


+ 


tion of an extra Loop in the wave function was seen to 
take place by obs« rving the decrease in the slope of the 
: ith decrease in energy, until the slope actually 
ign and started to increase. 


‘his dip in the total cross section, see Fig. ee is not 
tic approximation whether exchange 

or not,!* 1 is it observed in the strong- 

coupling approximation using variational methods. 


However, Lippmant id Schey,'® using an optical- 


model the low-energy electron-hydrogen 


atom attering, have found that the triplet cross 


inimum in the energy 


feature of this approximation is 
he /=0 phase shift. In 


532 (1960 


Rev. 121, 1112 
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Tables II and III it is seen that 7(0) tends to x, which 
differs appreciably from the static approximation, where 
n(Q) tends to zero. Extrapolation of the plot of k coln 
vs k* back to k°=0 predicts a scattering length equal 
to +6.135a0, which is comparable to the best singlet 
scattering lengths calculated by variational methods." 

In Table III, we present a few preliminary results 
calculated in the strong-coupling approximation with 
exchange. In order to test the code, the method was 
applied to P waves at k=0.4 (singlet), 0.2 (triplet), and 
0.1 (singlet); the results agreed to four decimal places 
with those of McEachran and Fraser'? who solved the 
strong-coupling approximation in the form of integral 
equations. It should be remarked that the phase shift at 
k=0.1, was —0.0003, which has the opposite sign to 
the value calculated by Geltman! 

We note that both the triplet and singlet zero-order 
partial wave phase shifts tend to m as k 
Furthermore, the triplet phase shifts are almost the 
same as those calculated in the static exchange approxi- 


} 


mation’? and by variational methods.'* However, the 


singlet phase shifts are somewhat sma r and therefore 


tends to zero. 


iengtn. 


give a larger scattering 
A generalized version of the program used to calculate 

the numbers reported here has been written and is 

being tested. With this program, which includes all 

atomic states with 2<3, we hope to calculate the total 

elastic cross section in the stro! 

approximation over the entire e1 

able to compare the results wi 

results of Bederson ef al. 


and Brackman 
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The Zeeman splittings of the two lower levels of Sn" were 


measured by 
orption of the 24-kev y radiation emitted in the decay of Sn 
diffused into 0.002-in 


Grey tin metal at a temperature of ~10°C 


the method of recoilless emission and resonant ab 


The source consisted of Sn iron foil 


was used as the ab 
sorber. The magnitude of the internal magnetic field at the source 
nuclei was sufficient to allow resolution of the six absorption peak s 
resulting from the §*—> }* M1 


Measurements wert 
with the internal fields aligned by application of a small 


field; in this manner the central line of each 


transition 
n ace 


external magnetic 


INTRODUCTION 


HE hyperfine splitting of nuclear energy levels 
by magnetic and electric fields may be studied 
by observing the recoilless emission and resonant ab- 
sorption of y radiation 
The condition for resonance between different compo- 


between the levels involved. 


nents of the y transition is obtained by the Doppler 
shift resulting from a small relative velocity between 
source and absorber.! If the levels in either the source 
or the absorber are unsplit, the observed absorption 
as a function of relative velocity consists of a single 
the resultant of the 
superposition of two such spectra. For the well-known 
the 14.4-kev from Fe*’, magnetic 
fields sufficiently strong to split the hyperfine com- 


1 


ponents are already present at the iron nuclei in the 


hypertine spectrum rather than 


case of radiation 


metal and many of its compounds because of their 
properties. For materials such as tin 


external 


ferromagnetic 


are not of themselves magnetic, an 


field may be applied,?~* though generally this cannot 


which 


be made sufficiently strong to yield resolvable lines. 
In order to obtain large effective fields, a magnet 
compound or alloy may be prepared. Hanna, Meyer 
Schiitzmeister, Preston, and Vincent® employed as 
absorber the ferromagnetic compound Mn.Sn to study 
absorption of the 24-kev radiation of Sn!, the source 
in this case being metallic tin containing Sn"; from 
the measured value of — 1.041 nm* for the ground state 
magnetic moment they calculated from their absorption 
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1950). 


Hanna, L 


®W. G. Proctor, Phy s. Rev. 79, 35 


de crease tne 


y observing the radiation 
The 
measurements yield a 
the first 
the tin 
chemical 


triplet could be enhanced or suppressed 


emitted either perp ndicular or parallel o the external field 


splitting parameters obtained from the 


value of 0.672+0.025 nm for the magnetic moment o 


excited state of Sn'’, and an effective magnetic field at 


nuclei in the iron environment of 78.5+2.0 koe. The 
source is less than 


Within the 


served 


shift is such that the transitior in the 
that in the 4.24+0.04) 1078 ev 


ol measurement, gy was Oo 


energy 


absorber by limits 


no quadrupole couplir | 


spectrum the effective field to be 192+12 koe and the 
magnetic moment of the first excited state to be 0.75 
+0.08 nm.’ Boyle, Bunbury, and Edwards‘ in a similar 
measurement obtained a value of 195+10 koe for the 
of 0.83+0.03 nm for the 
excited The with 
which the Zeeman splitting can be deduced from meas- 
Mn>Sn is [ 


quadrupole coupling. 


field in MnoSn, and a value 


state magnetic moment. 


accuracy 


urements with limited by the presence of 
The present paper describes a series of measurements 
the 24-kev y¥ 


present in an alloy of 


of the absorption in tin metal of 


radiation emitted from Sn 


grey 


17, tin in iron.’ It was found that a magnetic field 


resolve the Zeeman components of the 


radiation existed at the 


sufficient to 
nuclei in the iron environ- 
ment, and that these internal fields could be aligned 
by the pplication of an external magnetic field. The 
resulting polarization made it possible to enhance or 
relative intensities of the different com- 


spectrum by observing the 


] 


ponents of the hyperfine 
y radiation emitted either perpe ndicular or parallel to 
the direction of magnetization. The absorption spectra 
so obtained made possible a more precise determination 


of the hyperfine splitting parameters. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The source was prepared by electroplating metallic 
tin containing Sn onto 0.002-in. iron foil. The Sn"! 
activity was produced by irradiating SnQ, enriched in 
Sn'"5 in the Oak Ridge reactor for several weeks. A 


of ~2 


total mg of metal was plated over a circular 


13 mm in diameter, 
900°C. The resulting source strength was 


area and subsequently annealed 


for 5 hr at 
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~100 wC. The absorber was prepared by binding a 
reasonably uniform layer of grey tin powder (20 mg/cm?) 
onto a supporting backing of beryllium with acrylic 
resin. Grey tin, having a cubic structure, is not expected 
to exhibit quadrupole coupling; it has the further ad- 
vantage of possessing an appreciably higher Debye 
temperature than white tin. 

The hyperfine spectrum of the 24-kev y radiation was 
measured in the usual manner by counting the y rays 
transmitted through a resonant absorber as a function 
of the relative velocity of the absorber with respect 
to the source. In these measurements the relative 
velocity was varied continuously, covering the entire 
range of velocities many times a second. The pulses from 
the y-ray detector were modulated with a linear veloc- 
ity-to-pulse-height converter and then stored in a 
multi-channel analyzer. 

A transducer and velocity detector were conveniently 
made from a pair of loudspeakers. The source (or 
absorber) was rigidly mounted to the voice coil of one 
speaker. Th 
frequency of approximately 30 cps by air coupling to 


is speaker was then driven at its resonant 


a second speaker which was excited electrically at the 
desired frequency and amplitude by an audio oscillator. 
For small excursions of the voice coil of the first speaker 
about its equilibrium position, the voltage induced 


across it is directly proportional to its velocity. This 


Nei 
DRIVING 


SPEAKER 
STYROFOAM 


DRIVEN 


J =. 


STYROFOAM 


Fic. 1 


motion between 


Arrangement of apparatus used to provide relative 
the source and absorber, and for detection of > 
ravs at various angl f issi ith respect to the direction of 
magnetizatior 


NYAR, 


AND SWAN 


Fa RESONANT 
A 


y COUNTER 


Fic. 2. Block diagr: 
rate as a [tun 


voltage, after amplification ithout phas« 
determines the envelope of modulation of the velo ity- 
to-pulse-height converter. 

The mechanical arrangement is shown in Fig. 1. The 
magnet assembly which supported the source foil was 
rigidly attached to the stationary frame of the speaker. 
The absorber was suspended between the source and the 
scintillation counter and rigidly 
coil of the speaker by means of a 
which passed around the pole pieces of 
magnet assembly was mounted wit! 
source foil at an angle of 12° with 
between source and counter. The 


ached to the voice 
“fork” of Styrofoam 
the magnet. The 
the plane of the 
line 


respect to the 


angle of emission of 


the y rays incident upon the counter, with respect to 
F could be 


the direction of magnetization of the source, 
varied from ~ 12° to 90° with little change in geometry 
by rotating the magnet assembly about an axis perpen- 
dicular to the plane of the foil. A palladium filter (60 
mg/cm?) was placed between the absorber and counter 
\ collimator 


tin x rays. 


in order to critic ally absorb the 
placed between the palladium filter and the counter 
reduced considerably the background due to Compton 
scattered photons. The detector, Nal (TI 

2 mm thick and 1} in. in diameter, was situated 3} in. 


crystal 
below the source. 


The amplifier used 
by Philbrick 


negative feedback 


Rese are hes 





OF 24-kev 

The entire system was housed in an insulating en- 
closure of Styrofoam blocks and maintained at a tem- 
perature of ~ 10°C, just below the transition tempera- 
ture of grey tin. Cooling was conveniently accomplished 
by admitting into the Styrofoam enclosure the cold 
exhaust from a Dewar of liquid nitrogen in which was 
immersed a resistive heating element. The temperature 
was controlled by varying the current flowing through 
the heater. Styrofoam adequately fulfills the require- 
ments for a rigid supporting and insulating material 
having a small y-ray scattering cross section. 

It should be noted that it is advantageous to maintain 
the grey tin absorber at a temperature not much below 
its transition temperature for the following reason. Grey 
tin usually contains an appreciable admixture of white 
tin, the recoilless absorption spectrum of the latter 
being significantly shifted with respect to that of the 
former due to different chemical shifts. Because of the 


much higher Debye temperature of the grey form of tin, 


the Debye-Waller factor at 10°C will favor the cross 
section for resonant absorption by grey tin with respect 


Experimental absorption spectra obtained by dividing the resonant spect 


icates the source and absorber approaching each other. (a) and 


y rays en 
ess steel source vs Fe 
) and the know 


curve ( 


n velocities (right-hand ordinate 


itted near-parallel and perpendicular to the direction of magnetization, 
7 enriched Fe.O3 absorber. (d) Linear calibration line drawn through the points obtaine 
scale) listed in 
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to that by white tin by a factor of 12. At lower tempera- 
tures the Debye-Waller factors for the two forms of 
tin will approach each other; e.g., at liquid nitrogen 
temperature this ratio is reduced to 1.2. 

The block diagram in Fig. 2 illustrates the electronic 
circuitry used to obtain the spectra of counts vs absorber 
velocity. The approximately sinusoidal motion of the 
absorber results in a larger accumulation of counts per 
velocity interval at the higher speeds, giving a U-shaped 
distribution symmetric about zero velocity. In order to 
normalize the velocity spectrum and to correct for an- 
alyzer dead time the following procedure was used. 

Random pulses were obtained from a separate scintil- 
lation and arbitrary 
| a manner 


detector (nonresonant counter 


source and were treated in as near identica 
(resonant 


as possible to the pulses from the detector 


counter) counting y rays from the Sn''®" source. The 
output from each photomultiplier was amplified and 
passed through a single-channel analyzer, the resonant 
channel being set on the 24-kev line and the nonresonant 


channel being set somewhere on the spectrum of the 


by the 
tized Sn!" in i 


nonresonant spectrum. Positive velocity 

tin absorber, 
respectively. (c) Calibration spectrum of Co* in 
btained from the peak posi 


b) Spectra of 1 ron source V 


or 
> grey 


able [. 
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tne 

o M1 

f the 

spectrum 

lirections of emission 

bered accord 

The ar 
os’*é, is d 


he desired « ount rate. 
hannels were mixed at the 
ulator. The output of the modulator, 


1] r r +} i? hei } 
pulses proportional in height to the in- 
aneous velocity, 


1 


was fed inte a 256-channel pulse- 


neignt analyzer. selective 


Storage was used to store the 
nels 0-127 and the ‘“‘reso- 


‘*non-resonant u in chan 
ant’ pulses ir annels 128-255 


. Each half of the mem- 
ory thus displayed a U-shaped spectrum with channel 
number directly proportional 


being at the center. The 


to velo ity, zero velocity 


normalized velocity spectrum 


_ tain hy suracier +} —_ ' 
Was ob ained DY dividir v e i umbe r of counts stored 


ich resonant channel by the number in the cor- 


gy nonresonant 
be varied by adjusting the 


ing speaker, and the number of 


he spectrum was spread could be 
usting the gain of 


varied by n of the voice coil voltage 


amplifier. The channel number corresponding to zero 
veloc ity was set at 64 by adjusting the lower level setting 
of the analyzer, and could be conveniently checked at 


any time by shorting the voice coil of the driven speaker. 


SUNYAR, 


AND SWAN 

Linearity and calibration of the recording system were 
checked periodically using a source of Co*? diffused into 
0.001-in, stainless steel and an FesO; absorber enriched 
in Fe®’, the spectrum of which is known. 


RESULTS AND DISCUSSION 


The experimental absorption spectra, obtained for 
two directions of emission from a magnetized source, are 
shown in Figs. 3(a) and 3(b). The Zeeman splittings of 


levels of the Sn''® nucleus 
rhe 
theoretical intensity ratios of the six M1 emission lines 
as they appear in the absorption spectrum are 


Fig. 4 
J 
cm 


the 24-kev and ground state 
deduced from these spectra are shown in Fig. 4(a 


shown in 
»); for an unmagnetized sour tios are 
2:3, while for a magnetized ) are 


):3 for parallel emission anc 


“f 


(I 
3 
ah 


KE 

3:0 3 for 
perpendicular emission. The agreement wit! 
mental spectra 


80% polarization. 


he ¢ x pe rl- 

is good and indicates approximately 
A typical calibration s] 

and the calibration vel 

peak are listed in T : 

lated from the splitting parameters 

in previous work.'! The 

straight line, Fig. 3(d 

urement, thereby esta 

of the system. Period 

slope of this line varied 
The velocities of the 

in iron source and the 

from the data are listed 


to these velocities yields 


0.644+0.010 
0.139+0.005 en 


AE=0.053+0.006 en 


0,.001-+0.005 cm 


The errors are based on al 
peak lo« ation of t+) 5 cl 
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PaB_e IT. Observed velocities and corresponding 1/1 hyperfine 
components of the absorption lines obtained with the source of 
Sn!" in iron and the grey tin absorber 


Hype rfine 


component 


Relative source-absorber 
velocity (cm/sec) 


0.477+0.010 
0.337+0.010 
—(0).201+0.010 
+-0.303+0.010 
+-0.449+0.010 
+0.581+0.010 


due to a possible quadrupole coupling, is zero within 
the limits of error. The chemical shift,"' AZ, is in the 
direction which indicates a larger energy for the 24-kev 
transition in the grey tin absorber than in the source. 

These values, together with the value of —1.0411 
t0.0002 nm® for the magnetic moment of the ground 


tate of Sn''’, give for the magnetic moment of the 24- 


ue = +0.672+0.025 nm, 


and an effective magnetic field at the tin nucleus in the 
iron environment of 78.5+2.0 koe. The former is in 


agreement with the value of 0.75+0.08 nm reported 


TRANSI 


rION IN 183 
by Hanna ef al.’ but lies below the value of 0.83+0.03 
nm report d by Boyle et al.4 The excessive width of the 
absorption lines observed in the measurements with 


Mn2Sn may be due to 


the presence of a quadrupole 
coupling of the same order as the Zeeman splitting of 


field 
gradient giving rise to this coupling, and the magnetic- 


the excited level. The angle between the electric 
field producing the Zeeman splitting, may not be unique; 
this would produce asymmetric line broadening and 
unequal shifts in the apparent line position. 

The value of 81+4 koe for the effective magnetic 
for a 1% Sn-Fe alloy 


agrees with that obtained in the present work. 


field reported by Boyle et al.” 
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rdment of Rb with alpha particles and Sr with deuterons have yielded two new yttriun 
ecays with a half-life of 49.041.5 min. The isomer is supported by a highly convert: 


sition followed by a 210-kev gamma ray having a conversion coefficient e/+y =0.06+ 0.01 
f-life of 3.19+ 0.06 hr, decaying to the Y® ground state with emission of two | 


10+ 0.02, and 203 kev, e/y=0.036+0.007. Spin and parity assignmen 


INTRODUCTION Gamma spectra were taken with 3X 3-in. Nal crystals, 
TAT . . 1: , q ta < onversion spectra wi anthracene J 
URING recent experiments involving cyclotron ind beta and conversion spr a oe 
. 3 33 ; : S ne stals vith roportional cour ' 
production of yttrium isotopes, two unaccount- Stilbene crystals or with a proportional counter. A 
° ee 57 Ss . . ° O0-ch: > ly wit! ppropriat coincid mn 
able yttrium activities were observed.! These were found “\ channel —yo Wi ip tala caine gs aia 
ty he inceners of ¥™ ond YM circuitry was employed. 


I 


RESULTS 
i 


The isomer of Y** was first identified by observation 


EXPERIMENTAL PROCEDURES 
hydrous RbCl or SrCl. was evaporated in vacuo 


m foil backing, and these targets were then ‘ , : . 
, of a gamma ray of 210-kev energy which decayed with 


a half-life of 49.04.1.5 min. A tentati lass assignment 
was made from a very crude excitation function derived 


a degrading foil stack. The stack was irra- 
i particles or 21-Mev deuterons 
cyclotron. For study, Y* 


; s from data on early bombardments in which the isomer 
made with 42-Mev alpha par- : ; 


‘aa - 1: . me 11, xyo0m Was Observed, and was 
ticles on Rb of natural isotopic composition, while \ 


growth of 14.6-hr Y*% ; i ity a isomer decayed. 
Analysis of the growt! at the produc- 
tion ratio for Y**™ relati t 6 for 42-Mev 
particle bombardment of Rb was 0.85-40.20 


he presence of yttrium carrier res ; a ; 
: rhe total conversion coefficient of the 210-kev transi- 


was best produced with 18-Mev alpha particles on 


separated Rb*’. 
: 


After bombardment t targets were dissolved in 


ind strontium holdback carrier. The acid concentration , ; ; 

1: i = ad . tion was determined to be 0.06+0.01, and according 
was adjusted to 0.5M and the yttrium was extracted eee oF ' 
. li , 1 i. | hed f to Rose’s tables* corre sponds to mult 
into .d1octyi phospnate iccording to the method o . 2 

ae ; = > M12 mixture. The half 

Peppard ef al Che radiochemically pure yttrium was 7 SPER ' 
. : : : at oe be expected to be ~10 . 1ar T r than the ob 
xtracted into 4M HCl, the pH of the solu- 
isted to 5-6, and the yttrium precipitated 


ated oxalic acid solution. The pre ipitate 


served 49 min, and a search ry low energy transi 
tion feeding the 210-kev level \ initia No con 
version line corresponding to this transition was found 


was mounted for counti! For conversion electron Py . : ; 
by scintillation counting. A sample ] by vacuum 


measurements no yttrium carrier was added, and the 


back-extracted, carrier-free yttrium was evaporated 


volatilization was placed internally in a continuous flow 
proportional counter. The samp 
an externally placed 3X3-in. 
window. An electron line wit] 
. observed in coincidence with the 210-kev gat 
to our attention , 1 } . 
¢ +] = aed om}, When the sample was covered wi 
\ ips hav ( served the production of by : ca 
thermal 1 n capture: W. S. Lyon, J. S. Eldridge, and L. C. num absorber the electron 
Bate, Analytical Chemistry Progress Report, AEC Report ORNL- 
2866 (unpublished). R. L. Heath, J. E. Cline, C. W. Reich, E. C. 
Yates, and E Turk, National Reactor Testing Station, Phillips 
Petroleum Company, Idah Idaho (submitted to Phys. 
Rev.) and R. rishn rthy and R. F. Buchanan, Argonne : . ; ; 
Ore communication). The Y” isomer showed t1 gamma | , one ol 
J. L Maier and W. J. Driscoll, 203-kev energy, the other of 47 , which decayed 


nto rubber | vdrox | loride . 


nt 


that the transition is highly 


1957 
1S. W. Moline, J. Inorg. & 4M. E. Rose, /nternal Conversion efficient orth-Hol 
Publishing Company, An r¢ 
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NEW Y ISOMERS OI! 
with a half-life of 3.19+-0.06 hr. Mass assignment was 
again tentatively made from an approximate excitation 
function calculated from data of numerous alpha bom- 
bardments. The Y®” beta activity was then observed 
to grow as the Y®™" decayed. The two gamma rays 
were found to be in coincidence (~10-® sec 
resolving time) with each other, and with each other’s 
conversion line, but were not in coincidence with other 
gammas, betas, or conversion electrons. No crossover 
transitions from the higher level to the Y® ground state 
were observed, and may be considered to constitute 
fewer than 1.5% of ail decays. No gamma rays were 
observed which could be attributed to beta decay of the 
3-hr isomeric state to excited states of Sr®. This fact 
together with the observation that the intensity of the 
high-energy betas grew rather than decayed shows 
that the 3-hr state decays principally by isomeric 
transition. 

rhe total conversion coefficient of the 476-kev transi- 
tion was found to be 0.10+0.02, and that of the 203-kev 
transition was 0.036+0.007. Comparison with Rose’s 
tables*® indicates that the multipolarity of the higher 
energy transition is M4 or possibly £5, while that for 
the lower energy transition is M12 mixture. K con- 
version coefficients were also measured and found to be 
in agreement with the above, but are not reported 
here as the over-all accuracy of the determinations does 
warrant calculation of a A/(L+M) ratio. The 
predicted half-life M4 transition is ~4 hr, in 
good agreement with the observed half-life of the isomer, 


ES 


slow 


not 
for 1n 
while for an transition 1 


the predicted half-life 
~ 10° hr. 
DISCUSSION 


The decay scheme for Y%”™ as shown in Fig. 1 was 
deduced from the above information and is supported 
by theoretical considerations. The ground state spins' 
of Y*®* and Y" are both 4—, indicating that the odd 
proton in Y is in the 3p; level; the ground state spins 
of Sr® and Zr” are 3+, suggesting that the odd neutron 
in the Y” should be in the tds level. According to the 
coupling rules of Nordheim’ or of Brennan and Bern- 
stein’ these nucleons would couple in Y” to give a ground 
spin J ji—j2|, or 2—. Comparison of the half- 
of the two excited states as predicted from the 
that the 


State 
live s 
indicates 


multipolarities of the transitions 


5 J. M. Blatt 
ohn Wiley & Sons, 


and V. F. Weisskopf, Theoretical Nuclear P 
‘ Inc., New York, 1952), p. 627 ff 

6]). Strominger, J. M. Hollander, and G. T. 
Modern Phys. 30, 585 (1958 
LL. W. Nordheim, Revs. Modern Phy 
M. H. Brennan and A. M. Bert 


1960 


Seaborg, Revs 


1951 


Rev. 120, 927 


MASS 


(3.19 hr) 





0.676 Mev 
IT 








0.203 Mev 





(64 hr) 





-roposed 


energy of the lower excited state is 203 kev above the 
ground state. The most reasonable spin and parity as- 
signments for that level, which would lead to the ob- 
; if the 
is level were smaller, one would expect to ob- 


served M12 transition multipolarity, is 3— 
spin of tl 


serve the crossover transition from the isomeric state 


to the ground state. The 3— state is easily constructed 
Nt Je; 
one would expect to 


The M4 transition multi- 
] 


by recoupling the proton and neutron spins to J 


which from the coupling rules®? 

State. 

polarity from the 679-kev leve 
; 


be higher than the 2— 
203-kev level 
- for the 679- 
proton to the higher lying 


to the 
leads toa probable level assignme nt of 7 
kev level. Promotion of the 
5g9/2 which is observed as isomeric states in neighboring 
odd-mass number yttrium isotopes and recoupling with 
the 4d; neutron according to the coupling rules’ also 
gives J= 71+ 2, or 74 


The 203-kev state w 


Bartholomew ef al.,? in 


as also observed at 202.4 kev by 
of the Y*®(n,y)Y 
Angular correlation measurements led those 


studies 
reaction. 
investigators also to conclude that this level was 3—. 
The 676-kev level was not reported by them. 

Because of the uncertainty of the Y*® ground state 
spin and the unknown multipolarity of the isomeric tran- 
sition no level assignment for Y*%®” is submitted. 
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topes Dy'® and Dy were aligned at low temperatures in a single crystal of neody 

1 +, using the magnetic hfs method. Angular distribution of gamma radiation following t 
these isotopes was studied as a function of temperature in the region 0.02°K <7 <1°K. Spir 
f $— were made t 27 kev in Tb'® and at 32 for bot] 


7 kev in Tb!57, Assumir g I 3 for both 
1Isotol as well as p ire L=1 beta decay to the ;- states, nuc lear moments of | 0.21 \ OM exe 


2 le to states at 22 VI 


u =().32+0.02 nm were derived 


INTRODUCTION 


| 


Alignment was obtained by cooling the crystal by 
N recent vears the technique of nuclear orientation adiabatic demagnetization. By demagnetizing from dif- 
has been used with remarkable success in studies ferent fields extending up to 18 kgauss, temperatures 

of radioactive isotopes of the rare earths. Because of ranging from 11 K (the helium bath temperatur 

the extremely high sensitivity of the method, it offers wn to 0.02°K were attained. The magnetic tempera- 

a unique though indirect measurement of the magnetic —_— “ the caystel atts hes magnetization — de = 

moments of many radioactive nuclei. In this experiment, mined with mutual inductance coils,and an ac bridge. 

vuclear alignment techniques were used to determine Magnetic temperatures were converted into absolute 


. “> - " | *S , S] ao h work of \ \ - 
the magnetic moments of Dy'®> and Dy"7 as well as to t™peratures by using the rk of Meyer. 


confirm previous work on the decay schemes of these Gamma-ray intensities at different temperatures were 


ae recorded by two counters: one parallel to the crystalline 


mie 4 annthe mendicil tr t. th 
EXPERIMENTAL PROCEDURE ¢ axi and another perpendicular ‘to it. I 
tributions of the y rays were also measured at different 
The dysprosium ISOLOpe were obtained by bombard angles @ from the cry stalline « axis at the lowest tempe ra 
cadolinium ovid DOV QQ OC* = oy . . . 
gadolinium oxide powder -7/o pure ture attainable. Gamma-ray counting was done with 
a ee uC N erate _ Berkeley 3X3-in. Nal(Tl) crystals in conjunction with 100- 
his bombardment produced a mixture . 1 ; 

cba We en channel pulse-height analyzers. Th ple was counted 

he latter constituting the greater 2° , ° Fe , 
within a few minutes after demagi ral Counts 

s were normalized to 1.1°K, by warming up the crystal 

vas purified and separated ee a sy ee 

1: : to the temperature of the bath (1.1°K) through intro- 
y the usual 10on-exchange . . - , ° . 
— : ea. . duction of helium exchange gas into the cryostat. When 
ydroxyisobutyric acid as eee 
isotopes were converted the crystal had warmed up, a normalization count was 


. 1 1 , ic 1 . . } take 7 >< » nat} f tim : tions \ " 
into the ethylsulfate and grown into a single crystal ‘ken for the same length of tim mS Wer 


of Nd(C2H;SO,);-9H.0. The crystal was then mounted ™ade for half-life, blocking time, | angle, and back- 
in a cryostat. 
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Counting rote ot 8 «0° 
\ Worm counting rate at @=0° 








for the 227 


ground due mostly to Tb’, the daughter of Dy", 
which has an anisotropy of opposite sign. 


RESULTS 


and 227 
kev, had anisotropic distributions. These have been 
shown by Toth and Rasmussen,'! Toth and Nielsen,’ 
and Mihelich ef al.® 
and Dy 


The two most intense gamma rays, at 327 


to belong to the decays of Dy 

’, Tespec tively. No other y rays were examined 
for anisotropy, as these two were the only prominent 
ones, 

\ typical spectrum is shown in Fig. 1. The anisotropy 
e(=1—[7(0)/T(m/2) ]) of the 327-kev y ray of Dy'*’ 
plotted against 1/7 is shown in Fig. 2. The 227-kev 
y-ray anisotropy as a function of 1/7 is plotted in Fig. 3. 
The intensity distribution of the 327-kev y ray as a func- 
tion of the angle @ between the direction of propagation 
and the crystalline ¢ axis is shown in Fig. 4. 

The experimental angular distribution at T= 
were found to follow the equations 


0.022°K 


1+ (0.108+ 0.008) Ps(cos@) for the 327-kev y ray, 


(6) = 1+ (0.060+0.025) P2(cos@) for the 227-kev y ray. 


DISCUSSION 


The angular distribution of gamma radiation from 


aligned nuclei is given by‘ 


W (6 1+ > B,U,F.P;(cos@), 


where the B,’s are a measure of the degree of orientation 
of the parent nuclei. The U;’s are a measure of the 
amount of reorientation that takes place during any 
unobserved preceding transitions. The F;’s are constants 
determined by the mulitpolarity and the initial and 


C. A. Lovejoy (private communication) 

}. W. Mihelich, B. Harmatz, and T. H 
108. 989 (1957 

*T. P. Gray ar R 

A68, 349 


Handley, 
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Satchler, Prov London 


Phy s. Soc 
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rate ot 0.022°K) 
( Counting rate of 1° K) 


(Counting 








ity distribution of the 


f Tb'*? at 0.022°K 


the final spins of the observed y transitions, and are 
identical to the F;’s used in angular correlation theory 
for two successive radiations. In this experiment only 
low orders of alignment were obtained, and only the 
term in k=2 treating the data. In 
to examine 


was necessary in 
order to calculate By it is first necessary 
the form of the spin Hamiltonian. 

’- and the ground term 
®71\5,2. This term is split by the interaction of the elec- 
troni 


Dy** has the configuration 4/ 


chaige of the 4f electrons with the crystalline 
field into doublets which may be characterized 
in the first approximation by | +J,). Elliott and Stevens 
have shown that there are two possible ground doublets: 
(a) a doublet which is mostly |+9/2 
mixtures of | 3) and 2) states, and (b) another 
doublet composed of a mixture of the states | +3) and 


electric 


with some ad- 
F15 


The first doublet would have g,=0 and g, 
while the 


10.3; 


would have g g,. Paramagnetic 
that resonance is 
observed at 14°K,*° but not at helium temperatures.’ 


rhis may be interpreted as evidence that the (nonres- 


Sec ond 


resonance experiments have shown 


onant) doublet (a) lies lowest. The interpretation was 
confirmed by susceptibility measurements at helium 
temperatures,” which the ground doublet 
g,,=10.76+0.1 and g, 

In view of the fact 
Hamiltonian in zero field may be written as 


give for 
0. 


that g,=0, the effective spin 


ALS. (2) 


A simple calculation based on the theory of Elliott 


and Stevens" shows that the quadrupole interaction 
should have negligible effect on nuclear alignment for 


the assumed ground doublet. 


R. J. Elliott ar 
4?19. 387 (1953 
8]. M. Baker 


1 56 1958 
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y 
ieee 3/2 +/651 
E.C, " 





§/2 5/2-[532} 


V2 ye2+(41!] 





py!5? 
S32 3/2-[521] 
aes C. 
2 


e E. 
VA~ 8.2h 


5/2 5/2-32] 





327 kev 





w2 32+/[4 


The de ay Ss heme of Dy 
d, and the portion of i 
shown in Fig. 5. The ground-state assignment for 
Dy'*’, ion of Mottelson and Nils- 
son,’ is 3—[521 ]. The 327-kev y ray has been found to 

multipolarity £1. Just as in the case 
below for Tb , If the groun te spin and parity of 
Tb'* are 3+, then the sign and i egy of the 


has been fairly well estab- 
terest in this investigation 


according to the notat 


have discussed 


y-Tay 


anisotropy preclu ny assignment other than 3}— for 


5 
2 
sequence 3— (E=1)3 


y distribution of the 


the 327-kev state. For the 


—(EF1)3+, the 


327-kev y ray may be ex] 


theoretical int 


H(A 1+0.280B.P.2(cos@). 
not so comprehensive, 
assign spin }— to 
following arguments 
» the ground 
227-kev y ray 
have spin and 
spin of , — would allow 
no anisortopy in hi ay, while 
require F,= —0.40, 1 


a spin of - would 


| produce an anisotropy 


vith sign opposite to that experimentally observed. 


Thus only a spin and parity assignment of }— for this 


level is compatible with the experimental data. Again 


for spin seqi 1)3—(F1)3+, the theoretical 


Kgl. Danske Vide 


DD. A; SHIRLEY 


TABLE I. Comparison of theoretical and 
moments of dysprosium and gadolin 


Ground 


Isotope state nm) nm Reference 


0.21+0.05 This work 
0.32+0.02 This work 
0.30 17 
0.30+0.05" 188 


intensity distribution of the 227-kev y ray is 
Eq. (3). 
' The function B, depends on the singl 
B= A/2kT.* From the experimentally determined value 
of the anisotropy, which in turn is proportional to 
BU 2F >, one can calculate the value of A. 

The results are 


given by 


pé arameter 


0.048+0.003°R. 


0.032+0.008°K. 


and 


lgren,'* we 


From the og Oo and tebe using 


the value of (1/r*) d ae Lin obtain 
for Dy* 


0.227 (u/I)°K. 


A comparison of Eq. 
mined value of A yie 


(4) with the experimentally deter- 


‘lds for the nuclear moments 


L415 0.21+0.05 nm, 


415 0.32+0.02 nm 
Wide limits of error have been given for Dy'® because of 
uncertainty involved in the background correction for 
the 227-kev ¥y ray. 

By using the values 0.28 
the deformation parameter 6 and 
given by Nilsson a1 
magnetic 


and 0.32, respectively, for 

the gyromagnetic ratio 
of the core gr Prior, theoretical 
values of the 
may be calculated. 
on ground-stat 
together with th 


moments of the two isotopes 


These are | ible I based 
e assignments similar to the isotonic Gd 


given 


isotopes,'® € present experimental results 
and the known magnetic moment of Gd 
onable to infer that the 


of both Dy! ws 


1s reas- 
signs of tl} gnetic moments 


and Dy'®’ are negatir magni- 


l liigge 


R. Judd and I. P. K 
Report UCRL-9188, 1960 
S. G. Nilsson and O. Prior, Kgl. Da 
Mat.-fys. Medd. (to be published 
B. R. Mottelson and S. G. Nilsson, Kgl 
b, Mat.-fys. Skrifter 1, No. 8 (1959 
David R. Speck, Phys. Rev. 101, 1725 
*W. Low, Phys. Rev. 103, 1309 (1956 
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tude may be compared with those calculated theoreti- 
cally. In all these cases the theoretical magnitudes are 
too large, quite outside of experimental error. Thus, 
although the theory provides a good approximation to 
the magnetic moments, exact agreement is not obtained. 
The discrepancy may presumably be attributed to 
second-order effects, such as polarization of the core 
by the odd particle, which have not been included in 
the theory. Rasmussen and Chiao have shown that the 
theoretical deformed 
nuclei may be brought into better agreement with 
experiment by assigning quenched g factors for the 


magnetic moments of several 


VOLUME 


ORIENTATION 


OF Dy'!*® AND Dy! 189 
intrinsic spin of the odd particle.’ We note that use 
of quenched g factors for the odd neutron in Dy 
and Dy'*’? would improve the agreement between ex- 
periment and theory in both cases. 
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The positron spectrum of Co has been carefully studied with a magnetic s] 


pectror eter I'wo positrotr 


groups were observed. The maximum energies and intensities of the two groups are 1.464+0.015 Mev anc 


0.440+0.030 Mev and >90% and < 10%, 


respectively. No evidence for any other groups was found. In 


particular, an upper limit of 1% was set for the presence of any group with maximum energy 0.9-1.0 Mev 


The high-energy spectrum has essentially an allowed shape 


However, the inclusion of a shape factor such 


as (1+0.3/W) offers a more consistent fit to all the data 


INTRODUCTION 


HE decay of Co*® to Fe®® has been studied by 
Kienle and Segel who report that all the Co® posi- 

tron-emission and electron-capture transitions, which 
are allowed on the basis of spins and parities of the 
levels, have relatively high ft values.' The intense 
positron decay (Zy~1.5 Mev) from the 4+ ground 
state of Co®® to the 44+ second excited state of Fe*® 
has a log ft of 8.7. This is markedly higher than those 
of the other allowed transitions in Co*® (with log ft 
from 6.1 to 7.3). All these transitions have ft values 
which are larger than those of normal allowed decays. 

Recently, the beta-gamma directional correlation be- 
tween the 1.46-Mev positron group and the two cascade 
gamma rays which de-excite the second excited state of 
Fe®® was measured.” A maximum anisotropy of 2.5 
3.3% for A=[n(w)—n(r/2) ]/n(x/2) was observed (x 
is the coincidence counting rate at the given angle). 
This is only the third anisotropy reported in allowed 

t Supported in part by the joint programs of the Office of Naval 
Research and the U. S. Atomic Energy Commission and by a 

nt from the National Science Foundation. 

P. Kienle and R. E. Segel, Phys. Rev. 114, 1554 (1959) 

J. H. Hamilton, B.-G. Pettersson, and J. Thun, Bull. Am 


Phys. Soc. 5, 10 (1960); B.-G. Pettersson, J. H. Hamilton, and 
J. Thun, Nuclear Phys. 22, 131 (1961). 


beta decay and this is much larger than the other two*4 
(0.2% and 1%, respectively, for Na” and F*°). 

The unusually high ft value and the anisotropic beta- 
gamma directional correlation of the 1.46-Mev positron 
group suggest that deviations from the normal allowed 
beta-decay theory might also be observed in the shape 
of the beta spectrum. No detailed investigation in 
search of possible subtleties in the shape of the spec- 
trum has been made. Indeed, there are disagreements 
among previous investigators as to the existence and 


characteristics of other possible positron groups from 
the Co* decay.! 5-1 
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Jastram (private communication, January, 1960) 
Kurbatov, H. J. Sathoff, K. Hisatake, and M. Sakai, 
\m. Phys. Soc. 1, 163 (1956) 
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Careful studies of the positron spectra from the 
decay of Co®* have been made in the present investiga- 
tion. The high-energy group is found to have a nearly 
statistical shape down to about 470 kev where a second 
group begins. However, the best fit to the data includes 
a shape factor of the form (1+0.3/W) or something 
equivalent. No evidence for the reported 0.9-1.0-Mev 
end-point group®’ was observed. The only group ob- 
served, other than the 1.46-Mev group, has an end- 
point energy of ~440 kev. 


SPECTROMETERS 


The positron spectra were measured in a 40-cm radius 
of curvature, 180 shaped magnetic field 
spectrometer.''! Modifications of the equipment and its 
operation are discussed elsewhere. (See reference 12.) 

\ continuous flow, loop anode proportional counter 
with an aluminum-coated Mylar window was used as 
the detector. This window has a cutoff energy at about 
20 kev and complete transmission 
above 100 kev. 


The gamma-ray spectra were 


focusing, 


gives essentially 
measured on a single 
channel analyzer. The tor was a NalI(TI) crystal 
23-in; diam X 2-i ick optically coupled toa Du Mont 
6363 photomultiplier. Gamma-gamma coincidence spec- 
tra were also measured with 
unit 2X 10~-* sec. The second detector was a 
3 in.X3 in. NaI(Tl) crystal coupled to a Du Mont 
6363 photomultiplier. 


lot 
CICLO! 


a fast-slow coincidence 


with 27 


SOURCE PREPARATION 


The Co** was produced by the Fe**(p,7)Co** reaction 
with 20-Mev protons in the ORNL cyclotron. The 
target was an iron foil weighing approximately 2 g. 
This was dissolved in concentrated HCl. Then the iron 
was extracted from the cobalt 
done three times; each time the cobalt 
used for the next extraction. This separated cobalt 
fraction was further purified with ion exchange columns 
of Dowex 1 resin (50-100 mesh). The cobalt was ab- 
sorbed on the column in concentrated HC]. The cobalt 
was then eluted in 4M HCl. After passing through the 
large (1 cm diamX20 cm long) column, this 
repeated with a small (2 mm diamX5 cm long) column 
for final purification. 


with ether. This was 


solution was 


was 


The first source was vacuum evaporated onto an 
aluminum coated Zapon backing 50 wg /cm? and covered 
with a Zapon film of less than 10 ug/cm*. The source, 
completely invisible, was less than 10 yg/cm? thick. 
The evaporation yield was poor, however, and this 
source was relatively weak. 

A second source was prepared on a similar backing 


L. M 


Langer and 
2 J. H. Hamiltor 
119, 772 (1960 
J. Mann, Master’ 
1961 


LANGER, 


AND SMITH 
by liquid deposition of the activity and covered with 
a similar Zapon film. This source was prepared about 
10 days later from the remaining cobalt solution and 
was not as thin. Its thickness was 50-100 ug/cm?. 
Later, a source of the same separated Co* 
pared on a Mylar backing for the scintillation spec- 
trometer. A source of Co** was prepared from a Co°*S 
solution obtained from ORNL. This source 
for comparison in this spectrometer of the Co*® 
Co*® spectra. 


Was pre- 


was used 
and 


TREATMENT OF DATA 


Four measurements of the positron spectrum were 
made from 200 kev to 2.1 Mev which is 
the 1.5-Mev end point of the highest 
The first two measurements were wit! 


we ll beyond 
group. 
the evaporated 


energy 


with 


i juid deposited 
] 
i 


source and the other two 


source. In addition, less detailed runs were made with 
the evaporated source to check on the decay of the 
470-kev group. Each run co 
taken on repeated cycles of t 
the points have a 1% statistical accuracy in the 
ing rates. 


tw ts of data 
\lost of 
count- 


tot f 
sists ol 


I 
he magnet 


The half-life of the source was che 


of the separated solution. This fraction was checked 
for a period of 200 days and was found to decay with 
a half-life of 80 days. This is i 
reported half-life of 77.3 days.'* From a knowledge 


ked with a fraction 


agreement with 

the target foil and the chemistry performed (as well 
as the analysis of the beta spectrum), it was concluded 
that Co** was the only possible contamination. -Co* 
end 
$70-kev 


from th: 


does have a positron spectrum with a ~470-key 
point. Decay checks on the spectrum of the 
group did not indicate a half-life different 


the main group. This is difficult to detert 


since the source was getting weaker 


Fermi-Kurie plots 
open circles nad 


circles 


4H. W. Wright, E. 1. W 
T. H. Handley, Nuclear Sci 
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Co” e Evoporated Source 


* Liquid Deposted Source 


Fic. 2 Shape lactor plots of C(W)~N(n) nl (Wo -W)? vs W 
for the evaporated source (open circles) and the liquid deposited 
source (closed circles). The plots for the two sets of data are 
normalized. The curves correspond to empirical shape factors 

1+0.3/W) and (1—0.24W+0.044W) normalized to the data. 


have similar half-lives (77.3 days" and 71.3 days,! 
respec tively). 

Fermi-Kurie (I-K) plots of the data were made with 
the aid of tables'* and the Indiana University computer. 
The outer screening correction is negligible at this Z 
value and these energies, as is the finite de Broglie 
wavelength correction. Least-squares fits to the F-K 
plots and the shape-factor plots were made with the 


Vanderbilt University computer. 


RESULTS 


In Fig. 1 are seen the F-K plots of runs 1 and 2 made 
with the evaporated source, and runs 3 and 4 made 
with the liquid deposited source. The straight lines are 
least-squares fitted to the data for 2.69 W<3.6. The 
end-point energy is Wo= 3.865 myc? (1.464+0.015 Mev). 
Che F-K plots are nearly linear from the maximum 
energy about 470 kev. Another 
clearly seen below this energy. No indication is found 
in the F-K plots for a positron group of maximum 
energy 0.9 1.0 Mev. 

If a weak positron group with maximum 
about 0.9-1.0 Mev exists, it should be 
clearly in a plot of the shape factor. In Fig. 2 are given 
shape-factor plots of C(W)~.V(n)/7F(Wo—W)? vs W. 
Data are plotted for both sources. Typical statistical 


down to group is 


energy 


seen more 


limits of errors in the counting rates are shown. Except 
for the final two or three points, which are very sensi 
tive to the determination of Wo, the shape factor is 
well fitted by a straight line from about 600 kev out. 
Chere is a slight rise in the data between 470 and 600 
kev. There is no evidence for another beta group with 
end-point energy 0.9-1.0 Mev. As a check on the 
possible existence of such a group, the following analy- 
R. P. Schuman, M. E. Jones, and A. C 
Nuclear Chem. 3, 160 (1956). 
6 Tables for the Analysis of Beta Spectra, National Bureau of 
Standards Applied Mathematics Series No. 13 (U. S. Government 
Printing Office, Washington, D. C., 1952 


Mewherter, J. Inorg. 


SPECTRA OG] 


191 


sis was carried out. The positron spectrum of Zr 
(o=897 kev) was recently measured in this spec- 
trometer.” A plot of V(n) vs Hp of the Zr*® data was 
made. This plot was normalized to have an intensity 
of 1% of a similar plot for the Co** data. Then, the 1% 
Zr spectrum was added to the Co®® total spectrum. 
Next, this Zr*® spectrum was subtracted from the Co*® 
total spectrum. From a comparison of these three plots 
(the Co*® spectrum, the Co** spectrum with a 1% Zr*® 
spectrum added, and the Co*® spectrum with a 1% Zr*® 
spectrum subtracted), an upper limit of 1% can be set 
for the intensity of a positron group with maximum 
energy about 900 kev. 

The 1.46-Mev group was treated as if it had a linear 
F-K plot and then subtracted from the total. An F-K 
plot of the data after this subtraction is seen in Fig. 3. 
The data were obtained with the evaporated source. 
Note, there The 
strongest group has an end point at about 470 kev. If the 
points beyond 470 kev are treated as a beta group, the 


appear to be two discontinuities. 


end-point energy would be about 720+70 kev. Such a 
group is Inconsistent with any previous reports. The 
intensity of the 470-kev group relative to the total is 
about 10%. The intensity of the other distribution 
treated as a beta spectrum is about 1%. Other evidence 
is strongly against the existence of such a higher energy 


group. (See discussion, next section 


However, if the 1.46-Mev group is not assumed to 
have a linear F-K plot, then evidence for the 720-kev 
“group” disappears (Fig. 4). Indeed, with its high ft 
value, the 1.46-Mev group might be expected to show 
some deviation from the allowed spectrum. Previous 
studies of allowed beta spectra (both positron and 
electron) with much lower ft values have suggested the 
necessity for an empirical shape correction factor of the 
form 1+6/W (with 600.3) or 14+C,W+C.W?. (See 
reference 12.) The shape correction factor (1+0.3/W) 
normalized to the data is shown in Fig. 2. Also shown 
is a shape factor (1—0.24W+0.0441V") obtained from 
a least-squares fit to the data with 199° W<3.6 and 
Both of reasonable 


normalized to the data. these are 





470 kev 











1.2 " i > 28 


with the 
3S imed to have a 


Fic. 3. Fermi-Kurie 
evaporated source after tl 


statistical shape 


was sul 





ANGER, 





w 


plot of the Co* data taken with the 
*r the 1.46-Mev group, assumed to have a 


WW), was subtracted 


o the spectrum 11 
Note that since the | 
tive to the choice of J 

i 


1 the energy range above 470 kev. 
ligh-energy points are very sensi- 
Vo, not as much weight was given 
two or three points. If a shape-correction 
factor is applied to the 1.46-Mev group, only the 470- 
kev group remains after subtraction of the main group 
see Fig. 4). When the shape factor is applied to the 


to the last 


1.46-Mev group, the intensity of the low-energy group 
is reduced from 10% to 7-8°% and the energy from 
470 to 440 kev. 

Che singles gamma-ray spectrum of Co®® was meas- 
ured with particular interest in the energy region 
around the strong 845-kev transition in the decay of 
Co**®. Co®* has a strong gamma ray at 810 kev. The 

o®* spectrum was carefully measured in this region 
also. Then combined plots of the Co®*® and Co*8 gamma- 
ray spectra were constructed the Co** fraction 
of the Co** decays. 


with 
representing 5, 10, and 25% 

These plots were then compared with the singles 
and coincidence Co** spectra. The coincidence spectra 
were obtained by looking at the energy region around 
845 kev, while gating the coincidence analyzer on the 
1.24-Mev gamma ray which is in prompt coincidence 
with the 845-kev gamma ray in the Co** decay. From 
the difference in the appearance of the 845-kev gamma 
bs ] 


ray photo-peak in the Co*® singles spectrum and co- 


a 810-kev 
ray was possibly present in the Co** 
ind that the intensity of tl 


spectrum, it was estimated that 
sample 
is gamma ray relative to 
the 845-kev gamma ray in Co* 


that of v% ’ was S 5%. This 


has a large uncertainty, 


umber however. Unfortu- 
spectrum was 
measured, the beta-ray source was too weak to observe 
onversion electrons of an 810-kev transition with the 
intensity. From this work, the possible contribu- 


tion of Co ? Co** 5% 


positron spectrum is 5%. 


nately, when the conversion electron 


abdove 


DISCUSSION AND CONCLUSIONS 


First consider the possibility of groups other than 


he intense 1.46-Mev group. From our results, an upper 


limit. of 1% relative to the total has been set for the 


AND SMITH 

intensity of a group with maximum energy 0.9-1.0 
Mev. Such a group has been reported®:? and ques- 
tioned.** An upper limit of 1% for the intensity of 
such a group has also been made from beta-gamma 
coincidence measurements.'""’ If this group does exist, 
it would correspond to a twice forbidden (4+ — 2+) 
transition in the accepted decay scheme. A twice for- 
bidden transition would be much too weak to compete 
with the allowed transitions even though the ft values 
are high. On the basis of all the evidence, the upper 
limit of 1% for a group with maximum energy 0.9-1.0 
Mev is quite safe. 

It is emphasized again that there 
evidence for other beta groups with end-point energies 
between 550 and 1250 kev. Such groups would also be 
inconsistant with the decay scheme as discussed above. 
Furthermore, beta-gamma coincidence studies should 
have indicated the presence of another group in this 


has been ho real 


range if one exists. Thus, the high-energy tail on the 
$70-kev beta group (Fig. 3) is not another beta group. 

Now look at the evidence for the 440-470-kev group. 
\ 440-kev group with an intensity of 4% of the total was 
first reported’ and then not observed (0.448* <2% 
1.468*).° Diddens et al. set an upper limit of 0.6°% for the 
intensity of a 450-kev positron group relative to the 1.46- 
Mev group.” This conclusion was reached, however, by 


ol 


measuring coincidences between positrons with an en- 
ergy of 230 kev and gamma rays with an energy of 
2.1-2.3 Mev. It has been shown that positrons of this en 
ergy, while not in coincidence with these high-energy 
gamma rays with any observable intensity, are in coinci 
dence with the 1.04-Mev gamma rays.' The intensity of 
this group was reported only as weak.' Thus the exist- 
ence, but not the intensity, of a positron group w 

maximum energy about 440-470 kev is established. 

In our studies, a positron group with an end point 
440-470 kev was observed. The intensity of this group 
is 10% of the total if the 1.46-Mev group has a strictly 
statistical shape. The 1.46-Mev spectrum, as Wl be 
discussed later, is better fitted with energy- 


in the 


1 


dependent shape factor. When this is 

analysis, the intensity of the 470-kev group is 
to about 7-8%. Even this intensity 
Neither 


ice os 


reduced 
seems rather high 
in view of the other evidence. this group nor 
its intensity as measured it ork is associated 
with source thickness problems, as has been suggested.® 


The shape of the low-energy region of the 


spectrum 
the data 
10 ug “cm 


and the relative intensity are the same for 
obtained with evaporated source 
thickness) as for that obtained with the 


100 yg cm-) liquid deposited source. 


source 
thicker (50 
If these low-e nergy 
electrons of the 470-kev group did arise from source 
thickness problems, then there should have been a 
marked difference in the data from the 
and there was no difference. Thus, 


kev group must arise from beta decay 


two sources 


his obse rved $70 
The question arises as to whether this © 10% group 


is the result of an impurity. On the basis of half-life 
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measurements and the chemistry performed, Co** is 
the only likely impurity. As a check on this, the gamma- 
ray spectrum was carefully studied in search of the 
prominent 810-kev transition in Co’, From the analysis 


of the gamma-ray measurements, 2 value of <5% 


was 
obtained for the possible contribution of Co* to the 
Co*® spectrum. A more definite value for the Co** con- 
tribution was difficult to obtain. This introduces a large 
uncertainty in the intensity of this beta group in Co**, 
lhe intensity of a Co** beta group with energy 440-470 
kev may be from 2-10°% on the basis of our work, but 
the lower values are to be preferred when all the 
evidence is considered. 

Now consider the intense 1.46-Mev positron group. 
rhe shape of this spectrum is nearly allowed. For the 
shape to differ from statistical would not be surprising 
in view of the high log/ft value of 8.7 and the large 
beta-gamma directional correlation. Although an al- 
lowed shape cannot be completely excluded on the 
the data are fitted much 


an energy-dependent 


basis of these measurements, 


more consistently by including 


shape factor. The F-K plots and experimental shape 
factors exhibit a small excess of low-energy electrons 
over the allowed distribution before the 470-kev group 
begins. This is seen more clearly in the data above 
170 kev when the 1.46-Mev group is subtracted as an 
allowed spectrum. This tail on the 470-kev group dis- 
appears if the 1.46-Mev group is subtracted as a non 
statistical spectrum. 

It has been found necessary to include a shape factor 
1+6/W) or (14+C,)+C.W") to explain 
other allowed beta spectra.’” Such shape factors normal- 

ed to the data Fig. 2. Either of these 
two equations offers a good fit to the data for 6 values 
0.2 0.24 and C: 


of the form 


are shown in 


about 


between 


0.04 


and 0.3 or C; about 


The necessity to include in the Co*® 1,.46-Mev spec- 
trum a shape factor of the same form and magnitude 
as has been observed in other positron and electron 
spectra perhaps gives added weight to the other meas- 
fact the high 


value of this Co*® group. It has been thought that the 


urements. One. significant here is 


deviations reported earlier in positron spectra’ might 


( 
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be with the than ft values 
(log ft of 7.4 and 6.1 for Na** and Zr*’, respectively) 
although the Zr*® f¢ value is only just outside the limits 
of normal For t Co*® group, the 
log ft value is 8.7. The fact that the shape factor of the 


connected higher usual ff 


allowed values. his 


positron spectrum does not 
>and Zr‘? 


the deviations observed 


strongly hindered Co’ 
differ observably from those of Na 
that 
in Na*’, Zr*®, and Co**, they are of a form that does not 


suggests 
whatever the nature of 


depend on the magnitude of the ft value. 


It was pointed out in the angular correlation work? 
and is emphasized again here that with such a large 
beta-gamma correlation and with more detailed infor- 
mation now available about the beta spectrum, the’ 
1.46-Mev group in the Co* 


and experiment for higher- 


decay should be a good 
case to compare theory 
order effects which may occur when the normal allowed 
matrix elements are reduced. More theoretical work is 
needed for such a large Such 
analysis might hold a clue to understanding the devia- 


allowed decay. an 
tions observed. 
It should be pointed out that, as in the Zr’ spectrum, 


the 1.46-Mev transition proceeds by both Fermi and 


Gamow-Teller radiations. The deviation requiring the 
{ 


(1+6/W) correction factor may still arise only from 
Na2?, P®?, In"4, and Y™ 


and may not be associated with the Fermi part of the 


the Gamow-Teller part as in 


radiation. 
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9.17-Mev State in N" 


R. E. SEGEL, J. W. DAuGHTRY, AND J. W. OLNEss 
Aeronautical Research Laboratory, Dayton, Ohio 
(Received February 27, 1961) 


The angular distributions of the 9.17-Mev ground state gamma ray and the gamma rays of the 2.73-6.44 
Mev cascade resulting from the 1.75-Mev proton resonance on C® (N4*=9.17 Mev) have been measured 
he spins deduced from the angular distributions for the 9.17-Mev state and the 6.44-Mev state agree with 
previous assignments. The angular momenta admixtures required are found to be in disagreement with one 
shell model of N™ but it is shown that the model can be brought into accord with experiment by having the 
9.17-Mev state wave function include a configuration with a nucleon in the f shell 


INTRODUCTION 


HE fact that nuclei in the 1p shell (Li°-O'*) appear 
to be amenable to a shell model description has 
led to extensive calculations which are to be compared 
to the wealth of experimental data. A case in point is 
the nucleus N' where Warburton and Pinkston! (W-P) 
have assigned shell model configurations to many of the 
states of N'* and have then proceeded to calculate 
various dynamic properties of these states. W-P used 
a simplified model of N", rather close to extreme j/ 
coupling about a C™ core and found fairly good agree- 
ment between theory and experiment. The present 
study was undertaken in order to investigate certain of 
the experimental points still doubtful in N"™ and to test 
further the W-P model; specifically, the 1.75-Mev 
proton capture resonance on C (N'*=9.17 Mev) was 
studied. 
The main features of the decay of the 9.17-Mev state 
have been recently given by Rose.* The strength of the 
predominant ground-state transition (#I',=14.1 ev) 
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Fic. 1. Energy-level diagram showing those transitions studies 
work. Many other levels in N"™ are known (see 


the present 


and W. T. Pinkston, Phys. Rev. 118, 733 


r Phys. 19. 113 (1960 


j<2, k is further restricted to values Rinax <4. 


and the total width ('=77+12 ev) were measured by 
Hanna and Meyer-Schiitzmeister.’ The parity of the 
9.17-Mev state was determined to be positive by 
Strassenburg ef al.‘ The decays of the 9.17-Mev state of 
interest in the present work are shown in Fig. 1. The 
spin assignments for the 6.44- and 9.17-Mev states are 
from the present work and 
assignments. 


confirm the previous 


EXPERIMENTAL RESULTS 


30-kev thick carbon targets cracked from methane 
enriched to 489% C" were bombarded with 1.75-Mev 
protons from the Aeronautical Research Laboratory 
Van de Graaff generator. The resonance is strong enough 
so that nonresonant gamma rays gave a negligible 
contribution to the spectra. 

Gamma-ray spectra taken with a three crystal pair 
spectrometer are shown in Fig. 2. It can be seen that 
the 6.44-Mev line is at least as intense at 30° as it is at 
0° while it is much weaker at 90°. If these data are 
fitted with a distribution function of the form 


W (0)=> 4A; cos", 


it is readily apparent from the strong angular depend- 
ence exhibited in Fig. 2 that W(@) must contain terms 


of the order k>2. For a well-isolated 
obtained here, the coefficients A; 


resonance, as 
are nonvanishing only 
for even values of &, and hence the above requirement 
becomes &max 24. Since the 9.17-Mev state must have 
Data 
were also taken at @=60°; the best fit to the data for 
the 6.44-Mev line is given by 
W (8)= 14+ (1.6+0.4) cos’é 1.1+0.4) cos@, 
with 
[Ww (0) 


W (90 ] +(0).42+0.05 


The presence of the large cos‘#@ term has the following 
immediate consequences : 


(1) The 9.17-Mev state must have j 
of the 9.17-Mev radiation to the j 


2. The strength 
-1 ground state 
3S. S. Hanna and L. Meyer-Schiitzmeister, Phys. Rev. 115 986 
1959) 

‘A. A. Strassenberg, R. I 
Prosser, Bull. Am. Phys 


Hubert, R. W 


Soc. 3, 372 (1958 


Krone, and I WM 
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9.17-Mev ST 
transition requires it to be predominantly dipole which 
implies 722 while the cos@ term in the 6.44-Mev 
angular distribution requires 722. Hence j=2 is 
uniquely determined. This spin assignment had been 
previously deduced by Rose, Trost, and Riess® from 
gamma-ray asymmetry measurements. 

(2) Protons having angular momentum /22 must 
take part in the formation of the 9.17-Mev state. By 
taking the 9.17-Mev state as 2+ and noting that the 
C ground state is }—, a significant f/-wave component 
in the incoming protons is indicated. 

(3) The spin of the 6.44-Mev state is most probably 
3. The large cos‘@ term in the angular distribution 
requires the 6.44-Mev radiation to contain significant 
admixtures of radiation of multipolarity 122 which 
implies 723 for the 6.44-Mev state, while the strength 
of the 9.17-6.44-Mev transition requires 1 <7 <3. This 
same spin assignment was indicated in the work of 
Rose et al.° 


On assuming the 6.44-Mev ground-state transition to 
be pure quadrupole, the measured angular distribution 
requires the intensity of the /-wave component of the 
protons forming the 9.17-Mev state to be between 30° 
and 80% of the total intensity, with the amplitude of 
the p and the / waves having the same sign. It has been 
assumed here that the 2.73-Mev gamma ray from the 
9.17- to the 6.44-Mev states is pure dipole. This assump- 
tion should not seriously detract from the validity of 
our conclusions, since the strength of the 2.73-Mev 
gamma ray (I',~0.5 ev) implies that it is predominantly 
dipole, and since interference terms from the unobserved 
radiation do not appear in the angular correlation. 
Regardless of any higher-multipolarity admixtures in 
the 2.73- and 6.44-Mev radiations, the size of the cos*@ 
term in the 6.44-Mev gamma ray angular distribution 
requires at least a 20% /f-wave component in the 
formation of the 9.17-Mev state. 

The partial wave admixture required in order to fit 
the 6.44-Mev gamma ray angular distributions lead to 
the following proton reduced widths in single particle 
units: 

62~0.3%, 


6,7 $ 10°% 


Pp O- 


The value 6,°=0 is allowed if the 6.44-Mev radiation 
is mixed. For these estimates the proton width has been 
taken* as 70 ev and an interaction radius of 3.41X 10 
cm was used, 

The angular distribution of the 2.73-Mev radiation 
was found to be: 


W (6) = 1— (0.14+0.05) cos*@ 


if any possible cos‘@ term is neglected. A large cos‘@ term 
is precluded by the measured angular distribution. 
Angular distributions for the 2.73-Mev radiation were 


> H. J. Rose, W. Trost, and F. Riess, Nuclear Phys. 12, 510 
1959). 
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lic. 2. Spectra taken at the 1.75-Mev C'8(p,y)N™ resonance 
with a three-crystal pair spectrometer. The weak peak above the 
6.44-Mev line is apparently the same as the 7.05-Mev line seen in 


reference 2 


calculated for the range of relative partial wave in- 
tensities allowed in the formation of the 9.17-Mev state 
as determined from the measured angular distribution 
of the 6.44-Mev radiation. It was found that the 2.73- 
Mev angular distribution could be fitted by assuming 
a pure dipole transition with an upper limit on the 
amplitude of any quadrupole admixture given by 
6, <0.05. By taking [',(2.73)=0.5 ev as determined 
from the total gamma widths and the branching ratio 
for the 2.73-Mev transition,’ this upper limit for a 
quadrupole admixture implies M \*<3 if the 9.17- and 
the 6.44-Mev states are of the same parity and M 
<100 if these two states are of opposite parity. 

The angular distribution of the 9.17-Mev ground 
state transition was also measured. For this measure- 
ment a single 3-in. diam, 3-in. thick NaI(TI1) crystal 
was used. After correcting for finite solid angle, absorp- 
tion in the target chamber walls, and Doppler shift, the 


angular distribution was found to be 
W (8) = 1— (0.59+0.03) 


cos"6+ (0.03+0.03) cos’, 


with the asymmetry 


[W (0)/W (90) |- -0.56-+0.01. 





DAUGH 


the asymmetry and ang 


1O of t} 


ular distribution data require 


that the rat 1e #2 to the M1 amplitude for the 


9.17-Mev transition be 


~0.02<6<0. 


lue of 6 requires an undetectably small 


h is in agree- 

disagrees with the 
rassenburg ef al. We find the upper limit in 
Weisskopf units for the £2 matrix element in the 9.17- 
\lev radiat 


i VU 0.03 


halyVsis 


he angular distribution whi 
the present data but 


resuits Of Str 


} 


{ upon the 9.17-Mev 


assignment be 


s base 
varity. Should this 
\\ 1 the 


YOUIG 
i é i 
1e following would 


is the W g 


ve | 


ntradi 


P model, tl 


ct experimental 


These data could then 
mixture of amplitude 
spin 1 to channel spin 0 of 
tupole admixture required 

, 9 17-Mev state negative parity 
negative parity for the 6.44-Mev state. 
hese data could then be fit if 

0.01 were present. 
ng negative parity 


9.17-Mev 
Our angular distribution 


ground 


state 


s a reasonable range 


p< 


pole admixtures 


providing 
is negative parity. 
he 9.17-Mev state 


if co 


Lake 


Irse, aisoO COn- 


data. Positive parity for 


P D fies of ) 
quired by the W-I 


n measurement." 


nrecent 
presel 


re model as wel 


pe NariZallo 


DISCUSSION 


Warburton and Pinkston take 
T=1 as indicated by 


3, AND 


OLNESS 

experiment. Taking some small liberties w 
model, it can be said that the 
state to the configuration C!(s,d)?+( p 
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y attribute 


most a the 
a proton to C 


(Cp,) which explains the small proton width, 


shell model assignment is ppealing, as 


cannot be made by simply attaching 
while the 
large gamma width would arise from a p; — p; transi 
tion. However, the W-P calculation 

data presented here on two cot 
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The data of Domanic and Sailor regarding the ratio of the 54-min 
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to the 13-sec activities of In"® pro 


duced by neutron capture in In'’, previously published, have been corrected with experimentally deter 


mined self-absorption factors for 54-min In 


throughout its volume. The corrections appear to have removed a dependence of the ratio of act 


6. The results o 
observed between foils of different thicknesses, provided the foil is known to have been ur 


’ 
these corrections have removed an anomaly 


tivated 


uormly ac 


ivilies O! 


neutron energies from thermal to 2.66 ev. However, even after correction of the data there remains a sub 


stantial difference in the value of the ratio of activities at 3.86 ev 


The corrected value of the ratio at 3.86 


ev is about one half the value at the other energies investigated.’ 


recent paper,! Domanic and Sailor reported 


[) 
measurement of the ratio of the 54-min to the 


13 SEC 
activities of In''® produced by neutron capture in In 

to determine the relative probability for populating 
ie ground or the isomeri 
pound state. They 
counters as detectors. 


+} 


from the initial com 
end-window 


state 
used proportional! 
In order to eliminate the effects, of self-absorption 


on the measured activation ratio they adopted the 


criterion that a foil was sufficiently thin providing that 
the counting rates from the two sides of the foil are 
practically identical. 

Employing this criterion, they nevertheless found 
that foils of differing thicknesses (26.8 and 96 mg cm 
gave quite different values for the activation ratios for 
pile neutrons. We wish to point out that the criterion 
used only insures uniformity of neutron irradiation of 
the foil, but relate to the matter of self 
absorption and self-scattering of the betas emitted by 
the 54-min activity. 


does not 


' These betas are sufficiently soft 
so that appreciable corrections are required for foi 
thicknesses greater than a few tenths of a mg/cm*. We 
agree that no correction for this effect is needed for the 
relative ly high energy betas from the 13-se¢ activity 
For pile neutrons they found that both the front and 
back counting rates of the thick and thin foils were the 
same to within a few percent. Nevertheless the ratios 
of activities for the foils studied were quite different as 
hown in column 2 of Table I 
2 or Table B-IIL of 


3, one finds the values of the correction factors 


Referring to Fig. 4+ of reference 
relerence 
for self absorption and self-s¢ attering that are listed in 
column 3 of Table I. By employing these corrections 
one now finds rather good agreement for the ratio of 


* This work 
nergy Commission 

I’. Domanic and V. | 

M. A. Greentield, R. | 
nies 15, No. 3, 57 (1957 

M. A. Greenfield, R. L. Koontz, and A 
International Report NAA-SR-1137, 1955 


was done under the U.S. Ate 


ispices of the 


Sailor 


Phys. Rev. 119, 208 
Koontz, A. A. Jarrett, ef al 


1960 
Nucl 


\. Jarrett, Atomics 
unpublished), Part TI 


activitie This indicates that foil thickness is not a 


factor providing the foil is known to have been uni 


formly activated throughout its volume, as is the case 
with pi e neutrons. 

Domanic and Sailor also exposed the foils to other 
energies including 1.456, 2.66, and 3.86 ev with values 
for the ratio of activities as shown incolumns 2 and 4, 
Table Il. By applying the correction_fac tor of 1.22 for 
the 26.8-mg cm? foil, one obtains the 


Table II. 


Phey had observed a large ratio of front-back read 


corrected ratios 
shown in column 3, 


ings for the 96-mg/cm* foil exposed to 1.45-ev resonance 
neutrons, indicating inhomogeneous activation through- 
out the In th 
correction for 


foil’s volume s circumstance one cannot 
self- 
scattering. Thus the value of 1.98 measured by Domani 
valid. The of 2.45 obtained as the 
corrected value of the 26.8-mg/cm®? foil is applicable. 
and Sailor for the 
96-mg,cm® foil for pile neutrons and 2.66-ev neutrons 
Table Il 
at these ene rgies. Applying 
Table I for the thick 
$0 and 2.23 listed in column 5 


apply our self absorption and 


et al. 1s not value 


The data obtained by Domani 


are listed in column 4 of Chey found front- 


back ratios close to unity 
the correction factor of 0.71 from 
foil yields the values of 
of Table II. 

Table 


comparison may be 


II shows that in the only case 


of the 


in which a valid 


made results of the two foil 


thicknesses, that for pile neutrons, the values of the 


corrected ratio of activities are well within 


the experimental error of the measured quantities. 


consistent 


Phe corrected values of the tivities for the 


ratio OF ac 


Pas_e I. Ratio of 54-mir 
In! after irradiation by pile 1 


1 to 13-sec activities o 


eutrons 


Self absorption? Corrected 
ind self-scatteri ratio of 


yrrectior activities 
1.705 bo’, 2.40 
3.02+0.18 ] -§ 2.48 
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PaBLe II. Ratio of 54-min to 13-sec activities of In deviation of 0.18 or 7.8%. The most different value 
ifter irradiation by neu IS al various energies - ~ “ - , f 
: from the mean, 2.05, differs from the mean by 12% or 


so aren os 1.5 standard deviations. However there is an uncer 
26.8-mg/cm? foil 96-mg/cm? foil : > : : ‘ 07 
; , , tainty in the original data at this point of +12%. On 
Neutron Correcte Corrected -_ ; : : . re i 
nergy Ratio of ratio ol Ratio of ratio of this basis there is no evidence that the ratio of activities 
ev activities’ activitie activities! activities is a function of the energy in the interval from pile 


neutrons to 2.66 ev 


Cc 


0.85+0.05 20 
1.57+0.15 23 


The front-back counting ratio was also close to unity 
1.98 - 


for the case of the thick foil at the 3.86-ev resonance 


1 


1.705 2 energy. The ratio of activities for this case was 0.85; 
even after applying the correction factor, the resulting 
ratio of activities of 1.20 is approximately one-half of 

Table II (excepting that at the other corrected values. This may indicate that the 


mean value of 2.32 with a standard ratio of activities does depend on energy alt 3.86 ev. 
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lhe hyperfine structures of the metastable (5p)°(6s) *P2 state of 54Xe™ and 5,Xe"' have 

the atomic beam magnetic resonance method. The zero magnetic field intervals f(F 
«+» 3) =5961.2577(9) Mc/sec; and for Xe™!, f(§ <> §) =2693.6234(7) Mc/sec, f R<> 5 

Mc/sec, and f(4} < 3) =838.7636(4) Mc/sec. The values of the quadrupole and octupole n 
thout | 


= —().12( 


orrections and without corrections for any effects of configuratior 


larization 
) 


10 ( 
1 and Q=+0.048(12) nmb. The hyperfine-structure anomaly for tk 


; electron alone is A(sy) = +0.0440(44)° 7, in disagreement with the predictior 


I. INTRODUCTION stable for all observational purposes. The experiments 


HE experiment to be described is one in a sequence performed to date have yielded data on the his of the 

to measure the hyperfine structure (hfs) of the metastable ‘P, states of Group VIII atoms ,oNe”! 
metastable *P2 states of elements from Groups II and sXe is and Group I — ; Hg : 
VIII of the periodic table by the atomic beam magnetic Zn", »Mg*, and 4Be®.!~° For parthgeense eae 
resonance method. The purpose is to measure hfs to a State belongs to a p*s configuration, and for t] 
sufficiently high pre ision “to determine the higher to an sp, in each case the lowest excited connguration 
nuclear moments, and, where more than a single isotope Other atoms — ing metastable *P.2 states are A, Kr 
of odd mass number exists in sufficient abundance, the ‘#5 Configurations), Ca and Sr (sp configurations 

Ba and Ra have *P, states which belong to similar sp 


hyperfine anomalies. For an electronic state of angular , : eee. er 

nomentum J, there is no interaction higher than the ©°Mfigurations, but there are lower-lying sd levels to 

) 
r 


[Il and VIII. which are ‘Sy. have no hfs. However. all P. states of xenon and the other inert gas« excluding 

all », WwW if dl ‘ , tia iis y » all 

these atoms (excluding He) have excited states with He) may be expected to be quite long, probably greater 
“s than one second. For these atoms, the *P 


: , thi cay is wed. The lifetimes of the metastal 
pole, and the ground states of elements from Groups which decay is allowed. The lifetimes of the metastabk 


1 to have lifetimes much * 

‘ .S ' . . 
time over the 30-cm length of a first excited state. The lowest first order mode of aqecay 
im \ ) I gth ‘ 6 


: : . ‘ > 3D. ctate ti nur 
typical beam-resonance apparatus, so that they are ‘0m a pure P, state to a pur 
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yA . . 1 . LLL 4 \ JO) 
Office of Scientific Research, in part by a contract with . \ pies. , 
° : Dx 2° a.: ° 2 > t nd 
Air Force monitored by the Air Force Office of Scientific 196 {. N. McDermott and W 
| in part by a contract with the Office of Naval A). 
7W.L. Faust, M. N. McDermott, W 
partial fulfillment of the requirements for the 469 (1960 
tor of Philosop! the Faculty of Pure Science, * A. Lurio, Bull. Am. Phys. Soc. 4, 7 (1959 
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hfs O| (§o)*(6s)*P_ ST 
ground slate 
pole mode. 

In the present work are reported the results of a 
study of the hfs of the *P2 states of the two odd isotopes 
of xenon, Xe! and Xe'*". The experimental arrangement 
is as follows (Fig. 1): A beam of atoms in the ground 
state issues from a slit and passes through an exciter, 
in which it is bombarded by a transverse beam of elec- 
trons. A fraction of the atoms emerge in the metastable 
P, state. The atoms pass through a conventional Rabi 
arrangement of one inhomogeneous-field region before, 
and one after, a homogeneous-field region in which an 
rf field may induce transitions. Unless the frequency and 
amplitude of the rf field are such as to cause transitions, 
the atoms are refocussed on the stop wire, the center of 
which lies on a straight line through the centers of the 
exciter and collimator slits. The atoms are intercepted 
by the stop wire and have no further effect. An rif- 
induced change of state within the C field alters the 
magnetic moment of the atom and thus its trajectory, 
so that the atoms that have made transitions miss the 
stop wire and strike a detector surface beyond it. The 
detector is an alkali-surface cathode from which meta- 
stables eject electrons by the surface Auger effect. They 
are collected on an anode, and the current is measured 
by an electrometer. 


of these atoms, is the magnetic quadru- 


Il. XENON: THE ISOTOPES AND THE 
‘3P, STATE 

The present experiment was performed with xenon 
with the natural abundances 26% for Xe!?® and 21% 
for Xel'. There are no other known stable isotopes of 
nonzero nuclear spin. 

The *P, state of xenon belongs to the configuration 
5p)*(6s), if we neglect configuration interaction. For 
Xe! J The p; hole gives dipole, quadrupole, and 
octupole electron gives a dipole 
interaction about three times larger than that of the p, 
hole. For Xe”*, 7=4, and there exist only the p; and s, 
dipole interactions. Since the nuclear dipole moments 
have been measured by a nuclear magnetic resonance 
technique,® the s; electron hfs anomaly between the two 
isotopes can be determined. The p; hole contributes no 
appreciable anomaly because it has a vanishing density 


3 
interactions. The s; 


at the nucleus. 
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Schematic diagram of apparatus 
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E. Brun eser taub, C. G. Telschow, Phys. Rev 


93.004 (1954) 


2a 


more 
PARIABLE 
1 FILAME N 


t ‘ Nota 10N 


>. 2. Schematic diagram of electron gun 


Previous measurements by optical methods of the 
hfs of the metastable *P. state of Xe!* and Xe"! are 
given in Table I. 


Ill. DETAILS OF THE EXPERIMENTAL 
ARRANGEMENT 


A. The Electron Gun 


A schematic diagram of the electron gun is shown in 
Fig. 2. A U-shaped copper-sheet anode is located above 
a tungsten filament, within a strong collimating mag- 
netic field to confine the he interaction 
region between the copper faces. It is essentially the 


electrons to t 


same as that described in reference 1, except that: (a 
a thoriated tungsten filament provi- 
sion was made for manual adjustment from outside 
the vacuum envelope of the filament-anode separation, 
and (c) the heater current was supplied by a 200-kc/se¢ 
oscillator. Thoriation of the tungsten filament makes 
possible a lower operating temperature, which gives 
improved mechanical stability and much longer life. 
The mechanical adjustment allows one to operate the 
device with the minimal separation between filament 


was used, (b) 


and anode consistent with freedom from shorting so as 
to obtain the largest possible bombarding electron cur- 
rent. The rf heating was introduced to avoid lateral 
deflection of the filament by the collimating magnetic 


TABLE I. Optical hfs measurements (in units of 10-3 cm™) on 
the *P2 state of Xe. Intervals given in parentheses were not directly 
observed. The present work is given for comparison. 


Xe 
Investigators } 
Jones* 
Kopfermann and 

Rindall” 
Bohr, Koch, 

and Rasmussen* - 27.3) 
Present work 7.97814 


89.7 
89.84944 
*E. Jone Proc. Roy. Soc London) 144, 587 (1933 

H. Kopfermann and E., Rindall, Z. Physik 87, 460 (1933 


¢ A. Bohr, J. Koch, and E. Ra \r I k 4, 455 
4 =), 998930 &10!° cr sec 
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modifications made the device much 
ess critical of adjustment in assembly 


reference 1. 


} 


- described 


B. The Detector Surface 


his experiment was a 
ke -plated copper sheet. 
the surface by an oven 

etallic calcium filings 

is produced whe 
the observed beam magnitude 
fraction of the atoms which 


he *P.» stat 


produce electrons upon strik- 


e and n is the frac- 


in =1.4X10 


KeT Oo 


. If the cross section 
be QO.57a a ij is esti- 


i¢ 


+, very approximately. 


C. rf Equipment 
\ Raytheor 


itor for the 


X26F klystron was used as the exciting 
cilli zero-field interval f(3<> 3) of Xe” 
5961 Mc sec. A Sylvania 6BL6 klystron tube in an 
Model 198A external 

t of the intervals f($ <> 3 

t 26094 Mi 


var 


cavity was used in meas- 
: and f 3 <> 3) of 
sec and 1608 Mc, sec, respec tively. A 
jammer T-85/APT-5 was 
os 3) interval of X« 


sur 


lency measurements, a number of 


ies were made available by the use of a 
ltiplier driven by a quartz- 
tandard. A beat frequency 

1 between the transition- 
of one of these 


measured with a 


irmoni 
Gertsch 


, a shielded 


of Xe, fifo 
lairpin witt ength of 1.5 cm along the 
the rf field. Such a hairpin 
the field, 


for moderate rf field 


to generate 
field pe rpendicular to stati 


only, 
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interval, the measurements on X¢ made with 


the shorted coaxial hairpin shown in Fig. 3 


were 
Since the 
rf magnetic-field vector has both a component parallel 
to and one perpendicular to the field, it 
both w and o lines. The use of this hairpin made it 


stati excites 
feasible to take all measurements entering into the final 
of Xe! . 
on @ lines only, particularly or of very 
low field dependence. It is preferable to use o 


results for the intervals f(3 < $) and f(§ <> 3 
certain oa 
lines 


rather than m lines because a lines ubject to a 
Millman shift.’ Lines for which the freque 


field dependence show little 


are not 
ncy has a low 
broadening from stati 
for determining 


field inhomogeniety, and ir use 
zero-field intervals minimizes errors due to fluctuations 
field. 
For the (3 < }) interval of Xe 
were taken with eact 
lirst, 
Millman shift associated wit] 


in the static 


the data 
served two purposes ; 
lines (observed with the x 
and second, to place 
determinations of the int 
particular rf magnetic-fiel igura observe 
and cancel out the effects of Dopp er wert 
taken with the hairpin axis aligned 1 

No effe 


Doppler snilt 


then anti-parallel to the beam 
Millman shift, a 
mechanism appeared under the tests 


tO a 


D. Deflecting Fields 


The deflecting fields were set approximately 2000 


gauss, corresponding to 1.8 for Xe and a 6.1 for 
Xe 2M H 2 

Values for the magneti 
state and for the change in m nt associated wit 
ob 


male 


, where x 


each allowed transition, 

tained by exact diagonalizati I f an approx 
Hamiltonian including 
electric quadrupole effect 


first order, magnetic dipole and 


ferentiated numerically to obtai 
moments and moment changes, 
650, were used for qualitat 
jectories and, thus, of 
intensities for the tran 

with experiment to wi 
allowance 


the states F, 


| hough no 
population of 


bardment mechanism 


E. Homogeneous Field C 


The homogeneous field C was between } and 3 gau 
One gauss corresponds to an x value of 0.000 tor X¢ 
and 0.0009 for Xe”, so that the Zeeman displace 
are nearly linear. Corre tor 
in the dependenc e of the 


ment 
tions 


levels upon homogeneous 


S. Millman, Phys. Rev. 55 





Fic. 4. The spectrum of Xe!” 
nd Xe™ in the #P». state. Un 
served transitions are repre 








nted by dashed lines, observed 
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QjHoH -1.2 -8 
field> were nevertheless made. The magnitude of these 


corrections ranges up lo 2 kc/sec. 


IV. MEASUREMENT OF RESONANCE 
FREQUENCIES 


A. General Considerations 


In preliminary measurements on a particular hfs 
nterval, a search was made for all transitions of the 
type AF=+1, AMr=0, +1. The predicted spectrum 
is shown in Fig. 4+. Some transitions were not observed 
because of unfavorable trajectories of the atoms through 
the apparatus. 

For the precise determination of a resonance fre- 


quency, the oscillator was set at 


a series of closely 
spaced frequencies and the difference between meta- 
stable signal with rf power on and rf power off was 
noted. Typically, 13 points were taken on a resonance 

half-signal points. The points 


curve, 6 between the 


were taken first at the approximate center and then 
further away alternate ly on the higher and lower sides 
Phe resonance frequency was obtained graphically from 
mooth fit of a resonance curve to the points. 
Except for a portion of the data on the f[(3 << 3 
nterval of Xe'*!, all 
ntervals were made on the basis of pairs of lines of 


final determinations of zero-tield 


equal but opposite linear field dependent e. The average 
of the two members of the pair (plus the small corre 
tion quadratic in the static tield) gives the hyperfine 


interval. This method should minimize the effect of 


possible distortions in the line shapes due to field in- 
homogeneity, since the two members of the pair tend 


about the 


to be distorted symmetrically zero-tield 


interval. 


\. K. Mann and P. Kusch, Phys. Rev. 77, 427 (1949 


aa 5 


“1.2 -8 





For each of the zero-field intervals, correct identifica- 


tion of the component lines was insured not only by 
observing most of the lines, but also by checking that 
the precisely measured lines had the proper magnetic- 
held dependen eS. 

The signal-to-noise ratio for transitions for which 
the resonance curves were observed ranged from about 
30 to 1, under the 2694- 
Mc, sec interval of Xe under favorable 
conditions, for the 5691-Mc/sec interval of Xe 


worst conditions, for the 


to 500 to i: 


B. Measurements of the Individual Intervals 


notation 


Transitions will be 
FiMr;F' Mr’), and by 
(grM r—gr'M rv’ 


of measurements in which 


specified here by tne 
the linear field dependence 
\ run 


Lnere Was no 


factor is defined as a set 


ce libe rate 


change of significant experimental parameters. The 


results of individual runs are shown in Table II. 


1) Xe f(3 8) a 


5061 Mc’ sec 
All ce 


made with the 


terminations ent 
symmetri 


+5/5 and 3) —ios 4 a), ae » | the lines 
Was Gdeemed uy ise eCaAUSe 
v leemed unw | u 


of lower tield dependence 
of effects of 


among these 


coincidences of TS and os 


unfortunate 


lines, at low field [wo runs wert made, 


involving a total of fifteen measurements of this sym 


metric pair rhe linewidths were about 25 kc se¢ 


2) Nel f($ > 4) al 2604 Me /se 


Determinations were made with twosymmetric ¢ pairs 
1 7 1 


first (3, (5, - 


of very low field dependence: 


1°35 and 4 A. »zi 41 1°35 and second 
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raBLe II. Results for the hfs intervals from individual runs 


Standard 
Static held Frequency deviation Number 
Hairpin x Direction of g poll /h observed of Mean meas. of 
or r-o hairpin (ke) (Mc/sec) ke pairs 


Xe F=} 

forward 388 5961.2576 
reversed 304 5961.2577 
Xe! P=s 

forward 3504 2693 


forward 2818 2693 
forward 2828 2693 


aan 


Xe F=3 

forward 1608.3477 
forward 1608.3478 
forward 1608.3480 


reversed 1608.3474 
* 131 Fal 
Xe!s! | =3 


reversed 838.7638 
forward 838.7638 
reversed 5 838.7636 


? 


3 35 and (3, +3 3, +3), —3/35. — static field in which transitions were induced, between 


made, involving a total of nine measure- measurements of the two lines of a symmetric pair. 


pairs. The line widths were about Possible hairpin-dependent shifts were mentioned in 
the discussion of rf equipment. These include Millman 

shift, Doppler shift, and effects of the rf power magni- 

3 <> 3) at 1608 Mc/sec tude and distribution. It is believed that there are no 


a: . such effects exceeding 400 cps for the measurements on 
Nine determinations were made with the symmetric geen . a ; e Kye 
. ; . , sae 3 . - . Xe'* and 200 cps for those on Xe'*!. The Bloch-Siegert 
7 pair (3, —3 3 , +3/35 and (§, +3 < 3, +4), 


effect? is negligible for hyperfine intervals as large as 
those measured. 
The frequency standard was estimated to be accurate 


in s about 12 ke/sec. A single 
was made with the symmetric o pair 
Sand (2. +298. +3). —9/35 


t 


T! to 3 parts in 10%, so that its uncertainty is not considered 
sec, nese ” 


en determina- 


5 to contribute significantly to the over-all error 
f four runs . 


To allow for possible systematic effects associated 
with the imperfectly homogeneous C field, as well as 
possible unfavorable accumulation of errors in the 
two runs, eight determinations were made by meas- fairly small body of data taken, the limits of error for a 

: 5 


ng the w line (3, +4 >, +3), #1/5 and the transi- given hfs interval have arbitrarily been taken as three 


al 939 Me SE¢ 


on of the even isotopes AM ,;=+1, alsoaz line. Note times the standard deviation of the mean of all runs o1 
ese are the only precise measurements in this that interval. In arriving at the standard deviation, 
‘xperiment which were not made upon symmetric pairs. a consecutive measurement of two lines to determine a 
t| t ne was made with the x hairpin — hyperfine interval was considered as a single observation 
h the z-o hairpin; the results agree to 
\ single additional run was made on VI. RESULTS AND DISCUSSION 
symmetric @ pair 2» —3+>3,-2) +3/5 and The final experimental values for the zero-field 
2 + 3 - 9, ; >, tour resonance curves on the intervals are 
former and - latter. Typical line widths were 
2 kc sec for the 5 w line, 38 kc/sec for the AM, Xe, f\ 3961.25 


sec for the +3/5 = lines. Kel3l_ f(5 2693.6234 


if 


V. DISCUSSION OF ERRORS (3 <> 3) = 1608.3475 


; — R38.7636(4 
greatest source of spread among the different — 


determinations of a hyperfine interval was drift in the F. Block and gert, Phys. Rev. 57, 52 





hfs OF (5p)5(6s)?Ps STA 
Although first-order perturbation theory is generally 
adequate for obtaining the magnetic dipole and electric 
quadrupole interaction constants from the energy in- 
tervals, earlier work?:"’"' has shown that, in all cases 
thus far investigated, a second order treatment results 
in sizable corrections to the magnetic octupole inter- 
action as derived from the first order theory. For a 
'P.,F), belonging to an sp configuration, an ex- 
pression” for the part of the second-order hyperfine 
energy W ¢® associated with the states |*P,,F), |*Po,F), 
and |'P,,Ff) of that same configuration was given in 
reference 2. The expression for W ¢® and the definitions 
of quantities involved given in reference 2 are valid 
for the general case intermediate between L-S and j-7 
coupling and for arbitrary 7; they apply directly to the 
'P.,F) states of Xe®* and Xe'*'. The expression does 
not allow for any effect of configuration interaction 
upon the second order corrections. The constants neces- 
sary for the evaluation of Wr® 
and n. Note that ¢;’=c2 and c.’ 
For xenon, ¢; and cz values were obtained by a 
method due to Breit and Wills from the measured 
gy ®P,;)=1.204(2)." They +0.9970(4) and 
¢2= +0.0773(40). As a check values also were obtained 
from the term values of the electronic states |#P.), |?P), 
and |*Pp). (For the nearly perfect j-j coupling of xenon, 
the states corresponding to |*P;) and |'P,) are better de- 
, Ps, J=1) and | s;, p;, J=1).) They are 
¢,= +0.996 and c.= +0.085. Calculation by the method 
of Wolfe!® gives c,>= +0.994 and co=+0.111 from the 
multiplet separations; this method involves the term 
value of the state |'P;), which state is discussed later 
in this paper. The octupole moment derived from the 
third pair of c values is only 3% greater than that de- 
rived from the first pair, and Q is not, therefore, critically 
dependent on the choice of ¢ values. 
The values of a; and a, were derived from the experi- 
mental values of 4|*P») and A /*P;) (footnote c, Table 
[) by the theory given in reference 2. They are 


state 


AL€ C1, Co, Gs, a3, 53, &, 


— Ci» 


are Cy 


S¢ ribed as 54 


a (129) 
ad S1)= 


ay\ 129) 


—4491(225) Mc/sec, 
+-1336(66) Mce/sec, 
—1682(84) M« 


sec, 


ay 31)=+ 498(25) Mc/sec. 


The errors were chosen large enough to include a value 
of a; calculated This is the 
principal source of the stated error in the interaction 


from the fine structure 


constants corres ted to Sec ond order. The error in ay due 
to stated errors in the quantities entering the calcula- 
tion from 4 | *P2) and A | *P;) is only 2%. 


C. Schwartz, Phys. Rev. 97, 380 (1955). 
''C, Schwartz, Phys. Rev. 105, 173 (1957). 
The right-hand side of the expression for Wr@ 
reference 2 should be multiplied by the factor 7s. 
‘8G. Breit and L. A. Wills, Phys. Rev. 44, 470 (1933) 
‘J. B. Green, E 
72 (1941) 
H. C. Wolfe 


given in 


Phys. Rev. 41, 443 


1933 


H. Hurlburt, D. W. Bowman, Phys. Rev. 59, 
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Comparison of various calculations of ¢; and ¢2 (from 
gy \*°P,), from g,|'P,), and from term values) shows that 
those involving the |'P;) state give a relatively large 
spread of results among themselves. On the assumption 
that the |'P;) state was perturbed, the use of properties 
of that state was avoided ; but in any case, 22 is not very 
sensitive to c; and ¢. It is to-be noted that the configura- 
tion is not described by simple theory as may be inferred 
from the following: The same considerations which give 
a, and a; from A|*P,) and A |*P;) can be used to infer 
a theoretical value of A|!'P;); and the considerations 
which gave c; and c. values from the term values (ex- 
cluding |'P,)) can be used to infer a theoretical term 
value for |'P;). The experimentally determined A value 
for this state is 28% smaller than the theoretical value, 
and the observed difference of term 
the |'P,) and 
theoretical difference. 

The uncertainties in the 
appear in reference 2 that have not been discussed in the 
previous paragraphs have no significant effect on the 
interpretation of the present data. The values taken are: 
by= Byyx= +252.514 Mc/sec (Xel*), n»=1.139 (Xe), 
£=1.056,0= 1.419, (1—8); 0.997, (1—«€),= 1.000 (Xe 
and Xe"'). @, &, and 7 are proportional to the value 
assumed for C’’/C’, which we took to be —1.044(15). 

If the second-order energy is calculated with these 
constants and subtracted from the measured hyperfine 
structure intervals, the usual first order theory can be 
used to obtain the corrected interaction constants 


values between 
than the 


gp \ 
0; 


states is 66% greater 


values of the constants that 


A yoy’ = — 2384.5271(144) Mc/sec, 
+ 706.4714(7) Mc/sec, 
+-252.5145(64) Mc/sec, 
Cis: = +0.000728 (105) Mc/sec. 


The ordering of the levels of different F, which de- 


termines the signs of Ajo9’ and A, was determined 


from the optical measurements. The values for the 


interaction constants without the second-order correc- 


tions are 


1 o9 = — 2384.5031(4) Mc/sec, 


fist +-706.47422(18) Mc/sec, 
B + 252.5263(6 Mc, sec, 
63 $4) QOO456(18) Me/sec. 


the case Ol Cya1. 


Che corrections are significant only 1 
le mom 


n by the relation 


ory 


The nuclear octupo 


< 10°74 nmb 


nu lear magneton barn), 
is Qy3;= +0.048(12) nmb. The value 7/F; 
been obtained from Schwartz."! ¢;= Cys’. In the deriva- 
tion of the value of Cys;’, the correction due 
r Stale 


rhe extreme single-particle model gives for a single d; 


0.9476 has 


to con- 


figuration mixing of the has been ignored. 
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with g,= —3.83, Q, 


the 


neutron, +0.0463 nmb. Hg"! 
ind Xe first odd-neutron nuclei for which an 
octupole moment has been measured. In Fig. 5 is given 
type diagram for the octupole moments 
-neutron nuclei, plotted according to the theory 
who gives the corresponding diagram for 


are 


i Schmidt-limit 
ol odd 


oad 


he 


proton nuclel. 


quadrupole moment, obtained from the relation 


R)(gim/M ,) (uo?/ e*) X 104 barn, 
—().120(12) b, in 
Bohr, Koch, 


1.0506 h been 


good agreement with the 
Rasmussen.'* The value 
from Schwartz. 6; 
no correction for the effect 
the electron core, as disc ussed by 


and 
as obtained 
There is included 
arization of 
heimer. 
juantity of interest the consideration of the 
fine structure anomaly is the anomaly of the s; 
A(s, 


1 alone, , given by 


(.A’(129)g7(131 
1 


1+3 


|| 
| 


1‘(131)g7(129 
With tl ilue of the 
129 131 


| 
1oliows that 


nuclear dipole moment ratio 

— 3.37456(8) given by Brun e al.,' 

A(s; +(0.0440(44)%. The theoretical 

inomaly due to the distributed nuclear magnetic mo- 

s Anw(s;)=+0.24%, according to the single- 

e model as discussed by Bohr and Weisskopf” 

d as developed by Eisinger and Jaccarino!* and by 

Stroke."* The anomaly due to the distributed nuclear 
irge, r, discussed by Breit 

about 7 t. Thus, for Xe! 


1S, 
obs rved 


5 


and Rosenthal,’ is 
! as for Hg’?! the 
anomaly is 


several times 


95, 736 (1954); 105, 158 
1 F. Weisskopf, Phys. Rev. 77, 94 
v. 81, 134 (1951); 81, 331 (1951) 

iv ri! Revs. Modern Phys 


1950): 
30, 528 


port, Research Labora 
s Institute of Technology, July 


s Re 


51959 


J. E. Roser and sreit, Phys. Re 459 (1932 


11 


M . 


SURED xe! 


J ,NEUTRON 


O MEASUREL 
,NEUTRON 
3/2 





',+0.169 (40) 
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odd-neutrot 


smaller than the value predicted | 


DY 


model. The anomalies 


determined for odd-neutron even-proton nuclei 


for th ese 
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\ liquid scintillation counting technique has been applied to the determination 


by specific alpha activity measurement. A value of 


INTRODUCTION 

HE presence of natural alpha radioactivity in 
samarium was discovered independently by 
Pahl! Libby and Latimer.? This 
activity was later shown’ to be due to the isotope of 
147. 
of this radioactivity by the method of specific activity 
have been made and are summarized in Table I. The 
of determinations, using a variety of 
counting techniques, range over a factor of two. 


Hevesy and and 


mass A number of investigations of the half-life 


results these 

The low @ energy (2.18 Mev)® and low specifi 
activity make the determination of the absolute dis- 
difficult i uncertainties 
sample self-absorption, the possibility of radioactive 


integration rate owing to in 
impurities, and poor counting statistics. The photo- 
graphic emulsion technique offers some advantages for 
the measurement of low-intensity alpha radioactivity ; 
however, problems of uniformity and precise area of 
impregnation are present.‘ 

Liquid scintillation counting offers a convenient solu 


t10n 


to many of the problems associated with the ab- 
low 
dis 


solved in the detecting medium to give 4m geometry 


counting low 


re of 
tivities,’ 


solute specific activity and/or 


energy radioac Large samples may be 
with no sample self-absorption. Experiments comparing 
the results of absolute disintegration rate determina- 
tions by conventional alpha counting techniques with 
liquid scintillation counting have been carried out in 
this laboratory, and the results indicate a high degree 
of reliability for the latter technique. 

rhe present investigation of the half-life of Sm!’ is 
part of a general program of study of naturally occurring 
radioactivities with liquid scintillation counters. During 


Based on work ormed under the 
ic Energy C 
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auspices ol the | 
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Chem. 30, 1747 
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116, 744 
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Rev 
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dl. 
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Rad 


of the half-life of Sm" 


1.05+0.02) «10 years is obtained 


the course of the present work, a value for the half-life 
of Sm"? based on liquid scintillation counting was 
published by Beard and Kelly (reference k, Table I) 
This measurement is in disagreement with our result, 
and the discrepancy is discussed below (see Discussion). 


APPARATUS 
\ Tri-Carb 
trometer!’ 


(model 
used 
rates. 


314) liquid scintillation spec- 
for the 
The samples were counted in 


was determination of alpha 


disintegration 


cylindrical, screw-cap, glass vials (25X56 mm) with 


aluminum liners in the caps. The vials were placed in 


a well in a cylindrical Lucite light pipe containing 


ilicone oil for optical coupling. Exposed surfaces of 


the vials and light pipe were painted with TiQ.-Lucite 


reflecting paint. The light pipe was coupled with Dow 


Corning grease to two DuMont 6292 (two inch) multi- 


plier phototubes mounted horizontally in a refrigerated 


chest operated at — 10°C. The pulses from the photo- 


tubes are fed through an amplifie r, coincidence circuit, 


pulse-height analyzer, and scaler. In this apparatus"! 


Pas_e I. Summary of previous measur 


the half-life 


of Sm"™4 


Ss 
£0.08 
-O.1 
+01 


$0.05 
+-0.06 


+0.03 
+O0.04 


15.0 tol 
k 83, 43 (1933 
ri 199, 133 (1934 
k 88, 601 (1934 
196 (1934 
1936 
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the low temperature and coincidence requirement both 
serve to reduce the phototube noise background. 

When differential pulse height spectra were desired, 

Lucite light pipe with one face covered with the re- 

flecting paint was used, and the output of one multi- 

phototube was fed through a separate amplifier 

to a 256-channel 


analyzer. 


EXPERIMENTAL 
Source Purity 


\ source of samarium oxide of very high purity 
99.9%) was used for this work.'* A complete spectro- 
hemical analysis indicated the only impurities to be 

about 0.1% Ca and 0.01°% Si. These were probably 
reduced further by the chemical preparation of samar- 
im octoate described below. 

Che possible presence of radioactive impurities such 
1s uranium or thorium was investigated by searching 
for gamma-ray activity in the Sm,O; using a 3X3 in. 
Nal(Tl) crystal spectrometer. The gamma radiations 
U305 Th(NOs)4 were 
and samples of Sm,O; and background were 
d under identical conditions. The pulse-height 

tion for the Sm,O; was essentially identical 
the background. These data indicated an upper 

the presence of uranium and thorium corre- 
an alpha contamination of less than 0.8% 
” activity. 


weights of and 


\ low-background proportional counter with a 1.0- 
g cm* Mylar window was used to detect the possible 
\ 20-mg sample of Sm.0 
an area of 7 cm 


presence of beta activity 


spread over was counted through a 
stop the Sm! 
efficiency of 0.16. A net 
of 0.16+0.05 count/min was observed, 


1.5-mg/cm? aluminum absorber (to 


alphas with a geometrit 
ounting rate 
orresponding to an upper limit of about 1% contami- 


ition of the Sm'*? with beta radiation of maximum 


energy greater than 300 kev 

An alpha pulse-height analysis was carried out on a 
f the samarium with a Frisch-grid ioniza- 
tion chamber spectrometer. Although it was not pos- 


sible to prepare a thin, uniform source of the high 


tnoin samp e ol 


i 
nally used in such analyses, it was possible 
yper limit of 0.6% to the presence of alpha 

that of Sm'? 


nergy than (i.€., 


test for the presence of contaminat- 
id alpha activity is provided in the liquid 
measurements described below 


SAMPLE PREPARATION 


Ronzio'® has shown that the 2-ethyl-hexanoic acid 


salts of many metal ions are soluble in 
and Chemical 


in Potash 


; Is tones { 196 1959 
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1. Pulse-height analysis of Pu®*. (a) Differ 
curve. (b) Integral curve 


organic scintillator solutions and do not cause appreci 
able quenching. The usefulness of this reagent in | 
scintillation counting for alkali metals, alkaline earths, 
and rare earths, as well as several other 


iquid 


metallic ele 
ments, has been verified in this laboratory, and excellent 
results have 
prepared in the following manner. Thi 
dissolved in HNO ;. The hydroxide was precipitated 
with ammonia, washed free of NO; ion with H.O, 
and dissolved in glacial acetic acid slight excess of 


been obtained. Samarium octoate was 


SMol) was 


and the acetic acid was removed 


| 
octoic acid was added, 


by evaporation under vacuum. The thick, o1 
octoate that remained was dissolved in scintillator solu 
tion [4 g p-terphenyl and 0.1 g 1, 4-di-[2-(5-phenyl- 
oxazolyl) }|-benzene (POPOP) per liter of toluene 


made up to 100 ml in volume 


Vv samarium 


and 


ABSOLUTE ALPHA COUNTING 


The liquid scintillation counter was established as 


an absolute alpha counter (100%, efficiency 
parison with a carefully standard 
geometry alpha counter (IGA¢ 
pure Pu*” solution were prepared vith the imé 


by com 
itermediate 
Equal aliquots of a 


50 


(Alpha counti: 


rasre Il ie 
scintillation count 


Pu” 


sample v dis/mit ¥ counts 


1 3 5 32 2903456 
2 + 58 31 833456 

3 56-45 32 187425 
\verage 3? 104445 


* Geometric efficiency =0.09633 +0.00001 


» Ba kground =56.8 counts, mit 
16 AH. Jaffey, The Acti 
and J. J. Katz, (McGraw 
National Nuclear Energy 
14A, Div. IV, Chap. 16 
Sjoblom, J. Nuclear Energ 


unpublished modification 





HALF-LII 
for counting in the IGAC 
disks and for counting in the 
in the 


phate 


pipet by evaporation on Pt 
Tri-Carb by dissolution 
liquid scintillator solution with di-z-butyl phos 
(DBP) as a complexing agent. 

\ differential pulse-height analysis of the Pu*** source 
in the liquid scintillator indicating a well-defined, sym 
metric alpha peak is shown in Fig. 1(a). Integral counts 
were taken the Tri-Carb (coincidence 
several pulse-height discriminator settings 


on mode) at 
below. the 
position of the alpha peak to ensure the counting of all 
pulses due to alpha particles. 
under identical 
solutions. The 


rate over this 


Jackgrounds were taken 
conditions with blank DBP-scintillator 
constancy of the net integral counting 
region of pulse height is illustrated 

Fig. 1 (b). The counting data are summarized in Table 
II. Counting rates in the liquid scintillator were de 
termined at the discriminator setting indicated by the 
Fig. 1 (b). All samples were counted to a 
minimum of 300 000 total counts to obtain a standard 
statistical error of <0.29% 


arrow in 


The ratio of the disintegra- 
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160 


sis of Sm"? 


obtained with 
IGAC 
that 
for 
has been obtained by 


ion rate the liquid scintillation counter 
is 1.0004+0,.002. From these 
of the liquid 
particles is 100%. A 
Seliger Po 


phas by comparison with a 47 gas counter. 


that with the 


is evident the effi iency 


illation counter alpha 


nilar result for 


HALF-LIFE DETERMINATION 


Six 15-ml aliquots of the 
tor solution 
scribed previously 
with blank 
was added until the 
by an external Cs 
peak) was the same for the blank as for the 
loaded scintillator .. until the 
quenching in the two solutions was identical. 


dit 


samarium octoate-scintilla 
in the 


) 


counted 
for Pu’ 


were manner as de- 
taken 
Ethanol 
pulse-height output as measured 
/ source 


same 
Backgrounds were 
acid-scintillator solutions. 


octol 


Ba®™ conversion electron 
samarium- 


solution, 1.€ of 


degree 


ferential pulse-heigh { 


Fig. 2. A 


Sm47 is 


peak is 


spectrum of 
well-defined symmetric 


O! 
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HEIGHT 


th no evidence of 


the alpl 
lative pulse heig 
peak 
monoenergetic alpha 


electron 


observed wit ( bapunnecaapery, activity. 
of Pu?** and 
resolution of the 
the of 
An 
the 
its. The absence 


By with 


Th 


Sm!47 


compari 
the ré 


alpha 


on pectra 
and 


ith 


ht 


is consistent emission 
2.2 Mev. 


given 


parti les of about 


approximate in 


: : 
scale 1 


energy 


figure for the region of low pulse heig 


of low-energy beta contamination in this region con- 
firms the previously described observations made with 
an proport addition, 
activity in excess of backg as observed 
pulse-height region above aly 
inty of 0.1% of 
An integral counting rate ve 
given in Fig. 
life determination 
criminator set 


end-window ional unter. In no 


in the 
ha peak within 
a statistical uncerts the Sm"? activity. 
lse-height 
ing data f 


corded 


rsus pu 
Integral count 


curve 
Sm!47 


the 
the 
position 


tor 


is 
half were re with dis- 


below the 
indicated by the arrow. 

Data for the determination 
presented Table III. A total 
was recorded for each aliquot 
to than 0.1% determinations 
nade at intervals throughout the time required 
he six aliquots. 


‘ half-life are 
ist 10° counts 
the statistical 


In 


Iss 
immiut 


to 


error less Background 
were 
to count t 
to be 


value O 


Was observed 
ind 


used for the calcu- 
) 


Che background 
constant 
f 1.427 


he net 


within statistical error, 
+().002 count sec was 


an average 


counting rates (column 


0.1686 1.054 
1.052 
0.1685 | 1 1 


0.10834 

053 
1.047 
1.049 
1.050 

1.051 +0.01 


0.16085 
0.168 
0.1685 


1685 0.0001 
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\fter counting, four of the six aliquots of samarium 
octoate-scintillator solution were carefully wet-ashed 
with a mixture of conc. H,SO, and HCIO, to destroy 
‘he solutions were reduced to a 
3 ml), diluted to 1M H.SQO,, and 
heated to boiling. Samarium oxalate was quantita- 
tively precipitated by the addition of saturated HsC.O,, 
allowed to stand overnight, filtered, washed with 1°7 
HoC.O,, ignited in Pt crucibles at 800°C, and weighed 
as Sm.O 


all organic matter. T 


small volume (about 


f Sm olumn 5) was calculated from 
0.693.V, 4, where .V is the number of 

and A is the disintegration rate. The 

isotopic abundance for mass number 147 in natural 
l was taken as 14.97+0.10%%.'" It should be 

1 that tl this value actually repre- 


ioted it tne uncertainty 


ts the largest source of error in the present investi- 


125.3+0.3 


Sel 

gati n. The observed specific activity of 

umn 4) corresponds to 
years for Sm"? 


ural samarium (« 
1.05,+ 0.01) 10 


DISCUSSION 


half-life of 
purity and assay of 
correction 
for self-absorption of alpha particles in the source ma- 


te rial. In 


Most of the earlier measurements of the 
Sm!*" suffer from uncertainties j 


ind from possible errors in the 
the present work considerable care was taken 
to minimize errors associated with source purity and 
assay. The most sensitive test for possible radioactive 
| the differential pulse- 
he curve is typical of a pure 
ickground subtraction, shows 
no re sid il activi \ abo r below the pe ak. Any low- 

t li ivi vuld exhibit a rapidly rising 


SR Sap aE ek ser ¢ 
contamination 1 ipe or tf 


heicht 
neignt 


ilpha emitt 


pulse height in the region of 
he maximum statistical error 


be used to 


his region 


may 
he presence of any such 
K. W N 


1959 


Chemical purit 
Radioactive | 
Chemical assa 
Counting statistics 
Isotopic abundance 


activity. A summary of the assessed et 
present measurement is given in Table IV. (pplication 
; a value for 


t().02) 10" years. 


of these errors to the observed result 
the half-life of Sm'" of (1.05 

Beard and Kelly (reference k, Tabl o employed 
a liquid scintillation counting technique, but obtained 
a 20% larger value for the half-life. These author 
kindly sent us their sample of a commercially-loaded 
samarium scintillator solution for examination. After 
correction for the presence of some alpha contamination 
of higher energy than the Sm rate in 
and 
Kelly was obtained. However, a chen assay for 


samarium showed that the reported samar 


good agreement with that observed by eard 


m content 
1 thei 


1): 


was considerably in error. The 


sample correspond to a half 1.06+0.0 


years, in good agreement with our value. 
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C, and O have been measured for 
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nsin 


neutrons of energies between 3.4 and 


with protons or deuterium targets with deuterons, the charged particles being accelerated in a tandem elec 


trostatic 
energy levels in B® , and O", 
pea iks 


ibove energies ¢ 


accele pag Sharp peaks in the total cross sections of B", C 
None of the total cross sections of the five 
rresponding to an excitation energy of th 
pound nucleus. The transition from sharp structure to a slowly varying cr 


, and O yielded i about 


| sharp 


formation 
nuclei investigated showe: 
order of 12 Mev of the respective com 


Y cross sec 


tion occurs 


except for the compound nucleus B" which is excited to almost 12 Mev even for slow neutrons 


I. INTRODUCTION 


M* ASUREMENTS of the energy dependen¢ e of 
neutron cross sections! i : [ 


in the 
reactions ° 


range from 1 to 
C'(p,n), D(d,n), 
A few experiments 
reactions? and neutrons from reactors.’ 


30 Mev have employed the 
and T(d,n 


used (a7) 


as neutron sources. have 
The 
a,n) reactions have the disadvantage of rapid varia- 
tions of y ield with energy, W hile the cont inuous spectrum 
of neutrons 


from reactors introduces experimental 


complications. 

The particles for producing the 
reactions has in most experiments been an electrostatic 
accelerator. If (pn), D(dn), and T 
used with conventional electrostatic ac- 


source of charged 


only the dn) 
reactions aré 
celerators, there are neutron energies around 10 Mey 
be conveni ntly rea hed.4 

of ene rgies above 12 Mev can be obt 
it is difficult to 
resolution in this range 
availability of the 


which cannot * While neutrons 


ained from the 
[(d,n) reaction, achieve as good energy 
With the 


accelerators® it is 


energies as 


as at lower energies. 


tandem possible 
16 Mev with the 
D(d,n) reaction and thus perform measurements in the 
eutron energy range in whicl 


to reach neutron high 
experiments with good 
energy resolution had previously been difficult. 
Details of the ene rgy dependen e of cross sections in 
e Mev region are expe¢ ted to be of interest in the light 
\s a first application of the new acceler: 
neutron source of variable 
tions of Be, B™, B, ¢ This choice 


of elements was based on previous studies® which had 


itor asa 
energy, the total cross sec- 


‘,and O were measured. 


shown sharp resonance structure at 


f 1 Mev, 


energies of the order 


but still wide enough level separation so that 
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higher energies 
servable because of overlap. 
The s had pre- 
viously been measured up to an energy of 3.3 Mev at 
this laboratory using the Li(p,z)’? and the T(p,m)°® 
as neutron sources, with neutrons from C®+a 
between 4.4 and 5.6 Mev,? and with from 
Be’+a between 7.6 and 8.6 Mev.’ In all these measure- 
ments the energy spread of the neu 
order of 25 kev 
short 


resonances al would not become unob- 


total cross sections of these element 


reac tions 


neutrons 


trons was of the 


. Except for measurements covering only 
energy regions most other measurements above 4 
Mev have used energy spreads of 100 kev and more. It 


+h 


appeared worthwhile to 1e entire 


from 3.4 to 16 Mev. 
could be 
same time, it 


remeasurt range 
of resonances 
At the 
usefulness of the 
trons of 


In this way a survey 


carried out with uniform techniques. 
was desired to test the 
new accelerator as a source of 


neu variable 


energy and small energy spread. Difficulties were antici- 
and gamma-ray back- 
grounds produced by the charged particles of energies 
10 Mev striking nuclei other than the 


isotope s in the target. 


pated because of high neutron 


of the order of 


hydrogen 
Il. EXPERIMENTAL 


Source 
The tance 


terons of 


lem accelerator produces protons and deu- 
energies up to 13 Mev. With the T(p,n) 
reaction it is therefore possible to obtain neutrons of 
energies up to about 


12 Mev, with the D(d,n) reaction 
up to about 16 Mev, and with the T(d 
30 Mev. 


The energy spread of neut 


ion up te 


rons emitted in a given 
direction will be governed primarily by straggling and 
energy 


1 


target, which was in the 


larger than the energy spre: 


losses in the present 
id of the incident 
charged particle beam. Since the energy spread of the 
thickness, the 
1as to be based on considera- 
intensity, 


experiments 


neutrons increases with incre 


“asing target 
choice of resolving power | 


tions of neutron | iking into account sources 


of neutron background. Straggling losses 


and energy 


are, at a given energy, greater for deuterons than for 


protons, and they are greater al the lower bombarding 
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energies. for the lower neutron energies 


the T 


sity for a given neutron energy spread. In addition, at 


Consequently, 
p,m) reaction enables one to obtain better inten- 
the higher energies the forward yield of neutrons from 
t] from the D(d,n 
For producing neutrons of a given intensity 


[(p,n) becomes smaller than that 
reaction.* 
and energy spread, the D(d,n) reaction becomes more 
favorable at the higher 
1 reaction was used for neutron energies 
7 Mev for measurements on Be, C, and O 


y about 9.5 Mev for B" and B; the D(d,n) reaction 


energies. In the present experi- 
C (pn 


ment 
Lilt 


was used above these energies. Because of straggling 


D(d.n 
reaction at the neutron 


4 

of low-energy deuterons, the reaction is advan- 
ompared to the T(d,n 
ich can be obtained with both reactions. 
itium targets can be used either in 
form 
higher bombardin 

background 
neutrons, 
iable 


by absorption in Zr or as gas targets. At the 
energies the Zr produces a large 

of the desired 
is an ap- 


while lower energies there 


pre g in the foil which separates 
system of the accelerator. In 
targets were used at the 
he smallest ene rgy spread 
1 or tritium gas targets 


s entered 


e charged particles 


through a 


rhe neutron energy 
from these targe 
to 7 Mev 
bove 7 Mev, 

) For B and B 
nd 40 kev up 
o 50 kev. Sharp peaks observed 


studied further with a 


ts varied between 15 


neutron energy, and between 


for the measurements on 
he energy spread was be- 


to 9.5 Mev, and above this 


ie Sas higt as 13 Me Vv, 
he collimation and 
back- 


vhich was 2 cm in diam- 


to prevent large 


ised by a magnetic lens 

The 
table 
a 0.3-cm diam 


To 


composed of tw 1 quadrupole magnets. 


} ‘ ] + 
observed ona retract 
gas target 

the beam. 


he number of background 


neutrons produc ed 
] 


he diaphragm current was metere¢ 


netic lens 


Detector 


itk a stilbene s intillator, 
which served as a 


cm long, 
tor. On the basis of observa- 

he dis rimin itor 
y monoergic neutrons wert 
r energy neutrons from deuteron 
da the number of re 


nd € oils 
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from neutrons originating in the target backing and 
at the collimating apertures was greatly reduced. 
Since at high bombarding energies many gamma rays 
are emitted from the target, it was necessary to dis- 
criminate against recoil electron pulses produced by 
these gamma rays. This was a taking 


complished by 
advantage of the difference in pulse shape between 


electron- and proton-induced scintillations in stilbene.* 
The 


experiment was designed by H. W 


gamma-ray discrimination cir used in this 
Lefevre 
oratory. Care was taken to prevent overlap of the pulses 
which results in a counting rate loss in the discrimina- 
tion circuit. This is 


energies where the number of gamma rays and back- 


high 


especially important at the 


ground neutrons is very large. With the deuterium gas 
| 


target the beam current h: imited to about 
0.3 wa at the lower deuteron energies and to about 


6.02 wa at the highest energies in order to avoid counting 
losses. For the Zr-T targets the 


about 2 Ma in order to prevent 


current imited to 


sing of tritium. 


oulgas 


Procedure 


The total cross sections were 
mission experiment 
placed 40 cm from the neutron sou 


the neutron energy spread as a result 


. , 
In good geome 


subtended by the detector was less 
T(pyn 
reaction. The samples were p 
the detector and the 


reaction and less than 


source 
t each energy enough count 
statistical errors in the cross secti 
Neutrons scattered in the sam] forward 
occurred. 


angles are detected as if no 


The transmissions were corre nscattered 
neutrons assuming that the sn 

calculated from diffract tl 
This diffraction theory 

s¢ attering CTOSS Set tl 
ured for 14-Mev neutrons. 


10on 


ion Vv 
1On Va 


rection was less than 3% ina 
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should not introduce an 


The effect of neutrons not 


source was determined by 


target and the detector a 32-cn 
which had a transmission of 
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Fic. 1. The total neutron cross 
section of Be. The curve up to 
3.4 Mev represents measurements 
from references 6 and 7. Each dot 
is an average of three data points 
below 7 Mev and of two data 
points above this energy. Sta 
tistical errors are less than 3%. 
lhe neutron energy spread is about 
20 kev up to 7 Mev and above this 
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energies, the transmission of the samples for these 
neutrons did not differ substantially from that for the 
source neutrons, so that the correction to the transmis- 
sion for these neutrons was always less than 2%. The 
total correction for both types of ba kgrounds was al- 


( 


ways less than 3% of the cross section. 


Samples 


Cylindrical samples, 2.5 cm in diameter, were used 
in the transmission measurements. The lengths of the 
samples were chosen to give about 50% transmission. 

The Be sample consisted of cast metal; that of C was 
made of graphite. 

The samples referred to as 
powder enriched in B(94% B"); the samples referred 


contained boron 


- 
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” 
{ 


to as ‘*B” were made of elemental boron powder of the 
composition (81% B"). The former 
contained, according to the analysis supplied by the 
Oak Ridge National Laboratory, one percent B"™ and 
tf 


normal isotopic 


5 


© impurities of uncertain composition, mostly O. In 


calculating cross sections it was assumed that the en- 


riched sample contained only B 
in the B 


. This introduces an 
ause of the un- 
atoms in the samples, 


uncertainty tion be 


CTOSS S€¢ 


certainty of the number of B 
although the O cross section is not very different from 
that of B 

Cross sections of O were determined by comparing 
the transmission of a sample of BeO powder with that 


] 


of a sample of metallic Be containing the same number 


ns per unit area. 





1G. 2. The total cross section of 


The curve up to 3.4 Mev 
presents measurements from ref 
Each dot is an 
average of two data points. Sta 
tistical errors are less than 3°% 
The neutron energy spre ad is about 
30 kev up to 9.5 Mev and above 


erences 6 and 7 
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errors are 
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Ill. EXPERIMENTAL RESULTS 


cross tions plotted as a function of 
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isurements start wit 
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data of Imhof e¢ al." 
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target thickness; however, 


in energy regions in which the 

slowly, averages of three points are | 
1, 4, and 5 up to 7 Mev. In Figs. 2 a1 and al 7 
Mev in Figs. 1, 


of two data points. As a const 


4, and 5 the point averages 
nergy spread 


sepafra- 


of the neutrons was actually less t} | 


nergy 
tion of the points shown in Figs. 

sharp peaks in Figs. 3, 4, and 5. I 
rapid variations with energy of the O cro 
the measured cross sections are s 


order Lo 
section all 
own in Fig 


expanded energy scale. In this figure the energy spread 
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O. The curve up to 3.4 Mev 
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The neutron energy calculations are based on the 
tabulation of Fowler and Brolley. 

Statistical errors are less than the size of the points 
shown except at the sharp peaks. At the peaks an addi- 
tional uncertainty is introduced because of the un- 
order of 10 kev. 


Uncertainties caused by the corrections and by impuri- 


certainty in energy which is of the 


ties or nonuniformities of the samples are believed to 
be smaller than the statistical uncertainties except in 
the case of B” for which the uncertainty in the sample 
composition is larger than the statistical uncertainty. 

Neutron energies at which well-defined peaks in the 
cross section occur are given below each peak, energies 
at which sharp minima occur are indicated above the 
minima. 


IV. COMPARISON WITH PREVIOUS 
MEASUREMENTS 


For all the nuclei the present results agree with pre- 
vious measurements® at this laboratory between 3.3 and 
3.4 Mev where the two measurements overlap. Compari- 
ons with other previous measurements show differences 
which are primarily caused by the different energy 
resolutions used in the different experiments. 

Most of the previous measurements between 3.5 and 
13 Mev neutron energy were done with neutrons from 

D(d,n) reaction with energy spreads between 50 
and 100 kev. This applies to the measurements per- 
formed at Alamos," those of Bondelid et al.," the 
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measurement on O carried out by Walton e¢ al.,!® the 
and Ziinti!® in which a D.O 
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was used, and the 


experiments by Ricamo 
measurements of Bratenahl 
about 2-Mev intervals 


using deuterons from a cyclotron. The older measure- 


ice target 


el al.” which were carried out at 


ments of Freier et al.!* used D(d,n) neutrons with energy 
spreads between 100-400 kev. 
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Fowler and Cohn’ measu the Be cross section up 
to 4.6 Mev with T pn had about 
25-kev energy spread. Their with the 


> 


ilso a small anomaly at 4.3 


neutrons which 


results agree 
present results and show 
Me vs 
\bove 14 Mev neutrons from the reaction T(d,”) were 
Coon et al.” and by Cook and Bonner.*! For 
and O the energy range from 3 to 12 Mev was 


used by 
pe, C. 

studied by Nereson and Darden® with neutrons from a 
reactor which had a broad energy spread of about 10°%. 


These measurements agree well with the present results 


if the latter 


are average d over resonances. 


Measurements between 4.4 and 5.6 Mev carried out 


with neutrons from C 


° ] 


this laboratory 
agree well with the present results except for B 


a,n) earlier at 
where 


the sample compositions may h Measure 


ig neutrons from 


ave differed 
7.6 and 8.6 Mev usil 


Be(a,n)? show some disagreements at 


ments between 
the peaks in the 
C and O cross sections. Because of the expe rimental 


difficulties in using Be(a,7) neutrons it is believed thi 
the present measurements are more reliabl: 

Most recently Tsukada and Fuse” mx 
sections of C and O with D(d,n) ne 


range from 3.4 to 5.1 Mev wit! 


ad the 
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Fic. 9. The total cross section 
of O is compared with previous 
measurements from the indicated 


references 
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were estimated by the authors to be between 10 and 
50 kev. These measurements agree well with the present 
results except at the sharp resonances which appear to 
be better resolved in the present measurements. This 
difference may be due to an underestimate of the strag- 
gling in the Ni foil through which the deuterons entered 
the gas target. 

The present measurements on Be, C, and O are 
compared with previous measurements in Figs. 7, 8, 
and 9. In Fig. 9 some of the data from references 2 
and 22 are not shown near 4.6 Mev because the curves 
overlapped. While the results from reference 2 
with the present measurements in this energy region, 


agree 


the studies reported in reference 22 do not show as much 
structure as the present results. 

Because relatively few measurements have been car- 
and B no comparison 
curves are presented. Measurements on B" and R 


ried out above 3.5 Mev on B" 


have been carried out with (a@,7) neutrons at this labora- 
tory,” and there are some unpublished measurements 
from Los Alamos.' For B, additional measurements are 
available at 14 Mev?! and above * for D+T neutrons. 


V. ENERGY LEVELS IN THE COMPOUND NUCLEI 


Che peaks in the measured total cross sections can be 


interpreted in terms of energy levels in the compound 
nucleus. If the target nucleus has spin 7 and the com- 
pound state has an angular momentum J, the maximum 
variation in the total cross section Ao tnat can be caused 


by an isolated level is given by 
Ao = 2rh?(2J +1) 


where A is the reduced wavelength of the incident neu- 
tron in the c.m. system. This maximum variation occurs 


if elastic scattering of the neutrons is the only type of 


2 
NEUTRON ENERGY | 


interaction which occurs. The only case in the present 
measurements in which this condition would be expected 
to hold is the interaction of neutrons below 4.8 Mev 
with C 

with O! 


process which competes with elastic scatte ring of neu- 


In the interaction of neutrons the only 


trons below 6.4 Mev is the O'*(7,q@) reaction. In this case 
the maximum variation in cross section is given by 


Ao = 2rX?(2J+1)T hes 


where I widths 
of the 
reaction 

In the other nuclei, and in C and O at higher energies, 


and I’, are the neutron and a-particle 
From 
information about I 


compound state. studies of the C'(a,m) 


lr, is available. 


scattering will reduce 
the maximum variation. Since the widths of levels for 
inelastic scattering were not known, it is then possible 
to deduce from the observed Ac only minimum values 
of J. 


In the interpretation of resonances at lower energy 


the competition from inelastic 


it is frequently possible to obtain information about the 
orbital angular momentum of the neutrons forming a 
given compound state by calculating the reduced width 
of the state. At the neutron energies used in the present 
experiments the penetrability of the centrifugal barrier 
varies more slowly with orbital angular momentum. 
In addition, calculated reduced widths are much smaller 
than the Wigner limit. As a consequence, little infor- 
mation about the angular momenta of the neutrons 
forming the compound states could be obtained from 
calculations of reduced widths. 

In order to compare the measured and calculated 
values of Ao it to take into account the 
finite resolving power used in the experiments. For the 
case in which the distribution in energy of the neutrons 


is necessary 


can be represented by a Gaussian, Feld et al.’ have 
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ng to an excitation energy 


‘he cross sectl shows only one 
{ nergy range udied This 
energy of 4.3 Mev correspondi 


Mev. Che 


b may be 


e € occurs at a 
bserved variation in cross 
of 0.2 


section 


terpreted as caused by a state 
Two | sin Be have been observed 
t.n)Be® reaction at 
18.43 Mev.” These energies correspond to 
of 12.2 and 12.9 Mev. Near 
ross section shows a small 
Pe | 


clearly outside statistics. 


excitation energies of 


nero} 
energies 


these 
on energies the observed 
9 | ut 1 i 
cross section shows no sharp structure. It 

I id maxi n, 500 kev wide, at 4.3-Mev 
Thi urs at an excitation 

and 

lies a minimum 


, 
» ol the 


1 nucleus, 


tistical uncertaint the a al 
and 6.2 Mev to excitation energies of 


16.7 and 17.1 Mev. Previous results involving B® 


correspondi! 
have 
own levels at approximately the same three energies 

‘4 In the present 
vas observed near this 

e experimental results on 
| O''" respectively, are sum- 
gives neutron energies at 
tions were observed in 


total cross sec 


second column the cor- 


experiment. In the 


tation energies of the compound nuclei 
hird column presents the widths of the 
peaks in the c.m. The fourth column lists values 
of J deduced from Ac. 


system. 
For B” there are no previously 
evels in the energy region measured. For C 

ind O" the excitation energies of previously observed 
from the 


iritsen*4 


observed 
compound nucieus levels taken compuation 


by Ajzenberg-Selove and from results 
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obtained at Rice University”®* are presented in the 
fifth column. Only those levels are given which occur 
in the energy range covered by the present measure- 
ments. The last two columns of Tables II and III give 
the width, angular momentum, and parity of these 
levels from the same references. 

The energy level parameters for B 
Table I were calculated from the data o1 
taking into account the B 


pre ented in 
) normal boron 
content of the amples. 
Inelastic scattering is energetically possible in the energy 
range covered; thus only minimum J values can be 
deduced from the observed resonances. Because T is 
less than 6 for the 4.55-Mev resonance, the level width 
is less than or equal to the meas 
5.5 Mev two small maxima separated by 
mum were observed which may be cat 
three levels in B”. The energies of bot! 
and the dip are listed. The levels shor 
correspond to peaks which are only slight 
the statistical uncertainty. 

In Table II the experimental results on en 
in C® are summarized. The 4.93-Mev res 
narrower than the energy spread of the neutrons so that 
only an upper limit of the widt] Id be given. The 
structure occurring near 6.5 Mev may caused by 
more than one level. The positions of 


cou 


and the minimum are given in T 
cross-section measurement di 
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uniquely from the measurements, the widths of the 
peaks and the calculated values of J are given in paren- 
theses. As mentioned previously, only lower limits for 
J can be given above 4.8-Mev neutron energy. There is 
also some doubt whether any of the three broad peaks 
occurring above 9 Mev are caused by single levels. 
For this reason the J values for these peaks are given 
in parentheses. 

Table III summarizes the experimental results on 
levels in O'7, Five levels were observed 
<6. With the exception of the five narrow levels, / 
values were deduced for levels up to 6.44 Mev with the 
aid of T 
mum J values can be assigned. The O cross section struc- 


energy with 


I, information.’ Above this energy only mini- 


tures occurring above 10 Mev may be caused by broad 
overlapping levels; thus corresponding minimum J 
values are given in parentheses. The broad peak cen- 
tered around 3.6 Mev is also listed in parentheses in 
Table III since it is not at all clear that it is caused by a 
Small anomalies occurring at 3.98- and 


. } , , 
singie level, 


Pasce IIT. Energy levels in O", 


Previous work 


Fex 
Mev) 


~3) 


O00 


p Ee -B? “Be Be -Be Be -Ee -Be -B BE” B. | 


tation energy 
ly le . 
i nucieus 


Mey 


t.45-Mev neutron energy are barely outside the statisti- 


cal uncertainty and are likewise rentheses. 


VI. DISCUSSION 


In measurements of tions resonances 


total cross se¢ 
may be missed for several reasons: the variation of the 


smaller than the 


nay be 


I 
tatistical ‘tainty. tl vidtl 
Statistical uncertainty, le Width 


. 1 
cross section at the resonance 


may be narrow com- 


pared to the energy spread of the neutrons, or the level 


1 1 


density may be so high thal he resonances form a 


continuum, 

For compound states of given angular momentum the 
variation of cross section Ag is inversely proportional 
to tl to 2/+1. In the 


o the neutron energy E and present 


measurements the statist 
values of Ag 
ed 


+} 


ical accuracy limits observable 
0.1 b. If one calculates Ao for 
and for target nuclei with spin /=0, 


to about 
| one finds 
at even for the lowest possible value of J, which is 
2 Ao reaches 0.1 b only at / 


] 


30 Mev. This means that 
all resonances in C | 


and O for which [,,/f!>3 should 
have a large enough Ao to be observable in the present 
expe riments. 

For Be? and B", all 
have been missed above 
12 Mev. For B® with J=3, 
would have been 
+, 9 Mev for J=3, 14 Mev 
lues of T,,/I’ would also 


nucle ol Na3... 18; 


largel 
resonances with J=0 would 


} Mev. 


and with J 1 above 
+} ] 


hic] 
for J 


Cases small Va 


e energies at W 
missed are: 4 Mev 
for J=3. In all 
make the 
The 
narrow compared to the neutron energy spread, i.e., 
hat [<é6. Whether a resonance with a given [ is 
observable, de pe nds also on Ao. One might 
+] ; 


resonances 


levels unobservable. 


second reason for missing levels is that they are 


expect that 
with neutron 
energy. Since, on the other hand, Ao decreases with £, 
the fraction of narrow levels missed may not depend 


e widths of resonances will increase 


strongly on neutron energy. 

At the 
used in the present expe riments, 6 increases by about a 
; effect of the source 
some energy regions 


energy above which the D(d,z) reaction was 


factor of two. To investigate the 
reac tion on observed resonances 
in which resonances occurred in C and O were measured 
both 


obse rved in both Cases. 


with source reactions. The same structure was 


From what is known about the spacing of energy 
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at the neutron energies shown in the second column of 
Table IV. The fact that this transition occurs at such 
different energies makes it unlikely that it is an instru- 


levels in the light nuclei it is not to be expected that 
the level density in the regions studied in the present 
experiment would be high enough to form a continuum. 
The most striking feature of the results shown in mental effect, such as a decrease of resolving power with 
Figs. 1, 3, 4, and 5 is the occurrence of sharp peaks at energy. 
he lower energies and the absence of sharp peaks at The excitation energies of 
rgies. While one would expect that anincreas- corresponding to the neutron energies give 
third column of Table 


the compound nucleus 


her ene n in the 
ber of resonances would be missed as the neu- second column are listed in the 
IV. It may be seen that these ex itation ene rgies vary 
much less than the neutron energies given in the second 
unexpected. column. The reason for the abrupt transition in the 
TI j tal cross sections is not apparent 


Che transition from sharp peaks to smooth depend- character of the total 


nun 
energy is increased, the abrupt change in character 


the energy dependenc¢ of the cross section Was 


} 
ence on energy occurs for the different nuclei studied at this time. 
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ections of deuterium and beryllium have been measured for incident neutron energies 
from 6 to 10 Mev using a large liquid scintillator. The cross sections in barns obtained f 
re 0.067 +0.007 at 6.11 Mev, 0.073+0.007 at 6.55 Mev, 0.088+0.009 at 7.32 Mev. 0.11+0.010 
0.14+0.015 at 10.2 Mev. The beryllium cross sections were 0.55+0.08 at 6.55 Mev 


t 7.32 Mev, and 0.63+0.09 at 8.26 Mev 


INTRODUCTION An (,2n) event in the target material in general, 
give rise to two counts in the liquid scintillator. These 


HE (n,2n) cross sections of deuterium and beryl- 
lium been measured for incident neutron Counts are separated in time because 


ive 
range from 6 to 10 Mev. Neutrons were Moderated before their capture th 
scintillator used in these experimet captured mort 


energies in ey} 
than 90% of the neutrons 


1 by the T(p,7)He’ and the D(d,n)He’ reactions 


} re duc ed 
at the Livermore variable-energy cyclotron. The (7,27) 


counting electronics were gate 


ts were 1 by tl 1 ction of both of che 
: pulse whi h Was delayed by 2 
burst. When » pulses occur during 
EXPERIMENTAL METHOD interval, this event is defined as 
f of m. A counting circuit containing a | witching 
tube determines the multiplicity of each ev 
of m from one through six. 

The neutron detection effici 


I; ra © ; tm fiSSlOr 


was determined by placing 


id scintillator. 


al beam of the cyclotron was periodically 
by an external sweeping ent for values 


st of neutrons with a time 


repetition rate of 2 ke SEC. scintillator 
imated by means of a tapered 
5 ft. thick and then passed counter in the center of the scintillator and measuring 
nter of a 240-ga] the average number of pulses per spontaneous fission 


through a cylindrical hole in the cent 


roug 
cadmium-loaded liquid scintillator. Deuterium (CD2) 


event. The efficiency of the counter is then given by the 
or beryllium targets were pl ratio of this number to 7, the average number of neutrons 
I ter of the scintillator. 


| ics, and their applic ation 


+ intillator,. 1SSO%¢ iated r le ctronl 


per fission for these nuclei. The valu 
used are 3.80 for Cf? and 2.75 for Cm 
cross section measurements have been pre- were obtained by renormalizing the 
viously described by Ashby et al. et al. to a value of 7 for I t| 
* The work was performed u r auspices of tomi 7B. C. Diven, H. C. Martin, R. I 
Energy Commissior Phys. Rev. 101, 1012 (1956 
t Present address: Brookhav tional Lab , Upton, D. J. Hughes, B. A. Magurno, at 
and A k ( Sections, Brookhaven National Labora < 
Ashl H t VKIrk, and i avlor U. S. Government Printing Office, Washingt 1960 
111, 616 (1958 2nd ed., Suppl. No. 1 (erratum sheet 





D AND Be CEGsSs SEC 

The flux of neutrons incident on the (#,2n) target 
was measured by means of a small plastic scintillator. 
At each neutron energy this counter was calibrated 
with respect to a proton recoil telescope using the un- 
swept beam of the cyclotron and then employed as the 
neutron monitor for pulsed beam operation. The abso- 
eftic lency of the proton recoil telescope is known 
to better than 5%%.4 The ratio of the counting rate of 
the plastic scintillator to that of the telescope was ob- 
served to be constant for changes of a factor of at least 
50 in beam level. This was interpreted to mean that 
bias shifts due to high counting rates in the plastic 
scintillator are not important at the counting rates 
that were used when calibrating the counter. 

The threshold energies for the (7,2) reaction in D 


lute 


and Be are 3.4 and 1.8 Mev, respectively; therefore it 
is necessary to know the energy spectra of the incident 
neutrons for energies greater than 1.8 Mev. The energy 
spectra of the neutrons pr duced by the cyclotron were 
measured by means of photographic emulsions and also 
by means of the proton recoil telescope. Figure 1 
illustrates the distribution of neutron energies obtained 
with 7.9-Mev protons incident on the tritium gas target. 
Of the neutrons with energies greater than 1.8 Mev, 
approximately 80° are at the energy expected from 
the T(p,n)He*® reaction. The remaining 20%) have 
energies less than those from the T(p,2)He*® reaction 
and are probably due to (p,7) reactions in the tantalum 
beam stopper of the gas target. The T(p,7)He’ reaction 
was used as the neutron source for determining cross 
sections at 6.11, 6.55, and 8.26 Mev, and the 
D (d,n) He 10.2 Mev. For the latter 
reat tion, lower energy neutrons were produced by the 
d+d breakup reaction and also by deuteron stripping 


ioe. 


reaction used at 
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NEUTRONS/ENERGY INTERVAL - arbitrary scale 


ry spectrum of neutrons produced by 7.9-Mev 
tritium target, as determined by nuclear 
p.n)He3 neutrons. The 
pm) reactions in the 


dent on the 
The peak contains the T 


rgy neutrons arise most probably from 
tantalum collimators and in the tantalum beam stopper of the 


lower 


large 


M. D Phys. Rev. 122, 164 
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Fic. 2. The 2) and nonelastic cro tions of Be, as a 
function of neutron energy. The l present the present 
lata. The solid squares are from W. P. Ball, M. MacGregor, and 
R. Booth, Phys. Rev. 110, 1392 (1958 The open cir les are from 
J. Levin and L. Cranberg (private communication). The triangle 

ter Rev. 98 1216 (1955), and the square is 
104, 1319 (1956). The broken line 
Fischer, Phys. Rev. 108, 99 (1957 


old circles re 


reactions in the beam stopper. The number of D(d,7)He 


] 


neutrons was 44% of the number of lower energy neu- 
1.8 Mev. 


trons whose energy was above 


DATA ANALYSIS 


analyz 


The 


method as that described by Ashby ef al 


the 
Corrections 


data were ed by essentially same 


were made for the finite time resolution of the counting 


system, the air attenuation of the 
for the 
a thick target. The thick target 
approximate calculation of the effect of neutrons which 
first scatter in 

) 


an (M,2 


incident beam, and 
attenuation of the incident neutrons in traversing 
correction includes an 
the sample and subsequently produce 
Corrections for target thickness in- 
beryllium by about 17% 
from 44°, to 62%. The 
error introduced into the final cross sections due to this 
De ket 
tions for time re solution were about 10£ ( for be ryllium 
and varied from 40% to 80% 


An estimate 


event. 


cross sections ol 


crease the 


and those of deuterium by 


correction IS believed to be less than 5‘ correc- 
for the dueterium data. 
of the uncertainty of this correction is ob- 
tained by measuring the (7,2) cross section of CHg. 
Phe incident 


ments are all 


} 


neutron energies employed 
| th 


ICSS lal 


in these experi- 
n the threshold for the (7,27) 
reaction in carbon, s 1,2n its 
from a CH 
CH 
those observed for the Be and CD samples. 
for CH, 


is believed that the time 


are expected 
counting rates with a 


Largel. 


target in place were approximately the same as 


Phe (n,2n) 


cross section measured was 0.006+0.005 b; 


therefore, it resolution cor- 





attenuation 


corrected for the | 
neutron beam. In 
essary to assume an 
cross sections for 

f the Be(n,2n 

this correction 


wa) cross section 


The cross section 


threcl 
tnresh- 


1 m zero at 
neutron spectra were 
integrated 
The cor- 

r 


| ne 
nd D, respectively, 
At this energy, where 


tro? } > 
ron source, 


euterium. The 


I. Measured (n,2 


Ene rev, Mev 


ABLE 


).067 +0.007 
).073+0.007 
0.009 


Nmwue 


)OSS+ 
111+0.010 
1.14+0.015 


0.18+0.02 


le | 
mM ww Ue 


— ie 
—_ = 


RESULTS 


The measured cross sections aré 
The values which were previously 
incident neutron energy have been « 
account of the new value of 7 
Be(n,2n) and the previously m 
Che deutt 
lig. 3. The variation of the 


n.2n) cross sections. 


neutron energy is almost lin 
14 Mev. The calculations of thi 


and Gammel® are illustrated by 
This theory is seen to be in 

the experimental data. 

of this cross 


values much larger than 


section 
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A 16-in. radius, 180 
was used to investigate the nuclear energy levels of F'’, F*!, Ne®, 


double-focusing magnetic spectrometer 
and Ne* by analysis of protons and alpha particles produced by 
Ne™ gas 
Mev, new 
levels in F and 6.169 
Mev. Previously reported levels at 3.29, 4.48, and 4.95 Mev wer 
not observed. Up to an excitation energy of 4.3 Mev in F*, 
ls were seen at 3.451, 3.509, 3.635, 3.977, 4.056, and 4.158 Mev, 
0.285, 1.104, 


was 


and reactions with natural neon and with 


Between excitation energies of 2.8 and 6.5 


targets 


were found at 5.102, 5.539, 5.628, 5.937, 


new 
leve 
the four previously known lower states at 


2.047 Mev were confirmed. The mass of F° 


I. INTRODUCTION 


HE present experiment is one in a series of 
experiments! undertaken to measure the masses 
and energy levels of light nuclei by analysis of the 
charged reaction products of triton-induced reactions. 
In particular, the (¢,p) reaction introduces two neutrons 
into the target nucleus and allows an investigation of 
nuclei which are difficult to produce by any other 
means. An added advantage of (t,p) and (t,a) reactions 
is the large positive Q value, which falls in general into 
he range from 4+ to 10 Mev. 
f F® F2!, Ne”, and Ne” 
reactions in gas targets 


of natural neon and of highly enriched Ne”. Charged 


The energy levels of I were 


investigated by lp) and (la 


reaction products were studied with a high resolution 
magnetic The nuclei 
studied here range from F'’ which has been extensively 
investigated, through the poorly known nuclei F* and 
Ne”, to Ne level structure was heretofor 
unknown. The ind Ne** were measured 


double-focusing spectrometer. 


) 


whose 


masses of I 


with a greater precision than had been attained previ- 


ously. A preliminary report of the energy levels of F 
1 Ne* has been made.’ The present experimental 
tion for each of these nuclei will be discussed in 


ctions dealing with the results for the individual 


Il. EXPERIMENTAL 

A. Equipment 

The experimental procedure in the present investi- 
gation has been described in previous papers.’ Briefly, 


gas targets of natural spectroscopic-grade neon or of 


99.9%, Ne” were bombarded with 


neon enriched® to 
spices of the U. S. Ato 


104. 1083 


Silbert, Phys. Rev 


1956 
120, 914 (1960 
i n Nuclear Structure 
D. A. Bromley and E. W. Vogt 
University of Toronte oronto, Canada, 1960), p. 967 
‘N. Jarmie and R. C. Alle Phys. Rev. 111, 1121 (1958 
» 99.9! e@ was purchase from the Physikali 
Institut der Universitat Ziirich, Ziirich, Switzerla 
ctor, Professor K. Clusit 


i ( nierence 


: . 1 
it cooperation otf the dir 


21.006624+ 0.000011 amu (O* 
Mev. In Ne™ 38 excited 
of 9.4 Mev. Le 


a previ 


determined to be standard); 
M—A 6.168+ 0.010 


observed uy ) an € 


and 4.473 Mev 


States were 


xcitation vels at 1.277, 3.343, 
vere confirmed, whil usly reported level 
at 4.9 Mev was not Ne*, up to an 
of 6.4 Mev, were found at 1.986, 3.873, 3.962, 
5.576, (5.641), and 6.030 Mev. The mass of Ne* 

d to be 24.001238+0.000011 amu (O* : 
1.153+ 0.010 Mev. Standard deviations in the values 
t from 0.015 to 0.025 Mev. Some 


observed. Energy levels in 
excitation er 


1.764, 


ergy 
4.886, 
standard 


tation energies var 


ive cross sections are reported 


tritons accelerated to a maximum energy of 2.6 Mev 
accelerator. Charged reaction 
products were analyzed at a laboratory angle of 30° 
16-in. 180 


with an electrostatic 


with a radius, double-focusing magnetic 
spectrometer. 


The resolution of the system was such that proton 
and alpha-particle groups at energies of 2 Mev displayed 
full widths at half maximum of 30 and 50 kev, respec- 
tively. At 6 Mev, widths of both proton and alpha- 
particle groups were 48 kev. Widths greater than these 


values could be attributed either to energy levels with 


significant intrinsic widths or to unresolved groups of 
With | 

which appeared abnormally broad were at least partially 

resolved into two groups. Expe rimental factors therefore 


levels. several exceptions, al particle groups 


l the intrinsic 


1 upper limit, estimated at 30 kev, on 


of most levels obse rved. The exceptions vere 


small groups for which countin tatistics were too 


poor to differentiate bet we uly broad levels 
and closely spaced doublets. 
Mass-spectrometric analysis of the 
I » 
| 


nowed the 


neon target gases 


presence of small amounts (a few tenths of 


7, or less of hydrogen, carbon, nitroge n, oxygen, 
on as contaminants. The isotopic abundance of 
isotopes in the natural neon was in good 
agreement with accepted values: Ne 90.5% 
0.28%, Ne 
enrk I ed neon was Ne 

99.96%, 

Parti ie 
interest were due to target contaminants or to beam 


contaminants [H;*, HD*, and (He 


of groups from 


neon 
Ne?! 
9.2%. The isotopic composition of the 
0.012%, Ne 0.025%, Ne” 
groups not associat 1 the reactions of 
. Identification 
contaminants in 
tra have been 
and argon 
Groups due to scat- 
ind reactions of beam contaminants could be 


changing the rf ion-source operating 


eliminated the 


ide ntiti d by 
beam 


I: 
cONnaILLLONS 


which virtually 


contaminants compared to normal conditions. 
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yr energy calibration. Reaction considerably more time consuming while it did not 

masses of reference 6; excitation ° = - ° 

- greatly improve the accuracy of the energy determi- 

nation. The energy scale of the spectrometer was 

Calculated Q value determined by the positions of particle groups corre- 

Mev) sponding to reactions whose Q values are presumably 

oat sais known to within several kev. This method of energy 

Q, elastic scattering : ieee » 

4.640+0.001 calibration had the advantage of minimizing systemati 

3.857+0.001 

3.706+0.001 " Aga 

0.004 edge of the energy losses in the target gases. Further- 

0.001 more, the calibration peaks could be observed in the 
0.004 2 2 

0.004 spectra of unknowns since carbon and oxygen were 

1.347+0.003 0.003 easily introduced in the neon target gases as COs, or 

1.460£0.005 0.005 were present as contaminants. The method had the 

1.556+0.003 413+0.003 


disadvantage of depending on Q values calculated from 


He He 


errors such as those introduced by an imperfect knowl- 


OO4 


6.328+0.004 


7.307 +0.004 


tir tririr hk 


7 


atomic masses which are not always as well known as 

— assumed. A check on the cal 

B. Energy Determination and Errors # 

afforded by the consistency of 
Measurements in this experiment were taken in the mined by several different reacti 

same way as in the previous experiment with oxygen _ triton bombarding energies. 


targets,’ except that energy determination was made The reactions used for energy 
} 


on 


the basis of the spectrometer magnet current. The sented in Table I together with Q va 
choice of this method was dictated by the large number from the atomic mass table of Everling, Koni 


levels to be measured since use of the fluxmeter was tauch, and Wapstra.® Excitation energies 
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Mattauch, and A. H. Wapstra, Nuclear Phys. 18, 529 (1960 
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Fic. 2. Spectra of protons and alpha particles at 30 


tions in Ne2 


to reac 
states were taken from the compilations of Ajzenberg- 
Selove and Lauritsen.’ 

The procedure for obtaining excitation energies of 


F!) F2!, Ne”, and Ne” 


levels in was to observe the 


spectrometer field coil current corresponding to the 


peak of a particle group, calculate the group energy 
from the energy scale established by calibration peaks, 
calculate a Q value, and subtract this value from the 
ground state YQ value determined from atomic mass 
tables® (F a Ne”) or 
F2!, Ne”). 

Che energy of a particle group was uncertain to some 
+7 kev 


measured in this experiment 


depending on the number of determinations) 
because of random errors in its measurement and 
uncertain to +8 kev because of errors in the energy 
that an over-all +11 kev can be 
assigned. Systematic errors, except in the calibration 
QV values, would appear in the calibrations in a manner 
similar to that in the unknowns and would be largely 


scale, so error of 


compensated. Taking into account possible systematic 
errors, a conservative standard deviation of +15 kev 
7K. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 


1959) and Landolt-Bérnstein Tables, Supplementary Volume on 
Vuclear Physics (Springer-Verlag, Berlin, Germany, 1961), 6th ed 


(lab) from the bombardment of a natural neon target with 2.52-Mev tritons. 
Che spectrometer momentum resolution was 354. Letters refer to groups associated with reactions in Ne? 
Deuteron groups are distinguished by crosses and dashed lines 


; letters in parentheses refer 


has been assigned to the V values of well-determined 
groups. 
III. RESULTS AND DISCUSSION 
A. General 


Representative spectra obtained in the present 
experiment are illustrated in Figs. 1 to 3. The conven- 
tion has been adopted of indicating groups attributed 
to reactions with Ne” by letters alone; groups associated 
with reactions with Ne” are designated by letters in 
parentheses. Estimates of the upper limits on the 
statistical counting errors for the experimental points 
can be made by noting that the ordinates in the figures 
are the actual number of counts per run. Additional 
data, taken for various corroborative purposes, have 
not been presented here. For instance, the area under 
the triton scattering peak was uncovered by reducing 
the incident triton energy to 2.0 Mev. Since the energy 
different from 
that for protons and alpha particles, triton and deuteron 
peaks could be shifted relative to proton and alpha 
peaks by changing the bombarding energy. This served 


scales for tritons and deuterons are 


as a positive identification for deuterons which were 
difficult to distinguish from alphas on the basis of pulse 
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es at 30° (lab) from the bombardment of a 99.9%, Ne* 
was 196 De iteron groups are distir guishe a 


have been included in’ measured in the present experiment are given in Table 

III, together with the results of previous experiments. 

were made on several Previous values have been adjusted, where appropriate, 

were poorly resolved, to correct for changes brought about by the most recent 

for energy determi- least-squares adjustment of atomic masses by Everling 
ition of close ly spaced et al.® 


istrated in Fig. 3 of The effective limit in excitation energy searched was 


6.6 Mev, corresponding to an alpha energy of 2.6 Mev. 


tions for triton-induced Emission of alpha particles of energy less than about 
Table II. If estimates 3 Mev was inhibited by the Coulomb barrier of the 
on the basis of Figs. 1 compound nucleus. Below about 7 np, small peaks 


he cross sections are would be hidden by the alph: ntinuum from the 
peaks divided by the reaction Ne™®(t,2a)N'®. This continuum, which was not 
regions free from the alpha energetically possible wit! the | _~ evident 
| by contaminant peaks, up to about 90 amp in Fig. 1. 
he cross sections of possible missed Two deuteron groups (121 and 113 amp, Fig. 1) were 
to be 0.01 mb/sr. attributed to Ne*®(t,d)Ne*# (grour te and first 
excited state). The deuteron scattering peak at 88 amp 
B. F 
Typi iipnha-pa ticle spectra obtained with tritons Groups C, D, and E were n 4 by the triton 
incident on itural neon t re shown in Figs. 1 scattering peak at E,=2.6 Mev. They were seen clearly 
represent ita obtained at two at F,=2.0 Mev and were used ; calibration points 


has its origin in the small HD* component of the beam. 


bombarding energies with two values of the or the energy scale. The ak 


pectrometer resolution. The rey | ls of F" corresponds to the position 
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TABLE II. Representative differential cross sections for 
and (t,v) reactions in Ne” at 30° (lab). Absolute standard devi 
ations in the cross sections are +30°%. 


Triton energy Cross section 


Reaction (Mev) (mb/sr) 


Ne” (tf Ne*4 g 0.54 
0.45 
0.03 
0.40 


0.41 


0.11 
0.09 
0.43 
0.58 


1.76 


0.38 
0.48 
0.89 


5.276 and 5.305 Mev 


% of oxygen in the 


first and second excited states 
of N 
target would be required to yield the observed group, 
of contamination considerably higher than 


would be expected. One at. 


a leve | 


analysis of the gas would indicate. It seems probable 


nergy levels of I 


} } 
et al Seale 


$+0.007 +0.030 78 +0.100 


+O0.010 ++ 0.030 3.88 


+0.010 


0.100 


+U0.010 06 0.030 


0.015 11 +0.030 
4.48 +0.030 
9 +0.030 
+0.0380 


£0.100 
0.015 


+0.040 6 + } 6 +0.100 


+0.100 


+-0.100 


0.015 

+0.020 
+0.008 

0.015 
5+0.010 

+0.020 


+ 0.008 


+0.010 
+0.010 
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excitation of +.04 Mev. Singh"® investigated O'%(d,2)F" 
with nu le ar plate Ss. 
4 * 


wees 
nn’) E 
2.79-Mev state. Hossain 


analyzed nuclear plates which had been 


and ined 
and Kama 

exposed to protons scattered from a gaseous fluoride 
target. 
up to 6.5-Mev excitation. Price 

observed steps in the thik k-target 
He detected three levels in I 
Butler and Holmgren"’ 


nique with O'8(d,ny)I 


a value for the 


and levels were measured 
used N'(a,y)F® and 
yield of gamma rays. 
‘near 5.4-Mev excitation. 


Resolution was fair 


} 


used a gamma threshold tech- 

They reported three levels in 
resonances in the 
He was 
and widths to a number 


F’, Finally, Smotrich'’ observed 


] , Ir} ticl , "15 
elastic scattering of alpha particles by N*®. 


able to assign spins, parities, 


of levels. 
al evidence, including 


Summarizing the experiment 
the present experiment, the following levels in F 


* now 
seem to be well established in the region of interest: 
.793, 3.912, 4.002, 4.036, 4.385, 4.563, 4.76, 5.102%, 
339, 5.474, 5.499, 5.5 , 6.074, 

6.169*, 6.241, 6.287, 6.43, 6.329, 6.527, and 6.554 Mev. 


Those marked by an asterisk are previously unreported 


a 5.937 . 


? 
5 39* 5.628 6.085, 


levels observed in the present experiment. The criterion 
for inclusion in this list was observation in at least one 
good-resolution experiment. Wherever a_ previously 
ined level was resolved in this experiment, 
energy was excellent. 
U’ correspond to previously 
ts which could not be 
With the exception of U 


an average of the energy 


agreement in 
Groups H, .\, 
reported closely 
resolved 
these groups agree 
values given’ for eact Group U was centered 
Mev and lay somewhat 


by Smotrich at 6.527 and 


at 6.501 levels 


6.554 Mev. It 


resolved groups at 


below the 

reported 

appeared to consist of two poorly 
6.479 and 6.508 Mev 
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t + 
two levels reported by Price 


ossibility exists ups .V and O correspond 
at 5.474 and 5.498 

ilthough the separation reported by him was 
to 58+10 kev for V and O. An 
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o levels given by Price, 
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to 117 
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any ot! 
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the possibility of a small 
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s. Rev. 108, 390 (1957 
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Phys. Rev. 112, 461 (1958 
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eliminated. 
18+-0.03 Mev. 
Mev, 


level 


group hidden by (B) or C¥(é,a) cannot be 
A level was reported by Arthur e/ a/. at 4. 
Both Seale and Singh reported levels at 4.5 
t.57-Mevy 
or possibly the 4.39-Mev level, or both. In the present 
experiment, 4.48-Mev excitation would correspond to 

d group, (D), 


although these may correspond to the 


104 amp (Fig. 2) where an | 


high, was expected on the basis of runs with an N¢ 


+10 counts 
target. A poorly resolved group of the expected size 
was observed and a group corresponding to an F"’ level 
at +48 Mev would need to have a cross section less 
than 1/20 that of the 4.385-Mev group. Hossain and 
Kamal reported a possible energy level at 4.95+0.02 
Mev, the only report of such a level. A group corre- 
100 and 


is region is 


sponding to this excitation would 
98 amp in Figs. 1 and 
quite clean and no level in the vicinity of 4.95 Mev is 


appear at 


r¢ spe tive ly . lr} 


indicated by the present expe riment 


which 


coverec this 


\s di 


All four experiments 
previously indicated a level near +.76 Mev 
above, the group labeled O!*(/,a 


region 
scussed 
corre 
sponds in part to this state. Present evidence is that 
the level is somewhat lower in ex than formerly 
supposed. A value of 4.690+0.040 Mev has 

assigned. The disagreement is not serious sit 


been 


previous average value was uncert 
\lpha groups corresponding 
above about 6 Mev in F became | 
and the alpha continuum became appre 
counting statistics were relatively 


poor 
I 


not as well defined as at 


corresponds to the level 
and by Butler and Holmgren at 6.2 
6.215 Mev obtained by Harlow ef 
sponds to the same state. Sing 
at 6.24 Mev. There are 


groups on the low-energy side of 


reported both 


) 


indications of sn , unresoives 


orre spond 
to the level at 6.29 Mev reported D) motrich and by 
329 Mey 


Butler and Holmgren and to th 
reported by Smotrich. 

A broad level (= 358 kev) was reported by 
at 6.43 Mev. This correspond to 81 amp in 
Fig. 1, in the minimum between peak 


Although there is no evidence for sucl 


Smotrich 


would 


present experiment the alpha contir 
a low, broad group. 


C. F 


A typi al alpha partic i€ spectrum ¢ 
reaction N¢ La) with hig! 
is presented in Fig. 
$.3-Mev exci 


experiment are given in 
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Je 
F' up to : ) 
Table 
values obtained by Jarmie! from 

The only contaminant groups ident 
spectrum from the Ne 
reactions leading to the 


target were 


ground iT 





NUCLEAR ENERGY 
of B". The ground state group from Ne”(t,d)Ne* was 
observed as was the deuteron elastic scattering peak. 

A series of measurements was made on the ground- 
State group in order to get a good determination of the 
mass of F*!. The most precise of these was a run with 
a target of 25% (by volume) CO, and 75% Ne” so 
that comparison could be made to the nearby peaks 
from O'*(t,p)O" (g.s.) and C?(t,p)C™ (g.s.). The results 
of these various measurements were quite consistent 
and yielded an average YQ value for Ne”(t,a)F*! of 
$.548+0.010 Mev. This leads to a mass for F* of 
21.006624+0.000011 amu (O!® standard) and a 
defect (M—A) of 6.168+0.010 Mev. 

There have been few experiments on the mass and 
energy levels of F”!. The first data were from the work 
of Bigham, Allen, and Almqvist'® who studied the 
reaction F'%(¢,p)F*! with nuclear emulsion and Nal 
crystal techniques. They obtained a mass defect of 
6.37+0.1 Mev and energy levels at 0.89+0.08 Mev and 
possibly at 3.34+0.10 and 4.01+0.10 Mev. It seems 
possible that Bigham ef al. mistook the level at 0.27 
Mev for the ground state. This would account for the 
0.2-Mev discrepancy, both in F*! mass and in the 
energy of the excited state at 1.1 Mev, between their 
results and the results of Jarmie and of the present 
experiment. The F'(¢,p)F*! reaction was used by 
Jarmie! at this laboratory with essentially the same 
apparatus as in the present experiment. Thin fluoride 
were bombarded with 1.8-Mev tritons and 
emerging protons were analyzed with the 16-in. radius, 
spectrometer. The energy 
levels reported by Jarmie are compared to the present 
results in Table IV. His value for the mass of F?! is in 
good agreement with the present results. 

Peaks (.1) through (D) correspond to the four levels 
found by Jarmie and are in good agreement with his 
values. Peaks (4) through (/) represent six previously 
unknown levels in F*!. They are grouped roughly into 
two triplets which probably correspond to the possible 


mass 


targets 


double-focusing magnetic 


Pasie LV. Energy levels of F?! 


Present experiment Jarmie (1956)* 
Excitation energy 


Excitation energy 
Mev) 


(Mev) 


1) =6.168+0.010 0: (M 
0.285+0.018 
1.104+0.018 
1.743+0.018 
2.047+0.018 
3.451+40.018 
3.509-+0.025 
3.635+0.020 
3.977+0.025 
4.056+0.025 
$.158+0.025 


A)=6.191+0.025 
0.269+0.040 
1.087 +0.040 
1.694+0.040 
2.036+0.040 


Re 104, 1683 


1956 


4 OS 
99 O31A 


Bigham, K. W 


1955 


Allen, and Almqvist, Phys. Rev 


Ne*?, AND Ne?‘ 


levels reported by Bigham e/ al. at 3.34 and 4.01 Mev. 
Groups (£) and (F) were only partly resolved. The 
alphas were clearly separated from the deuterons, both 
at 81 and 88 amp. Group (#/) was abnormally broad 
and ftlat-topped. Since a level at this excitation would 


be heavy-particle stable and therefore would not be this 
H) probably represents an unresolved doublet 
of less than 40-kev separation. No alpha peaks were 
observed below 76 amp; the limit of excitation energy 


broad, 


searched is estimated to be 4.3 Mev. 


D. Ne’ 


Figures 1 and 2 show proton spectra obtained from 
the reaction Ne?’(i,p)Ne 
The energy levels of Ne up LO an ex¢ itation of 9.4 Mev 
are given in Table V_ together 
Martin, Sampson, and Miller. 


with natural neon targets. 


with the results of 


raB_e V. Energy levels of Ne* 


Martin, Sampson, Miller® 
Excitation energy 


Mev 


7+0.004 ] 
3+0.015 
73+0.015 
+0.015 
+0.015 
+0.015 
$+0.015 
7+0.015 
7+0.015 
+0.015 
6.349+0.015 
6.647+0.015 
6.696+0.015 
6.823+0.015 


6.860+0.025 


7.047+0.015 
7.331+0.015 
7.402+0.015 
+0.015 
$+0.015 
$+0.020 
tO.O15 
§+-0.015 
+0.015 
2+0.015 
tQ.015 
+0.015 
§$+0.015 
tQ.015 
+0.015 

§ 890+0.015 
&.970+0.015 
9 034+0.020 
9. 069+0.015 
9 174+0.020 
9.215+0.020 
9.242+0.020 
9.316+0.015 


and D. W. Miller. Phys 
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SII 


Groups corresponding to the ground and first excited 


states of Ne 


to determine their energies accurately since they are 


were observed but no attempt was made 


presumably well known and were too high in energy 


for an accurate measurement by the present means, 


T hirty-seve n additional levels in Ne* were seen in the 

present experiment. 

were fairly well 

determined in the principally by the reactions 
y,p)Ne”, and by 


19 a,p Ne™, Ne d,j , and Na? 


Che first few energy levels in Ne” 


Inelastic scattering 


protons and alphas from Ne”. 
Che first excited state at 1.277 Mev was also studied 


y 
following the 8 decay of Na” which proceeds nearly 


mmpietely to LNs leve 


Older reports apparently established levels at 3.35 
+.9 Mev and two others at 5.4 and 5.7 


sorh nt 
co 


possi! 
esults have been obtained. 
11.5 Mev was unexplored. 
been observed as reso- 
O'*. Recently, Martin 

to 7.5 Mev in Ne® by ana- 


with a magnetic 
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thin tluoride target 


irticles from a cyclotron and 
states (Table IV). Their resolu- 
poorer than that in the present 
ues of Martin ef al. appear to lie 
1) kev above the present results. 
the most accurate 
3.343 
Mev, in good agreement with the value 


Mev Martin ef al. Both that 


nt an Ul pr nt experiment 
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+.4+0.1 Mev obtained by study of Na*(y,p)Ne”. They 
also reported the levels at 5.4 and 5.7 Mev. 
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Figure 3 illustr 
the reaction N¢ 
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T=2 nucleus. 
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Photodisintegration of Be’ from Threshold to 5 Mev* 


Mark J 


(Received February 21, 


\ bremsstrahlung-photon difference method measurement of the Be®(y,m) c1 
in the cross section of 1.15+0.15, 0.55+.0.1, 1.20.2, and 1.00.3 mb at energies of 1.70 


4.6 Mev, respectively 


peaks is spherically symmetric; do/d2=a-+-6 sin*0 (a/b 


HE photoneutron cross section of Be’ has been 

measured by bombarding an inch thick Be target 
with the bremsstrahlung from monoenergetic electrons 
striking a tantalum target. Previously published meas- 
urements of Be(y,7) cross sections in this energy range 
have essentially been confined to energies below 2.76 
Mev.) 

The monoenergetic electrons (Ap p~ 0.5%) were ob- 
tained by sending electrons from a linear accelerator 
through an analyzer magnet which had been calibrated 
by means of the floating wire technique. The electrons 
then passed through a steering magnet to the target 
chamber. The steering magnet was necessary to pro 
vide an electron beam free from photons produced in 
the carbon slit system of the analyzer magnet. The 
target chamber made an integral part of the 
accelerator vacuum system. For the photodisintegra- 


Was 


tion, the electrons were stopped by the Be target, 
which was part of the collector cup. The neutron pro- 
without target was subtracted 
from the neutron production with the tantalum target 


to obtain the bremsstrahlung contribution. 


duction the tantalum 


The neutrons were detected by a BF. long counter 
embedded in paraffin and shielded with a boric anhy- 
dride and paraffin shield. The insertion of 12 in. of lead 
between the target and the front of the counter reduced 
the counting rate by almost 90°. The counter was 
gated off during the electron pulse and for 50 usec 
thereafter. The counter efficiency was determined by 
removing the Be target and inserting in its place a 


calibrated RaBe neutron source. 
ha 
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oss sectlo indicates 1 ixima 


2.40, 2.95, and 


rhe angular distribution’ of the neutrons corresponding to the 1.70- and 4.6-Mev 


1.0+0.2) for the 2.95-Mev peal 


The excitation function for photoneutron production 
was measured with the counter at an angle of 90° with 
the incident photon beam, Measurements were made 
using 50-kev and 100-kev increments of electron energy. 
The differential cross section at this angle was calcu- 
lated using the corrected Sauter-Fano™ bremsstrahlung 
spectrum and a photon difference method." 

Initial measurements have been made of the angular 
distribution of the photoneutrons for angles 90° to 30 
inclusive using 10° intervals. The cross section resulting 
from the combination of the differential cross section 
at 90° and the measured angular distribution is plotted 
in Fig. 1. The cross section rises rapidly from threshold 
to a maximum of 1.15+0.15 mb at 1.70 Mev, has a 
minimum at 2.2 Mev, a slight peak at 2.40 Mev, rises 
again to a maximum of 1.2+0.2 mb at 2.95 Mev, de- 
creases to a broad minimum and increases again to a 
maximum of 1.0+0.3 mb at 4.6 Mev and then slowly 
dec reases. 


[he errors stated are those associated with 


reproducibility. Previously published measurements are 
2 


presented in Fig. 2 with this measurement plotted for 


comparison purposes. 


’ resulting 
errors indicated 
associated with 
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The excitation functions for the (a,p), (a,), (a,pn), 


the a,a’p), a,a'n), (ava! pn 


up to 40 Mev. A large preference for proton emission is observed 


were obtained: 


1) Mev 


these ratios 


o a,p2n)=6 3 at 


a(a,p)/o(an)=3.1; o(a,pn 
; and a(a,a’ pn) /o(a,a’2n) =140 (at 


(a,2n), (a,2pn), and (a,p2n) reactions of Fe and 


pn), and (a,a’2n) reactions of Ni** have been determined for alpha-particle energies 


At the maxima in the excitation functions, 
a(a,2n)=70; a(a,a' p)/a(a,a'n 


40 Mev 


=0; ¢ a,2pn 


These results are discussed in 


terms of the compound-nucleus model. A value of r,=1.7 fermis is required to fit the low-energy portion 
| 


of the observed “‘total’”’ cross section with total reaction cross section calculated from continuum theory 


INTRODUCTION 


TUDIES performed during the past several years 

of nuclear reactions induced by protons and alpha 
particles with energies up to a few tens of Mev have 
often shown significant deviations from the predictions 
that arise from the classical compound-nucleus model 
for these reactions.' The deviations are most clearly 
seen in the energy and angular distributions of the 
charged particles that are emitted. The energy spectrum 
appears to be distorted in the direction of an excess of 
high-energy particles, and the angular distribution 
tends to be peaked in the forward direction rather than 
being symmetrical about 7/2 in the center-of-mass 
These deviations have prompted the intro- 
duction of a direct-interaction 
alternative to the compound-nucleus picture. 


system. 


mechanism as an 


On the other hand, when integral experiments such 
as the excitation functions for charged particle emission 
are studied, the results appear to be more consistent 
with a compound-nucleus picture rather than with one 
involving a direct interaction. For example, studies of 
the competition between neutron and proton emission, 
such as the one to be reported here, often show a very 
large difference between the probabilities of emission 
for these two particles. With an Fe™* target the (a,p) 
reaction is about three times as probable as the (a,x 
reaction, while at the same bombarding energy the 
(a,pn) reaction is about seventy times as probable as 
reaction. Observations of this 
difficult to reconcile with a direct-interaction mecha- 


the (a2) sort are¢ 


nism. They are more easily understood in terms of the 
compound-nucleus picture when the effects of shell 
structure and pairing energies upon the spacing between 
the energy levels in the product nuclei are taken into 
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See, for example, R. Eisberg and G. Igo, Phys. Rev. 93, 1039 
1954 

-N. Austern, S. T 


350 (1953) 


Butler, and H. McManus, Phys. Rev. 92, 


account. The experiments of Ghoshal* and of Sagane‘ 
in which an excited nucleus Zn™, prepared in three 
different ways—alpha irradiation, proton irradiation, 
and photon irradiation relative numbers of 
protons and neutrons which are independent of its 
mode of formation again speak persuasively for the 
importance of the compound-nucleus mechanism. 
Finally, it should be mentioned that the cross-section 


emits 


ratio for the production of isobaric pairs such as Fe 
and Mn*® in the irradiation of Cr*® with alpha particles 
up to® 40 Mev is nearly the same as that observed in 
the spallation of elements such as cobalt,® zinc,’ and 
with protons of approximately 350-400 Mev. 
In the latter experiments the relative yi Ids of isobaric 


arsenic* 


products are doubtless governed by an evaporation 
mechanism. 

\s part of a study of these phenomena we present 
results of an investigation of the interactions 
of alp and with Ni®*, With the 
Fe cross sections for the (a,p), (a,z), (a,pn), (a2), 
(a, 3n+p2n), and (a,2pn) reactions were determined. 
With the Ni®® cross sections for the (a,a’p), (a,a’n), 
(a,a’pn), and (a,a’2n) reactions—reactions that might 
well be expected to proceed at least partly through a 
direct interaction 


here the 


} 
I 
1 
t 


1a particles with Fe 


were determined. 
EXPERIMENTAL PROCEDURES 
A. Bombardments 


measured in the 
from the Brookhaven 
60-in. cyclotron by means of the stacked-foil technique. 


The excitation functions 


external alpha-particle 


were 


beam 


The absolute cross section values were all obtained by 
monitoring the beam intensity during each bombard- 


ment through the Zn® activity produced in copper foils 
interspersed in the target stack. The Zn® activity was 


S. N. Ghoshal, Phys. Rev. 80, 939 (1950 
*R. Sagane, Phys 85, 926 (1952 
J. M. Miller, G. Friedlander, and S 
98, 1197A (1955 
6 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 
W. J. Worthington, Jr., University of California Radiation 
Laboratory Report UCRL-1672, 1952 (unpublished 
sJ. B. Cumming, Atomic Energy Con 
6141, 1954 (unpublished 
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| the Ga® also 
produced in the copper foils during the bombardment. 


hit th 
Thus the 


measured after the complete decay of 


monitoring cross se 


on was the sum of the 
cross sections for tl , tions Cu®(a, 
Cut a,pn ZI | 


monitor reaction was mea 


and 
section for the 


2n)Ga® 
cross 
in a separate run with 
through the calibrated 
to the target probe. 


the internal beam use of a 
tegrator con! 
focused 1 of the cyclotron used for 
nts of tl and nickel targets was 
in.-di aperture. All 


were square foils 1.5 cm on a 


targets used 


B. Targets 


prepared from 0.5-mil 
rhe targets in the study of the 
of 6.5 mg/cm 


] 
¢ 


StaCK consisted ot 


sample of ferric oxide 

the Oak 

» the targets the oxide 
] 


ed and the iror deposited electrolytically 


Fe was from Ridge 


aboratory. To pr 

-oxalic acid elec troly te onto 

ind 0.5 mil in thickness. 

gs were used to monitor the 

ted target foil was weighed 

prior to the bombardment. After the bombardment 

id di [ with hydrochloric acid, the 
eighed. The 

amounts of copper 


ined the thi kness of 


weight 


ickness of the iron 


nean deviation of 


target 


C. Chemical Separations 


1any as four to six reaction products were 


in each of the nickel and ir a ts, chemical 


separation of the products | fractions was 


necessary. 
Following 


treated 


target foil 
7 ] + 1; ] 
1 Order tO CIsSsolve 
iron under carefully controlled conditions such that 
ly a smal previously determined) 
: 1; } 


ot the copp irget Da king was also dissolved. 


ined cobalt and 


loric acid solutions ntair 


amount 
The hydroc} 
nickel 
and gallium holdback carriers. 

The iror inl 
isopropyl ether extraction 
at id 


extraction il 1e@ aqueous 


arriers along with small amounts of zinc, copper, 


fraction was initially separated by an 
from an 8N hydrochlori: 
I 1 nitri 


solution that contained a little Re- 
phase, a series of three 


acid. 


] 


ferric hydroxid ipitations and dissolutions, and a 
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second isopropyl] ether extraction were used to remove 


contaminants from the iron fraction. Finally, the iron 


was precipitated as the 
onto pre-weighed filter paper disks, an 
determine the [ 


covered. The iron samples were then mounted on 


8-hydroxyquin filtered 


fraction of purified iron 
aluminum counting cards and covered with 
The cobalt 
remained in the aqueous phase during 
tion were then isolated from each ot] 
contaminants by a YF 
using an anionic exchange resin, Dowex-1.9 The 
cobalt and nickel fractions were the 
the sulfides, filtered onto paper disks, 
counting. After the various activities 
ured, chemical analyses were perform to determine 


ce llophane. 


and nickel activities 


series of ion ex 

purified 
precipitated as 

and prepared for 
had been meas- 


the chemical yield of each mount These 
chemical yields were determined colorim 
] 


procedure 


nickel by a dimethylglyoxims 
with ammonium thiocyanate reagent 
The nickel targets were dissol 

solution containing carrier amount 
zinc, the latter two fur 
carriers. The separation and analysi 
cobalt and_ nickel 
des¢ ribed above for the iron target 


and 
fractions wert 


Chemical separations wer¢ 
copper foils used to monitor t] 
bardments because of the rec 
activities into the Afte 
acid, cobalt and iron samples were ] 


copper targets by procedures similar 


copper. 


rhe zinc fractions wer 
nating activities by ion excl 
chemi al yields were dete rmil 
an alkaline sulfite solution 
not required for th copp 
determination of the monit 


abov e. 


D. Disintegration Rate Determinations 


Standards of Fe®®, Co®®, Co®”, and Z 
prepared and their disintegration rates d 
a large side-window 
counter of measured geometri 
included those for (1) absorpt 
by the Be c 
air between the 


argon-met 


the sample s, 
samp e ant 
counter efficiency ; 5) 

ion; (5 
of (1 


tron captures per disintegrat 


fluore scence vie 
half-life, (2) tluore 
electrons per disintegratior 
ing the counting rates of 
standards. 


K. A. Krau 
( nierence nN th 


Natior Ne 
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The amounts of Fe® activity in the various iron 
samples were determined by direct comparison of the 
samples and standard using the x-ray counter. 

The Co*® activities were obtained by measuring the 
samples relative to the standard with a Nal scintillation 
counter. The scintillation counting equipment included 
a single-channel pulse-height analyzer which permitted 
the determination of Co*® activity in the presence of 
both Co” and Co*’, Similarly, Co*” activities were de- 
termined relative to that of the Co*’ standard with the 
scintillation counter after subtracting the contribution 
to the observed activity due to Co®*® and Co**, 

The disintegration rates of Ni°® and of Ni*? were 
both obtained indirectly by allowing these activities to 
decay and then measuring their respective daughter 
activities, Co* 
indicated. 


and Co®*’, in the manner previously 


The counting rates of Zn® activity in those zin¢ 
samples which were separated chemically from the 
copper monitor foils, and hence contained no interfering 
activities, were determined relative to the Zn®™ standard 
with the Nal scintillation counter. 


h 


he radioactive products formed in those copper 


targets which were not subjected to chemical separation 


11 
were alit 


ywed to decay until the only activities remain 
ing, other than Zn®, were Ga and possibly Cu™ and 
Ni®. By raising the discrimination lovel of the puls« 
height radiations from Cu® and Ni! 

but about 1° of those from Ga" were rejected. 


total for the counting rates of thes« 
samples due to interfering a 


and 


) 
analyzer, all 


} 


correction 


tivities was less than 


Che Co disintegration rate 
calibrated 
The over-all 
} 


s were obtained by means 
Geiger-Mueller counter. 

this counting system was 
determined -, Na®4, and Co® standards, 
the disintegration rates of which were determined by 
ce counting. The accuracy of this calibration 
was checked by measurement of a Ni*? sample the 


end-window 
of 
by means of Na? 


of a 


efficiency 


( oinc ide I 


disintegration rate of which was subsequently obtained 
by scintillation counting of the daughter activity. Th 


Nu 


lear disintegration data used in computing 


gration rate x-ray ting 


cour 
K-electron 
cay K holes 


per dis 


tures A-conversi 
per cis electror I 


ntegration disintegration integration 
0.912 0.912 
2 0.332 
0.742 0.742 
1.800 


0.916 
0.891 O.891 


0.33 


ge 
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two disintegration rates so obtained agreed to within 
the known accuracy of the Ni®? ratio." 
Geiger counting was also to half-life 
values; a half-life of +().15 hr was observed for 
Ni’? and that of Co®® was measured to be 17.46-+0.08 
hr. The indicated errors ar 


branching 


used measure 
35.73 
estimates of the standard 
deviations based on four or five 


half-life. 


measurements of each 


CROSS SECTION RESULTS AND 
DETERMINATIONS 


The excitation function (cross section values) for the 


combined Cu®(a,2n)Ga® and Cu®(a,p2)Zn™ reactions 


was determined in a bombardment with the internal 
beam which included a measurement of the integrated 
beam current. To obtain the incident energy of the 
this excitation function, 
] 


le, was compared with the 


internal alpha-particle beam, 
on a relative cross-section sca 
same excitation function as measured by Porges." It is 
estimated that the resulting « 
within about 0.3 Mev at 30 Mev. 
the 
errors are predominantly systematic and the same for 
all of the Zn' Che 
counting and chemical analyses 
Although 


shown in 


nergy scale 
Che total errors in 


cross section values are approximately 10%. These 


is accurate to 


statistical errors due to 


amount to only 1-2%. 


samples. 


the shapes of the two excitation functions, 


Fig. 1, are in good agreement with each other, 


> cross sections for 
ns. The solid curve 
points is from this 


, ) 
Seaborg, Revs 
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there is an unexplained difference of a factor of 2 in 
the cross-section scales. In this connection it should be 
mentioned that the Porile and Morrison 
are in agreement with those of the present experiment. 
An excitation function for the production of Zn®® in 
the copper-foil backings and absorbers was determined 


during each of the iron and nickel bombardments. 


results of 


These curves were then adjusted on both of the co- 


ordinates of the Cu® — Zn 
the alpha-particle energies and the integrated beam 
current for the The uncertainty 
in these energy values is estimated to be no more than 
0.4 Mev at 30 Mev. 

The excitation functions for the Ni® 


presented in Fig. 2. The 


excitation function to give 


monitored reactions. 


reactions are 
statistical errors due to the 
assay of radioactivity and chemical analyses result in a 
standard deviation for these and the Fe* cross-section 
1-22 indicated in the 
In addition, a maximum uncertainty of +15% 


values of except as otherwise 

figures 

lue to possible systematic errors is ascribed to both the 
Ni*®* and Fe 

In n 1ese ctions as for those of all 

ctions were made for the 

ym one target foil to the next. 

nt of activity transferred by recoil as a result 


40-Mev alpha particles was about 


copper foils and up to 40% from 


(mb) 


SECTION 


CROSS 


aa p aan), (aa pn), 
ed portion of the (a. pn 
} th 


ng rate 


116, 1193 (1959 
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the 1-2 mg/cm? Fe* target platings. These percentages 
decrease with decreasing alpha-particle energy. 

By virtue of the chemical separation and of the 
counting procedures, interfering activity 
occurring in the products from Ni 
which is produced from Ni‘ 
counting 
The assumption that the excitation function of the 
Ni®™(a,ap)Co™ reaction is approximately the 
that of the Ni*(a,ap)Co” quite adequately accounts 
for the low energy (below about 30 Mey k 


the only 
targets is Co® 
and, in the scintillation 
procedure, is not distinguished from Co*® 
same as 


tail observed 
for the Ni**(a,apn)Co* reaction. An experimental check 
for the presence of Co™ in a Co 

the bombardment of nickel with 
indicated that the contribution of Co 
assigned to Co*® 


sample resulting from 
10)-Mev alpha particles 
activity to that 
would introduce an error of at most 
about 0.5% in the measured cross section at this energy. 
Fe* 
investigations was largely avoided by the use of enriched 
Fe*. The results from the Fe 
shown in Figs. 3, 4, and 5. The 
Fe**(a,pn)Co**® function below 
to the Fe*"(a,p Co' 
present in the targets. TI 
reactions occur with F¢ 


The problem of interfering reactions in the 


bombardments are 
very small tail on the 
14 Mev can be asc ribed 


0.8‘ of Fe 


ion with the 


react 
1e other signifi ant interfe ring 


whi h is pre sent to the extent 
of 4.4% as determined by proton-activation analysis. 
The increase of about 10 mb in the cross section for the 


Fe*(a,p Co*’ reaction between 35 and 40 Mev, 
to the Fe* 


is due 


(a,p2n)Co*’ reaction. If this is corrected for 


(mb) 


SECTION 


cross 


Fic. 3. Excitatior I 
of Fe. The dashed porti 
from correction of the o 


the (a,p2n) reaction 
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from the data of Tanaka e/ al." on the Fe®®(a,p2n)Co** 
reaction, then the cross section of the Fe*(a,p)Co*? 
reaction at high energies is given by the dotted curve 
in Fig. 3. An upper limit on the contribution of the 
Fe®®(a,pn)Co** reaction to the observed cross section 
of the Fe**(a,pu)Co** reaction is estimated to be about 
5%; a value for this correction of 4.0% was applied to 
the data. 


DISCUSSION 
Total Reaction Cross Section 


The dependence upon energy of the sum of the 
measured cross sections for the reactions of alpha 





particles with iron-54 is displayed in Fig. 6. The sum 
of the measured cross sections up to alpha-particle 
energies of approximately 15 Mev should be a good 
estimate of the total reaction cross section since it is 
unlikely that any reactions will compete seriously with 
the (a,p) and (a,z) reactions (the cross section for the 
(a,y) reaction is probably less than one millibarn, that 
for the (a,e’) should not affect this part of the curve 
significantly), both of which were measured. A com- 
parison of the sum curve up to 15 Mev with calculations 
of the reaction cross section based upon the continuum 


25 30 35 40° 


CLE ENERGY (Mev, LAB ) 


theory" and upon the optical model calculations of Igo ;. 5. Excitation functions for the (a,2pn) and 
eads to a continuum-theory radius parameter (ro) of 


between 1.65 and 1.70 f, and indicates a disagreement 
with the complex potential used by Igo. Although the 
poor energy resolution at the low-energy end of the 
excitation functions reported here diminish their useful- 
ness as measurements of a reaction cross section, 


correction for the energy spread in the beam caused by 
; 
| 


straggling would move the experimental points to higher 


energies because the reaction cross section increases 


more rapidly than the first power of the alpha-particle 


SECTION (mb) 


CROSS 


j 
rn 4 4 = - ——— J 
20 25 30 35 40 45 
ALPHA-PARTICLE ENERGY (Mev,LAB) 20 25. +30 35. 40 
1G. 4. Excitation functions for the (a,pn) and )F ALPHA PARTICLE 
a,2n) reactions of Fe™ ae P 
: ross sections compared with reaction 
S. Tanaka, M. Furukawa, S. Iwata, M. Yagi, H. Amano, ross tions computed from the optical model and from con 
lr. Mikumo, J. Phys. Soc. Japan 15, 2125 (1960) and J. Phys tinuum theory. The differ ! ence between 
Japan 15, 1547 (1960 the experimental curve and | 1 by the continuum 
M. M. Shapiro, Phys. Rev. 90, 171 (1953 theory with ro>=1.7X*10 m; alculated difference curve 
G. Igo, Phys. Rev, 115, 1665 (1959) the dashed curve) js from I 
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energy and thus make the optical model calculation 
even further divergent from the experimental values. 

The dip in the experimental 
from the 


curve as well as its 
deviation computed one at alpha-particle 
15 Mev indicate that 


there must be several undetected reactions which occur 


energies above approximately 


see the difference curve 


with significant cross sections 
6); the obvious candidates are the (a,2p) and 


reactions. Alt} 


have often beer 


these are both reac- 


assumed to be of negligible 


yugl 
nportance because of Coulomb barrier considerations, 
he observations presented here, which show that the 
is about two orders of magnitude more 
] anal +] t 
reaction and that the (a,a’-- - ) 


.pn) reaction 


cross sections of hundreds of 
targets, give 


strong suppt rt 
abc ve, 


Qualitative Remarks 
f the individual excitation functions for 
es with iron-54 nuclei are 

f the reactions proc eeded 
compound system with 

he ce nsequences of the 

rhus these data, except, 

[ a,p) and of 

ire the intro 

interpre- 

actions is the 


proton emission over 
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neutron emission, a point that is demonstrated in Figs. 
7 and 8 where ratios of cross sections are plotted as a 
function of alpha-particle energy. The significant prob- 
ability for proton emission that has been observed 
previously in proton induced reactions'® has led to 
the suggestion that the proton emission was to be 
somehow connected with non-compound processes and 
should, therefore, occur most markedly in proton 
induced reactions. The data presented here show clearly 
that there is no 


need to invoke these special 
compound 


| non- 
induc i d 


merely because of the significant reemission of protons; 


processes for proton reactions 
the preponderance of proton emission observed in these 
alpha-induced reactions is greater than that observed 
in any proton induced reactions that have been 
gated. The successful competition of 


investi- 
proton emission 
with neutron emission, which is only surprising if only 
the Coulomb barrier to proton el lission is considered, 
has been ascribed to the greater number of final states 
available to the product of proton 
that of neutron emission. 

The “knee” on the low-energy le of the (a,2n 
excitation function (see Fig. 4) | » been found by 
Tanaka ef al.," a: 
pound-nucleus theory, would ari 
sparsity of states within a few Mev of tl 
of Ni°® as compared to those of C 
quantitative formulation of thi 
Eqs. (2) and (3). This 
energy-level structure of C 
their 1: 


emission than to 


and, within the 


com 


source of oe differer 


r 
I 


1 
sections. Indeed, above ~35-Mev 
the (a,np) reaction 1s, by calcula 
likely than the (a,pm) reaction. Thi 


tion remains about two orders of n 
than cobalt-56 formation, not be 
in emitting the first neutron, 
second neutron cannot « ompete 
emission. 

The observation (see Fig. / 
a,p and 


cross sections for the reases 


with increasing energy after going minimum 
at about 18 Mev is probably t 
onset of the evaporation ol 
in this instance, the 
and more effectively by 
particle than is the (a,p 
investigated quantitatively 

The lower threshold for the ] 


reaction means that the 


for the 
ratio curve in Fig. 7 must turn 


up toward infinity as the bombarding is lowered 


that XISt In the 


his rise and other fine structure 


ratio curve at low bombarding were not 


observable in this experiment becau combination 


108, 768 
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of two factors: the poor energy resolution of the beam 

at the low-energy end of the stacked-foil target and the 
rapid decrease of the reaction cross section at low 

alpha-particle energies. 

The (a,a’---) reactions with nickel-58 were investi- 
gated to see if these reactions proc eeded through the 
inelastic scattering of the alpha-particle followed by 
the evaporation of particles from the residual excited 
nickel-58 nuclei, and, in particular, to see if these 
excited nickel-58 nuclei behave in the same manner as 
those formed by the capture of an alpha particle by 
iron-54. This mechanism is in contrast to one in which 
the emitted particles are “directly ejected” by the 
A comparison between the 
ratio of cross sections for the (a,a’p) and (a,a’n) 
reactions with nickel-58 with that for the (a,p) and 
(a,z) reactions with iron-54 as is illustrated in Fig. 7, 
as well as a similar comparison for those reactions 
involving the emission of two particles from the excited 
nickel-58 as shown in Fig. 8, suggests that the protons 
and neutrons emitted in the (a,a’---) reactions are 
evaporated subsequent to the inelastic alpha-particle 


incident alpha particle. 


scattering. The large values of the cross section ratios 
for the (a,a’p) and (a,a’n) reactions shown in Fig. 7 as 
compared to those for the (a,p) and (a,z) reactions 
indicate that the inelastic scattering of the alpha- 


1000 ——— 


o [wie® 


o [Ni9®(a a2n)Ni 


x (a-4 een 


o (a-3 BOMB.) 





4 


24 





E a (Mev,c.m.) 


a,c’ pn) and (a,a’2n) cross sectior 


«,2n) reactions with I’ 


n of ratio of 


’ with that for (a,pn) and 


mpariso 
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Es 
particles often leaves the nickel-58 with low excitation 
energies, so that the dashed curve reflects the behavior 
of the solid curve below about 6 Mev, a part of the 
that in this 
experiment. The ratio curve for the nickel-58 reactions 


curve was inaccessible to measurement 
given in Fig. 8 evidently corresponds to the part of 
the lies between 20 
and 24 Mev in the same figure. The 
the ratio at 
observed in the nickel-58 reactions for the 


curve for iron-54 reactions which 
rapid increase in 
lower bombarding energies cannot be 
Same reason 
as in the iron-54 reactions: The cross section becomes 
vanishingly small because of the overwhelming compe- 
tition of one-particle nickel-58. 
Whether or not the primary event, the inelastic 


particle, proceeds through com- 


evaporation from 
scat- 
tering of the alpha 
pound-nucleus formation is not immediately clear from 
these results. But it is worthy of mention at this point, 
that the very broad maxima which are exhibited by 
a,a'p 
as qualitative 


both the (a,e’n) and excitation functions and 
taken 
dire t-inte rac tion process, would also ¢ xist acc ording to 


h compound 


which might be evidence for a 


wit 


calculation nucleus theory because of 


the onset of the (a,na’ and a, pa’ reaction paths at 


highe r ene rec 5. y 


COMPOUND-NUCLEUS THEORY 


| 
ri 
tne 


id-nucleus theory for 
n this experiment have 
Dostrovsky, Fraenkel, 


1e Monte Carlo technique 


The pred tions of 
the reactions that were studied i 
been investigated by and 
Friedlander!’ who employed t! 
for the evaluation of the formalism as described by 
Weisskopf.® Figures 12 and 15 of 
that rather good agreement between theory and experi- 
ment was obtained. Not pre sented in their paper, but 
ions for reactions 
this 


and presumably account for the difference 


their paper show 


also calculated, were the cross sect 


leading to products that were not observed in 
expe riment 
are indeed of the 


curve in Fig. 6. The computed values 


rve as is shown by 
often true in 
ted curve is displaced 


l hictl 


ara nig 


same magnitude as the difference cu 


the dashed curve but, as 


sea. a . 
caiculation, caicul 


their a 
The shift tov 


toward higher energies er energies 


is expected from two features of their calculation. The 


neglect of energy states below the char 


ot the 


acteristic level 
inverse Cross 
bot! the 


potn 


and the approximate treatment 
section in charged particle emission will raise 
effective threshold for any given reaction. 

Che of 


describing the 


in 


, 
the ympound-nuc 


les of 


Success 


leus theory 


shapes and magnitu excitation 


functions encourages inalysis of more 


sensitive quantities such « ratio curve shown in 


This 


expre ssion for the ene rg) 


is easily done by integrating the well-known 


pectrum of a particle emitted 


I. Dostrov 
O83 (1960 


V. F. Wei 
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from an excited nucleus: must be distinguished: 


Tle const ).M 27+ 1 )oep(e» —?¢). (1) (a) kh 
: (b) k,l 
where M is the reduced mass of the system, J is the 


spin of the emitted particle, o is the cross section for (« 


the inverse process, € is the kinetic energy of the emitted . | , , , 
as where the calculation takes those nuclei that result 


particle in the center-of-mass system, p(em—e) is the , - os : ae sige 
, from the emission of particle 7 and possess an excitation 


density of energy levels of the residual nucleus at an 
excitation energy €m—e, and €,, is the maximum kinetic 
energy with which the particle may be emitted. In 


energy above S;’ as being unstable with respect to 
further particle emission. The quantity S,’ would be 
. ae mgs = expected to be larger than the separation energy of the 
the calculations that follow we shall take e , ig eee 
most loosely bound particle both because of the effects 
r2 of the Coulomb barrier and competition from photon 


const) eCXp| £d*(€p —e—) 
emission. 

ee Const), n Ree. Ms The partial width for the emission of one and only one 

charged partic le J for each of these situations is given 


by the integration of (1) with substitutions from 


(2)-(5 


These forms take account of the effects of neutron 
and proton number upon level densities in a manner 
that is by now standard and also make an effort to 
consider the energy states below the characteristic level, pP. = (const) M .(2] 
which is 6 Mev above the ground state. The numerical . 
values of 6 are taken from the analysis of Dostrovsky 

.'> as are also the expressions and parameters for (comet) M «(22 


article capture cross sections. These latter expressions 


for neutron emission, 


(const). 


well as the prest ription 


for computing the Coulomb barrier V;, are given in 


reference 18 ithin tk formulation three situations 


The corresponding expressio1 


and only one neutron are 


[ 2 const M,o 


2(const 


- 

N Mev Results calculated from 
tal and calculated energ 
am) cross section of Fe sections tor the (a,p) and 


excitation-energy depend 
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and S,, of the last 
for the listed nuclei.* 


Tasce II. Table of total binding er 
yroton and the last neutron, respectively, 


ergies 5 


Mev Mev) 


Isotope 


Ni58 . 12.7 
Ni 11.1 
11.¢ 


) 


wy Level Scheme A 
L. McGinnis, and R 


TID-5300 (U. S. Government 


10—A . compiled by K. Way 
van Li it, Atomic Energy Com 
ng Office, Washingt« 


lue of O for the formation of tl mpound nucleu 
ticle and Fe® is 6.39 Mev. 


are shown in Fig. 9. The Q values that were used in this 
computation are given in Table II. The values of 6, 
and 6, were chosen by Dostrovsky ef al.'* to reproduce 
the experimental ratio at the maxima in the excitation 
functions U~22-23 Mev) 


ad 2.85. 


(excitation energy with 

\ comparison between the calculated and experi- 
mental results [corrected for the Fe®°(a,p2n) reaction 
shows three main points of interest: 

(i) The maxima in the calculated curves at about 
15.5 Mev of excitation energy are a direct consequence 
of allowing transition to states below the characteristic 
level. made for these states, the 
effective threshold for the (a,7z) reaction (S,+6,) is at 
14.5 Mev of excitation energy, which is higher than 

at of the (a,p) reaction (S,+6,+k,V,). Thus the 
ratio would approach infinity as U’ approached 14.5 
Mev. While the rather sharp maxima of the curves 


If no allowance is 


shown here are the result of the particular form chosen 
for the level density expression, the general property 
of going through a maximum depends only upon a 
rather abrupt change in the rate of increase of level 
de nsity with excitation ené rgy at some ¢ haracteristi 
energy above the ground state. The analysis and 
compilation by Ericson”’ of existing data on the energy 
level spectra of various nuclides within several Mev of 
the ground state show clearly that such abrupt changes 
do exist. 
that the energy spread in the beam at the low-energy 
end of the stacked-foil target would tend to obliterate 


any detailed structure in the ratio curve, it is evident 


Despite the fact, as was mentioned before, 


hat the experimental ratios do go through a maximum 
in roughly the proper region. (The dotted portion of 
the calculated curve represents an estimate of its 


behavior in the region where the approximate treatment 
ot « harged partic le cross sections fails.) 


ii) The quantities S,’ and S,’ are evidently decisive 
formalism, 
second rise in the ratio above 22.5 Mev. Neither of 


two 


to any attempt to reproduce, within this 
the 
the sets of quantities used in this calculation is 
particularly defensible, do illustrate the 
ce pe ndence of the calculation upon Sa. S.'. The 
first set, 11.6 and 11.1 Mev, is the neutron binding 
energies from Table II; the second set, 10.4 and 11.1, 
Nuclear Physics 8, 265 
Cameron, Can. J. Phys. 36 


but they 


and 


1958); 11, 481 
1040 (1958) 


| ricso!r 1959 


I 
\.G.W 
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and S, for Ni®’. It 
is evident that S,’>S," is a necessary condition for a 


is composed of S,+k,V, for Co*? 
minimum in the computed curves in the vicinity of 
22.5-Mev \ more as 


p 
and S,’ awaits better information on the competition 
betwen 


excitation. realistic estimate of 
photon emission and particle emission at 
excitation energies near that of the threshold for particle 
emission. 

(iii) As was pointed out by Dostrovsky ef al.,’* 
calculated 
maxima in 


the 
(a,p) to (a,n) ratio, particularly near the 

their not very 
sensitive to a. The agreement between experimental and 
calculated values in Fig. 9 evidently depends more 
critically upon S,’ and S,’ 

The ratio (T,.+T;, l',.o+I,,) represents the sum 
of the cross sections for the a,p and (a,z) reactions 
divided by the sum of the cross section for all reactions 


excitation functions, is 


than it does upon da. 


in which either a proton or a neutron is the first particle 
emitted. This is true because the I 
width for the emission of particle 7 


give the total 
In terms of the 
experimental data, this quantity may be approximated 
by 


(Co?+Ni 


Ni®6+ Fe®®+ Co+ Ni*), 


This ratio of experimental quantities is only an upper 
limit to the proper quantity becaus« 
the for the 
, and (age * reactions; 


it does not include 


(a,2p), 


correction 


cross sections the 


products of 


(@Na+:: but the 


calculated 
vhich nucleon 
d by further 





240 HOUCK AND M MILLER 


would surely not be more than 10-20% and is not of The alternative view of nucl 


mificance. The calculated curves shown — rejects at least the ‘statist largely 


itative si 
Fig. 10 exhibit appreciable sensitivity to a and to because of the asymmetry in the angular distribution 


S,' and S,’. Comparison between calculation and the — of outgoing particles that has been observed), but goe 


experimental points as displayed in Fig. 10, as well as further in its usual formulation, t-interaction 


a similar comparison with the results in Fig. 9, leads theory, and rejects the format f the compound 
t differently, t culation 


1 
best value of a~2 and to the higher value of S,’.  system.”* To put it « 


toa 
Che divergence between calculation and experiment cross sections for particul 
that sets in above 35 Mev, as exhibited in both Figs. 9 compound-nucleus theory d 


S 


and 10, may reflect the inadequacy of the detailed properties of the possible pr 
formalism used in describing the (a,p) and (a,n) only secondarily upon tl 
gies. The direction of the incident particle; while 
‘,p) and (a,7) cross sections target nucleus and the 
ugh at high energies) is roles. From the fact that 
a ‘‘direct-interaction” and Ni*’ are approximately 
| residual cross section. The results made by n+Ni°°,* p+Ni 
be consistent with a and a+Ni°* as in tl I 
3 


of the (a,p) the characteristics of 
decisive importance. Thu 
obtained in interpreting the d 
nucleus theory serve to fort 
etween calculated and experimental conclusion. 
over an ene! interval in which ACKNOWLEDGMENTS 
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Twice Forbidden Beta-Ray Transition of Co”+ 
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rhe high-energy beta-ray transition from the ground 
studied in a magnetic spectrometer. The shape of the beta-ray spectrum is foun 
expected for a “unique”’ twice forbidden transition from a 5+ to a 2+ level 


1.48-Mev transition is found to be 0.12 
igreement with the values found for the other “uni 


WO conflicting reports exist on the beta decay by 

the very weak twice forbidden transition from 
the ground state of Co™ to the 2+ first excited state of 
Ni. Keister and Schmidt! reported that their data on 
the beta spectrum could not be fitted with the “unique”’ 
shape factor characteristic of a A/ 
made what 
a AJ=2, no shape factor implying a spin of 4 for the 
ground state of Co. On the basis of their fit, they 
lated for the 1.48-Mev transition of 


3, no transition, and 
appeared to be a satisfa tory fit in terms of 


caiculated 


0.1594, 


an intensity 
Later, Wolfson 


could be fitted with the “ 


claimed that the beta group 
unique” twice forbidden shape 
consistent with the new evidence® that the spin 


}, However, Wolfson 


with the intensity of the 


tor, 
is indeed 5 rather than 
by comparison 
line of the 


nversion 1.33-Mev gamma-ray 


the intensity of the 1.48-Mev beta group is 


We have 


11 
us 


studied the beta spectrum of Co 


curvature, shaped magnetic field 
spectrometer. We used a strong source of about 15 mC 
i er to obtain data with good statistical accuracy. 

h the source was relatively thick (~3 mg ‘cm 


low-energy ~ 100% abundant group yielded a 
ight line Fermi-Kurie plot from 0.215 Mev to 
the end point at 0.314 Mev. The of 
is grou obtained by reconstruc ting the allowed 
spectrum from the ical Fermi-Kurie plot. 

he higher resolution in our instrument permitted us 


good stra 
relative intensity 
p Was 


Stalls 


to include in our analysis of the high-energy beta group, 


t program of the Office of 
ergy Commissio1 


hys. Rev. 93, 140 (1954 
1956 


DD Jetiries, Phys. Rev 


101, 1001 (1956 


The comparative half-life is log S3 fot 
jue” twice f 


state of Co™ to the first excited state of Ni® 
nsistent with that 
The relative intensity of this 
11.8 which is in clos« 


f Be and Na” 


was 


i to be ¢ 


den transitions 


the part of the spectrum between the conversion lines 
of the 1.17- 
the short stretch of spectrum beyond the 
We find that indeed the spectrum « 
“unique” shape factor implying a Al 
although a AJ=2, no spectrum shape cannot be com- 
pletely ruled out because of the sl 
data, the 
and the uncertainty of the end-point e1 
i 1)+k(Wo-U ha Y 
On the basis of a “unique” spectrum shape, 
1e relative intensity of the 1.48-Mev 
when compared 
Mev allowed beta | 
be compared with Wolfson’ 


our 1ntensily 


and 1.33-Mev gamma transitions as well as 

line Se 

an be fitted by a 
3, no transition, 


lort energy range of 
the parameter, R, 
ergy, Wo, ina 


definitive arbitrariness of 
tor. 
find 
beta transi- 
directly with that of 0.314- 
of 0.12 which is to 
lue of 0.01. As a check on 
culated the 
he 1.17-Mev gamma-ray 
the K 


Mev beta spectrum. 


we 
} 


for t 


tion, the 


group, a value 
measurements, we calcu internal 
conversl nm core ficient ol 

intensity of 
0.314 


transition by comparing the con- 


version line with that of the 


We obtain a=1.65X 10 


with Lne 


good agreement 
theoretical vali or ‘ ll as with other 
expe rimentally determi! 

Our measurements yield a value for the comparative 
-life of 12.97 compared with Wolfson’s 
* quantity which is expected to be a 

Al = 3, 


i aKCS 


value 
transitions is log fs%f 


of tl 


better constant for 


log ((S fol), Wh 


count e energy 


dependence of the shape lactor, in the integration 


her AJ =3, no transitions, 
and 11.9, re spe tively. 


over the spectrum. For two ot 
Be and Na 12.07 
For Co”, the present invest yields a value of 
11.8 whereas Wolfson would get a value’ of 12.8, which 


is almost an order of magnitude higher than the 


, logf 
wation 
average. 


Wolfson actuaily ports a \ higher value of 13.6 for 


ial error. 
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Magnetic Moment of the Proton in Units of the Nuclear Magneton* 


H. S. Boyne? anp P. A. FRANKENt 
The University of Michigan, Ann Arbor, Mic 


(Received February 3, 1961) 


easuring the magnetic moment of the proton in units of t 
10d differs from the work of others in that the cyclotron fre quency 
h a low-power absorption technique as a function of magnetic field 
ranken and Liebes is utilized to correct for shifts produced by electrostatic fie 
HO) /u,, = 2.792 8340.000 06. This determination is approximately 50 ppn 


vorkers 


INTRODUCTION ions is measured with a low-power technique developed 

by Franken and Rogers.‘ The observed resonance fre- 

ic moment of the proton in “uency exhibits electros a es oe a oo: eevee 
hundred parts per million (ppm). TI t 


evaluated with the magnetic fit 


to describe a new method for 


and discuss our prelimi- 
is in marked disagree- 


a d by other workers. nique developed by Franken 

his mantity is achieved by problem of electron Cy« lotron resonance 
° f the te j ion of ti POTor 

nuclear spin resonance ~ de iveeematron of the proto 

he proton cyclotron fre- Bohr magnetron. 


magnetic field H. This 
f the proton yw,, in 
2Mc. 


s arise from the 


In the present experime! 
performed in the range of 8000 1 
work currently being undert 
in a later paper, the 
m resonance frequency. permit measure mi nt st 
sorption is subject to signifi- ant ipated several fold 1 

the presence of inhomo- 
oe tie ete chiens A. DESCRIPTION OF THE EXPERIMENT 
: The cyclotron resonance 
Various forms ol sized cloud of thermal ene 
1 and operated in glectron impact ior 
modes. The ion cur- applying a weak rf 
function of fre- electric field is orient 


a meget ig: 
€ acceleration magnetic field and 


vith abuctal a 
Fadia electri sensitive to 


occurred at fre- the electric 
Mcby small but not — jons absorb 


is 
a 


iccounted for as a diminutio1 
simply an electric anal 


} ] 


cyt otron reso- absorption methods 


= ee : Spe 
1 ol erma technique is that the 


turbed by the power absorptior 


Hydrogen molecular ions (H 
protons H for r 
cross section for 


The conversion of 


requires only 
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M H 
Me 


Muy.*. The cyclotron frequency of Hy* is ~7.: 
sec in a field of 10 000 gauss. 

It is experimentally more convenient to measure the 
nuclear magnetic resonance frequency of deuterons wa 
instead of protons w,. Ina magnetic field of 10 000 gauss 
wa is ~6.5 Mc/sec as compared with 42.5 Mc/sec for 
w,. Since the deuteron and the (H»*) resonance fre- 
quencies are of the same magnitude, they can be 
measured with common apparatus. This is particularly 
convenient because the extrapolation procedure to be 
described requires reasonably rapid measurements of 
the frequency ratio at different magnetic fields. The 
measured ratio wa/w-(H»2*) is readily converted to the 


w.(H }s 


desired quantity w, 
Wp Mu dy Mp 


w.(Hs*) wa M+ w(H+) pn 
where w,/wy is the very accurately measured ratio of the 
proton and deuteron spin resonance frequencies. 
shifts in the 
cyclotron frequency three assumptions are made which 
are subject to experimental verification: (1) the ion 


In order to correct for the electrostatic 


orbit radii are small compared to distances in which the 
)) 


elLer trostati 


the electro- 
field is 
independent of the magnetic field in a chosen range of 


field 


field varies appreciably ; 


tic shift is small; and 3) the electrostati 


magnet Variation. 
When assumptions (1 


wn'’ that the experimentally observed frequency 


and (2) obtain, it can be 


tio w,’ wy is related to the desired quantity W/W by 
the expre ssion 

A 

1 


H 


where H is the magnetic field and A is a function only of 
electrostatic field distribution. This expression sug- 


of o3) ’ Ww 


he measurement 
hie ld. 


as a function of mag- 
linear 
with respect to 1/H? should be 
observed. Thus a linear ¢ xtrapolation to 1/ IT" 


determine w,/w 


If assumption (3) is satisfied, a 
cle pe ndence of w,’/w 
0 would 
Phe ratio w,’/wa 


1/H 


gauss and for wide ly varied electrostati conditions.. For 


has been studied as a function of 


for magnetic fields ranging from 8000 to 12 500 


each run, five to nine points were taken in this magnetic 
] . ] 


(i TTI li. 


deviations from a straight line dependence 


\nalysis of all the data indicates that any 
systematt 


are less than 1.5 ppm in this interval. 


B. ION CYCLOTRON RESONANCE 


wish to study the power absorbed by a cloud of 
field H and sub 


ted to a homogeneous radio-frequency electric field 


We 


ns situated in 


a uniform magnetic 


hogonal to 77. It will be useful to review some of the 
Boyne, Ph.D. thesis, 
, 1959 (unpublished 


1 


of Michigan, Ann Arbor, 


University 


OF PROTON 243 
conditions of this experiment in order to establish the 
magnitudes of relevant physical quantities. 

The cyclotron tube is initially evacuated to a pressure 
of ~2X 10-* mm Hg and the components are kept clean 
by repeated induction heating. Hydrogen molecular gas 
is allowed into the chamber by a control leak so that an 
operating pressure in the range of 5X10~7 to 10-° mm 
Hg can be maintained. Ions are created by electron 
bombardment with 40- to 90-v electrons in a beam cur- 
rent not greater than 10-° amp. The cross section for the 
ionization process is ~ 10 and the mean lifetime 
of an ion is typically ~10~ sec. This leads to a steady 


cm 


state of ~ 104 ions in the chamber. A steady state of 
~ 104 electrons is maintained in the chamber because of 
the The 


contributes negligible kineti energy to 


electron ionizing beam. ionization process 
the molecular 
the oscillating 


volt/cm so that the 


conservation) and 


~10 


ions (momentum 
electric field is maintained at 
mean energy absorbed by an ion at resonance is ~0.05 
ev [see Eq. (1 ) below 

If a uniform rf electric field of amplitude Zp and fre- 
quency w is applied transverse to a constant homogene- 
ous magnetic field H, the power absorbed by the ion 


cloud as a function of w is 


P(a (1) 


where .V is the number of ions created per second, e and 
eH Mc is the ion 
is a normalized distribu- 


tion function such that L(t)di fraction of V 


M are the ionic charge and mass, w 
cyclotron frequency, and L 
is that 
having lifetimes between ¢ and ¢+dt seconds. 
In the analysis leading to Eq. (1) it is assumed that 
the percentage linewidth of the observed resonance is 
whi 


small, ni assumption accounts for the absence of an 


antiresonant term as well as perturbation terms due to 
a component of rf electric field collinear with H.° The 
corrections required for linewidths observed in this ex- 
periment ar negligible compared with 


1 ppm. 


There are two very important implications of Eq. (1): 
t | 


completely 


1 The observed power absorption is symmetric in 


the quantity (w—w,), regardless of the lifetime distribu- 
tion function L(t). 
2) There is no explic it ce pe ndence of the power ab- 


sorption on the initial velocity distribution of the ions. 
Che velo ity distribution does play a role, of « ourse, in 
the determination of L(t). 


C. LIFETIME CONSIDERATIONS AND LINE SHAPE 


Expe rimental studies of the « yi lotron resonance indi- 
cate that there are two major contributions to the line 
shape. One is due to the inhomogeneous electric field 


present in the cyclotron resonance chamber and is dis- 


cussed in Secs. D and E. The other contribution is due 


to the finite lifetimes of the ions in the resonance 
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chamber and | 
[See Ea. 1 

The fa the lifetimes are so in- 
volved that no detailed treatment is attempted. Never- 


as no effect on the line-shape symmetry. 


tors which influence 


thel resting to note that the use of a lifetime 
function J derived from admittedly 
models of lifetime-controlling mechanisms 


does approximate the features of the experimentally 


1e1ess, 1t 1S Inte 


the 


observed line shapes. Owing to the high vacuum, the 


major lifetime-controlling mechanism is the time of 
igl from 
1e walls of the chamber which are perpen- 
tic field. That is, the time 
out of the chamber in a 
ipplied magnetic field. If an 
1 is applied in this direction 


decreases markedly, indicating that the 


ion some point in the resonance 


of the 
chamber to tl 
dicular to the applied magn« 


swept 


he ion is increased. 


nsider id 


three ilized models. The Z direc - 
1 Cartesian coordinate system is 
field and 


e chamber in the z direction 


e applied magneti 


nizes the hydrogen 
ic field and it is 
hamber the proba- 


‘nt dz ol the 


It is further assumed that 
} 


3 AXIS SO tnat 


nt along the z 


amber undergoes a uni- 


tion. Therefore, z= 4a, 
created 1 


nds before striking the 


in any element 


)) 


in experimental 
hat the comparison of 
sensitive test of 


cderivatiy sua ovides a more 


igreement line shapes 


P. A. FRANKEN 


Fic. 1. Plot of experimental ar 


A second model for the lifetime controlling mechan- 
ism assumes there is no electri: 
the chamber and that all 
component of velo ity Waa 

probability that an ion created it 


between / and ‘+d 1 


field in the z direction of 


with a 


1O! 


Seconds 18 


Therefore, 


Substitution of L 


P(w 
with a derivative 
P’(a—w 


where 


This derivative is compared with the experimental 
curve in Fig. 1. 
A third model can be readily developed 


with ¢ x pe riment 


which, be- 
cause of the disagreement confirms 
that the background gas is unimportant. This model 
1e lifetime controlling mechanism is duc 


tion then 


assumes that tl 
to gas collisions. The lifetime distribution func 


becomes 


is the mean time 


8) yields the Lore 


where T 
Equation 
P(w 7 


h a derivative 


1 
where a 


Equation 
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shape derivative are plotted in Fig. 1, where the pre- 
dicted and experimental curves have been normalized at 
their maxima. The experimental line shape corresponds 
closely to the wall collision broadened models in contrast 
to the gas collision model. It would be fallacious to draw 
important conclusions on the basis of these models as 
they are so idealized. However, the relatively good 
agreement suggests that lifetime mechanisms related to 
these simple forms do play a decisive role in deter- 
mining L(t). 


D. EFFECT OF STATIC ELECTRIC FIELDS 


A homogeneous component of static electric field 
parallel to the magnetic field will accelerate the ions in 
that direction and a transverse component will cause 
them to drift in a direction perpendicular to both fields. 
Thus a static homogeneous electric field alters the ion 
trajectories, and consequently the lifetime distribution 
L(t), but it does not produce a shift in the cyclotron 
resonance frequency, nor does it affect the symmetry of 
the resonance line. 

The effects of an inhomogeneous static electric field 
arising from space charge as well as applied potentials 
have been considered by Liebes and Franken.*:* They 
have shown that the observed frequency of maximum 
power absorption w’ is related to the true cyclotron 
frequency w, by the expression: 


Me 0k, 
1- darpy— 
2eH?? Oz 


(11) 


where the and (0F,/0z2)» are evalu- 
ated at the orbit center. The assumptions employed for 
this derivation are that the frequency shift is small and 
the ion radii are small compared with distances in which 
the electric field varies appreciably. 


charge density p 


E. EXTRAPOLATION PROCEDURE® 


For convenience, Eq. (11) is rewritten in the form 


Mec 
i- ge (22) 
2eH? 


Ok, “ZOE, 0k, 
lorp - + 
; 0z J 9 Ox Jo oy 


Since the field term I is a function of position within the 
chamber, Eq. (12) expresses the spatial dependence of 
w’. Multiplication by 1/wa yields 


Me 
Wi) 1 — r a (33) 
2eH? 


®Some of the analysis in this section duplicates material in 
reference 6 and is included here for completeness. 


MOMENT OI 


PROTON 945 
If Tis independent of the applied magnetic field, over 
vs 1/H? in that 
to the value w,/wa at 


a specified range, then a plot of w’/we 
range will extrapolate linearly 
1/H? 


present experiment since it provides the only feasible 


0. This extrapolation procedure is basic to the 


from the measured values 
The assumption that I is independent of H is 
to experimental verification, as discussed in 


method of determining w,/wg 


, 


We / Wad. 
subject 
Sec. N, but it will be examined brie fly now in order to 
obtain some a priori justific ation for its ¢ mploy ment. 

~ 200 
times smaller than the dimensions of the cyclotron 


At ~ 10000 gauss, the cyclotron ion radii are 


resonance chamber. Therefore the decrease in orbit size 
as the magnetic field is increased should have very little 
effect on the ion space charge distribution. However, the 
transverse drift velocity of tl 
magnetic field variations and the excursions of the ions 


of the ions is sensitive to 
caused by this drift must be considered. Typical life- 
times are estimated to be ~10~ sec from independent 
and signal strength. With 


chamber, the 


considerations of linewidths 
~10# ions residing in the charge 
fields are ¢ xpe ted to be less than 1 v/cm. For an aver- 
age electrostatic field of ~10~* esu and H=10' gauss, 
lem. The geometry 
of the electrostatic field suggests that this displacement 
of the orbit rather tl] 


Since the dimensions of th¢ 


space 


the ions will drift a distance of ~ 10 


center is circular in rectilinear. 
chamber are of 
the order of 1 cm one expect that the electric 
field term I’ should be rel to H. 


Inspection of Eq. Snow thi if all ions in the 
| 


resonance 
tively insensitive 


chamber exhibit ‘ir maximum power absorption at 


the same frequency w’, the power absorption curve is 


symmetric about the frequency w=w’. Such a curve may 


be re pre sented by the 


expression 


P(w (14) 


where small values of the 


inewidth parameter @ are 


associated with broad resonance lines. In general, how- 
ever, the frequency w’ is a function of position within the 
chamber. Therefore, 
Eq. (14) must be developed to relate the experimentally 
‘to the 


difference between 


resonance a generalized form of 


determined frequency of maximum absorption w 
. If the 
these two frequencies is denoted by 


true cyclotron frequency « 


15) 


(16) 


If a normalized distribution function o(T) is introduced, 


is that 
encing a field term I, 


cr 
4 fv a QW ‘4 ba) T 
‘ae 2H 


Two separate cases must now be discussed; that in 


where o(T fraction of ions per unit T expe ri- 


Eqs 12 and 14 yield 


P(w-—w (17) 
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which the primary broadening mechanism is the ion 
lifetime distribution and that in which the broadening 
is due to the variation of I over the resonance chamber. 

For the lifetime-broadened line, the linewidth parame- 
ter ais small enough (natural linewidth large enough) to 
e shape from being controlled 
by o(I’). Therefore, the value of éw can be determined 


as a approaches zero. Differenti: 
17) with respect 


prevent the resonance lin 


iting both sides of Eq. 


and setting w=wW : 


yields 


2H 


the derivative of y with respect to (ow—w 


l-induced frequency shift dw 
1 to the resonance linewidth, 


to give 
(20 


lue of T ) 
he distribution function o(T 


1h) id 


procedure 1s Valid. 


, and is not 
lon i 
ance broaden- 
he chamber, the 
argely by o(I 


xamin 
camin 


‘are now predomir ant 


irge and w has the 


pecomes 


ere fore ?1 


nstant. We see that the 
he distribution fun 
itk ine reasing H. 


s a frequency w=w 


tion 


; usually this is the point 


ot the tine 
SO 


of maximum power absorption which occurs for some 


AND fF. . FR 


ANKEN 


value, say A, of the argument in I 


- a, X27 ( 
,? VW 
“| 


This equation is identi a ce pe ndence 


on H so that the extrapolation ] ire is still 


valid 
It is possible to obtain ] 
broadening mechanism 
by examining the linewidth of 
H. For 


broadening the linewidth in cps dep 


function of magnetic field 


inverse mean lifetime and hen 
of H. For 
linewidth should be proport ion; 
Eq. (22). Most of the 
other of these depe ndences o1 
hada lH depe ndence of liney 
Handa for large H. 7 
there was a Irom elt 


broadening as H increased 


the electrostatl tie 


to 1 


runs di 


H. Son 


constant value 


transition 
re je ted because the extrapo! 

be valid under these « onditions 
such a transition should 
carried over a sufficie 
very small values of H 
predominate as does the lifet 
values of H. It is important 

the primary re 


polation proce dure in 


T \ ro 


t t { 
julrement 
occur within the magi 


taken. 


The expe riment 


not 


data art 


vestigation of 


SOOO t¢ 


» 12500 gau 
resonance varies 

ments have been performed for 
charge and trapping conditior 
of the extrapolation procedure, t] 
H, can be tested by exami! 
1/H)* for those rur 


field broade ning wa 


on 


no systematic devia 


and conclude tha 


meaningful. 


F. CYCLOTRON TUBE AND VACUUM SYSTEM 


An enlarged view of 
Fig. 2. The tube is 

vacuum seal. Molybder 
form the i ti 


0.03-in. 


plates of ( 
diam tungste! 
vacuum seal. The two 


1 


j671Nn noes 


SCTEeN 


covered fine tung 
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the tube is made from 0.004-in. tungsten wire wound ina 
helix. The helix has an inside diameter of 0.01 in. and is 
about 2 in. long. The axis of the helix is vertical and 
hence perpendicular to the direction of the applied 
magnetic field and the rf electric field. The screen grid 
and the plate form the ends of the resonance chamber. 
Che rf ground plate is shaped to form three sides of the 
chamber while the remaining rf plate is the fourth side. 

Two separate tubes were used in this experiment. One 
tube had a chamber of dimensions } X }X 1 in., the other 
tube had a chamber which was almost cubic, the length 
of one side being 4 in. 

Figure 3 shows the assembled tube mounted at the 
end of the vacuum system. Directly above the tube is a 
liquid air trap of 1-liter capacity. The vacuum system 
consists of a roughing pump, an oil diffusion pump 

G-25A), and a 3-liter liquid air trap. Mounted between 
the trap and the cyclotron tube is a leak made of thin- 
walled nickel tubing which, when heated, allows hydro- 
gen to enter the vacuum system. A brass bellows is 
inserted between the pumps and the cyclotron tube so 
that the measurements can be performed without 
moving the vacuum system. Under typical operating 
conditions the vacuum obtainable by this system was 
2X 10-* mm Hg as measured with a type VG-1A Con- 
solidated vacuum gauge. 

In order to obtain good cy¢ lotron resonances it was 
necessary to bake the plates of the cyclotron tube at 

ia 


white heat which was achieved by rf induction 


model-50 unit. 


almost 


1a Thermioni 


G. DEUTERIUM RESONANCE PROBE 


The deuterium resonance probe was made from a 
Lucite block. The liquid chamber of the probe was of 
the same shape and dimensions as the cyclotron reso- 
nance chamber. Several turns of No. 28 copper wire 
were wound around the chamber to form the coil of an 
rf oscillator tank circuit. The Lucite block was mounted 
in a l-in.-diam OFHC copper tube about 10 inches 
long which was situated as shown in Fig. 3. The top of 
was covered with 


the probe a thin-walled brass cap 


shown to be free of significant magnetic contamination. 


H. INTERCHANGE MECHANISM 


Although it would have been possible to perform the 
experiment with the cyclotron tube and the deuterium 
probe at separate points in the magnetic field this was 
not feasible because the extrapolation procedure re- 
quired the measurement of w,’/wa over a wide range of 
magnetic fields. The magnetic field derivatives are field 
dependent and can be reproduced only by careful 
cycling. 

Therefore, an interchange mechanism (Fig. 3) was 
developed so that the cyclotron and deuterium reso- 
nance frequencies could be measured at the same posi- 
tion in the magnetic field. To effect the interchange of 
the cyclotron tube and the deuterium probe a horizontal 
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9, 92 Screen rf Ground 


ged view of 


cyclotron tube 


sliding aluminum table was employed. The cyclotron 
tube and deuterium probe were mounted on the table 
with the centers of their resonance chambers placed 2 
in. apart. The sliding table is connected by a brass rod 
to an eccentric wheel mounted on the axis of a motor 
which is in turn mounted on the brass frame. Rotation 
of the wheel through 180° interchanged the position of 
the cyclotron tube and the deuterium probe. The 
interchange of the cyclotron tube and the deuterium 
probe was reproducible to within 0.05 in. 


I. ELECTRONICS® 


\ block diagram of the main electronic components is 
shown in Fig. 4. 

The power supply for the cathode, grids, and plate of 
the cyclotron tube consisted of a battery box and a 
voltage control panel from which dc voltages were 
applied to the tube. The filament was powered by a 


\= 


Fic. 3. Cyclotron ‘tube and deuterium probe mounted on 
mechanism. The apparatus to the left of the bellows 
can be moved back and forth by the motor. The nickel leak and 
to the right of the bellows 


interchange 


other magnetic componen 


d ar not shown 
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NARROW BAND 
t SENSITIVE 
DETECTOR 


AMPLIFIER 


f ] 
| OSCILLOSCOPE 


POUND KNIGHT] 
| OSCILLATOR | 


of cyclotron resonance apparatus 


20-kc/sec voltage source which was amplified through a 
Heathkit model A-9C audio amplifier. The plate current 
of the tube was regulated with a galvanometer-stabilizer 
circuit which controlled the filament temperature and 
provided a long-time current stability of ~1%. 

The rf plates of the cyclotron tube form part of the 
capacitance of a low-level sensitive regenerative oscil- 
lator similar in design to a Pound-Knight oscillator.” 
The rf oscillator voltage was amplified and detected, and 
the voltage level of oscillation was displayed on a 
Du Mont Laboratories type 304 oscilloscope. 

Utilizing the calculations of the ion power absorption 

Sec. B) together with an approximate model for the 
oscillator, the computed level of oscillation should 
~10% at the cyclotron resonance. The ob- 
served diminutions (signals) were usually of this order. 

Typical broad-band signal to noise of the detected 
resonance was 3:1. This was improved by a factor of 100 
with narrow-band techniques. 

The magnetic field is modul 


diminish 


ated at 35 cps at an ampli- 
tude which is small compared to the resonance linewidth. 
t the detected rf oscillator signal 
is then nearly proportional to the derivative of the 
power absorption curve and thus the point of maximum 
power absorption is indicated by a null in this signal. 

The he resonance line shape can be 
traced upon a Varian Associates model G-10 recorder 
used in conjunction with the narrow-band amplifier and 
a phase sensitive detector. 

A digi al display of both the Pound-Knight oscillator 
frequency and the nuclear magnetic resonance frequency 
Hewlett-Packard model 524-B 


The 35-cps component of t] 


derivative of 


is obtained with a 


tronic counter. 

The coil surrounding the deuterium sample is part of 
the tuned circuit of a sensitive regenerative oscillator 
discussed by Liebes and Franken.* The feedback is 
oscillation. The oscillation 
is attenuated upon passage through resonance and the 
detected signal is fed into the narrow-band amplifier 


adjusted to obtain low-level 


W night, Rev. Sci. Instr. 21, 219 


AND 


P. A. FRANKEN 
and displayed on the oscilloscope in the same manner as 
for the ion resonance. 


J. MAGNETIC FIELD APPARATUS 


A Varian Associates model V-4012 electromagnet and 
model V-2100 current regulator produces the magnetic 
field for this experiment. The pole faces of the magnet 
are 12 in. in diameter, separated by a 2-in. gap. Fields 
uniform to one part in 10° over a few cm’ are obtained 
in the range of magnetic field from 8 to 12.5 kgauss. The 
most serious departure from homogeneity occurs in the 
magnetic field direction (see Fig. 10 and the discussion 
in Sec. N). 


K. MEASUREMENT PROCEDURE 


The procedure followed in the course of a typical run 
will now be outlined. 

At the beginning of each series of runs the cyclotron 
tube was baked by induction heating for a period of 
~30 min. The cyclotron tube and the deuterium probe 
were then placed in the magnetic field and the hydrogen 
leak was activated by running a constant current of ~5 
amp through the nickel tube. 

The cyclotron resonance was observed at some high 
field value and the cy¢ lotron tube voltages and emission 
current were adjusted to give a symmetric resonance 
line. The symmetry of the line was determined by re- 
quiring equal amplitude of the narrow-band signal at 
the inflection points of the resonance curve. When the 
desired symmetry was obtained, the emission current 
regulator was activated. 

The procedure in determining w,’/wa at a particular 
value of magnetic field (a “‘point’?) commenced with a 
measurement of cyclotron resonance frequency with the 
tube situated in the center of the magnet. The deuterium 
probe was then moved into the center and the deuterium 
resonance frequency was determined. This procedure 
was repeated with alternate measurements of both 
resonance frequencies. Usually five cyclotron frequency 
readings and four deuterium spin frequency readings 
were taken for one point in a period of about four 
minutes. It usually took five 
magnetic field and adjust the frequencies for the next 
point. The emission current and the pressure of hydro- 
gen in the vacuum system were monitored throughout 
each run. 


] 


minutes to reset the 


The majority of the runs have been taken starting at 
field and increasing the field. 


Often at the end of a run the point corresponding to low 


a low value of magneti 


magnetic field was repeated in order to check for system- 
atic drift of either the emission current or space charge 
configuration. In several of the runs the points were 
taken in random order. No systematic shift 
order of data taking were detected. 


s due to the 


L. EXPERIMENTAL RESULTS 


field gradients (see 
Fig. 10 and the discussion in Sec. N), it was decided that 


Because of the z-axis magnetic 
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TABLE I. Raw data and intercept values. Column B: de cathode voltage of cyclotron tube. Column C: 


MOMENT 


OF PROTON 249 


de grid No. 1 voltage of cyclo- 


tron tube. Column D: dc grid No. 2 voltage of cyclotron tube. Column E: de screen grid voltage of cyclotron tube. Column F: de plate 
voltage of cyclotron tube. Column G: plate current of cyclotron tube. Column H: pressure of hydrogen in vacuum system. Column J: 


slope of straight line fit to data points on plot of w./wa vs 1/H?. Column K: 


raw data straight line intercepts at 1/H?=0. Column L: 


deviation of intercept value from the mean intercept value. Column M: mean-square deviation of intercept value. 


B ; D o . G 


VG ‘ , I, 


I 


pa 


0.3 
0.8 
0.3 


0.3 
0.4 
0.7 
0.4 
0.4 
0.4 
0.4 


0.3 


0.1 
0.0 
0.1 


We / Ww 


H ‘ , M 


Pressure 


10-° mm Hg 


0.9 
6 


165 969 
165 957 
165 944 
165 970 
165 927 
165 955 
165 944 
165 950 
165 958 


NR WwNMh 


165 O30 
165 972 
1.165 986 


Co kf © 
N= CSU = IW 


t & UI~I10\ Oh O 
i) 


165 978 
165 935 
165 950 
165 931 
165 956 


165 975 


hm Ww 


“IN 


Va 


Yo te te 


1.165 965 
165 965 
1.165 960 
165 O50 
165 966 


165 955 


Ww UTD Ww be be 


who 


y= 1.165 957 


Variance of a single run: s=15.1X10 


tandard deviation of the average: S \/N 


only the data taken with the small resonance chamber 
would be included in the determination of u»/un. How- 
ever, it should be noted that the average value of the 
extrapolated intercepts W.-/ Wa (1/H?)=0 for the 
small tube differed by only +4 ppm from that of the 
large tube. In addition, the deviations from the average 
value are somewhat less for the small resonance chamber. 

A total of 29 runs were taken with the small tube. Of 
these, five have been rejected for reasons which will be 


at 


discussed in Sec. M. Each of the runs contains from five 
to nine observations of w,’/wa at values of magnetic field 
ranging from 8000 to 12 500 gauss. (The graphs were 
actually plotted vs 1/va’, where vg is 6.5 Mc/sec at 


' - = — 





;. 4 xample of a poor run 


= 3 O8X 10-¢ 


H= 10 000 gauss. ) The ext rapolated interce pts of We’ Wad 
at (1/v,y 
squares straight line to the ra 


the 24 acc eptable runs 


0 have been determined by fitting a least 


w data points of each of 


and of the 
results obtained for the 24 acc« ptable runs is contained 
in Table I in which column K contains the raw data 
extrapolated intercept values w,/wa of 1 
fitted straight lines. The average value is 


A summary of the operating conditions 


he least squares 


1.165 957, 


(24) 


and the standard deviation of the average is 3.1 ppm. 





BOYNE 











Figures 5-7 show the 


good runs. 


details of poor, average, and 
aight lines obtained in each 
of the 24 a cepted runs. The 


that of one of 
] 


Figure 8 exhibits the str 
‘he dashed line on this plot is 
the five rejected runs. This run did not 
clearly violate the acceptance conditions, but was re- 
jee ted for reasons which will be discussed in Sec. M. 
Figure 9 is a plot of the linewidth of the cyclotron 
resonance vs 1/vq for extreme cases of lifetime and 
electrostatic broadening. Of the 24 accepted runs, the 
linewidths in thirteen were primarily due to electrostatic 
broadening and eleven were due primarily to lifetime 


broadening. 


M. REJECTION OF RUNS 


Four conditions had to be met for the acceptance of 
} 


each run: 

1. The pressure of hydrogen in the vacuum system 
had to be stable within 20% throughout the run.! 
2. The emission current had to be constant within 1% 
throughout the run. 
3. The width t tl la line had to be either 
constant or linear in the magnetic-field 
interval 
resonance line had to be 
preserved throughout the run. 


4. The symmetry of the 


Conditions 1 and 2 were established to insure that the 
total space ¢ harge in the chamber was constant. Condi- 
ions 3 and 4 are related in that t 
1e validity of the 


hey partially determine 
assumptions stated in Sec. E: 


I 
1) the electrostatic field term T is independent of the 
magnetic field, and (2) the ele trostatic field distribution 
o(I') remains constant throughout the run. 

Of the five rejected runs, one run violated conditions 


two runs violated condition 3, and one run 


The 


e 
1 and 2, 
violated 


shown as a dashed line in Fig. 8. There is no clear basis 


( ondition 4. 
| 


remaining rejected run is 


1! Tt was difficult to provide a 
better than 20°, throughout each rur 
ve have verified that the cyclotror 
shift significantly with variations in 


pressure regulation consistently 
In separate experiments, 
resonance frequen v does not 


pressure of the order of 20° 


FRANKEN 
TABLE II. Sources of error 


ated 
70> confi 
Source of error interval 
Error in estimating line-shape symmetry 
Error due to magnetic field inhomoger 
Possible deviations from linearity and 
intercept correlation effect 


1 
? 
3 
Total 70% probable error=| (6 


12 By 70°% confidence interval is me 
we believe there is a probability of 0.7 


i 
‘u 


have attempted to estimate an interval 
source of error and have compounded the 


for the rejection of this run under the 
above and the plot is a straight line 
ever, rejec ted for the following reasons: (1 
lated value of w wa at (1/H 
away from the remaining twent 


the ¢ xtrapo- 

0 for this run lies far 
y-four runs; (2) the run 
has the same characteristic features as the run 
ously rejected on the basis of the fourth condit 


previ 
and 
(3) the run is not reproducible. It is possible that 


ion; 

blall, 
accidentally, some ferromagnetic material was situated 
so that it was systematically moved during this run. If 


this run is included with the remain average 


value of w./wa is shifted by 2 ppm in ection as 


to increase the discrepancy bet we 
experiment and the currently accepted va 


ults of this 

If the extrapolated end points of the five rejected runs 
are included with those of the accepted runs, th 
ly 1 ppm 


average 


value of We Wa is decreased by oO! 


N. DISCUSSION OF ERRORS 


The standard deviation for the average value of w,/w4 
is +3.1 ppm. We do not believe, however, that 3.1 ppm 
represents a realistic 70% probable error quotation for 
this experiment. It is our opinion that there are three 
major contributions to the tota 
are summarized and compounded 

These sources of error are disci 


sections. 
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1. Error in Estimating Line-Shape Symmetry 


The experimental signal-to-noise ratios were such that 
the line symmetry could be estimated to the order of 
1.5% of the linewidth. For typical operating conditions 
the half-width of the resonance line was 3.5 kc/sec at a 
resonance frequency of 7.5 Mc/sec so that the typi al 
fractional linewidth Av/y was approximately 5X 10™. 
Thus the symmetry of the line could be established to 
within +7.5 ppm. Following careful consideration of the 
role of the line shape symmetry in this experiment we 
believe that a realistic 70% confidence interval to be 
associated with this effect is +6 ppm. 


2. Error due to Magnetic Field Inhomogeneity 


It was found that in the space occupied by the reso- 
nance chamber the magnetic field inhomogeneity was 
much larger in a direction parallel to the magnetic field 
than in the perpendicular plane. Figure 10 exhibits a 
plot of the magnetic field as a function of distance from 
one pole face to the other for fields of 10 000 and 12 500 
gauss. Measurements of this gradient were made with a 
small nuclear magnetic resonance probe. It is seen that 
the maximum disparity in the field is 30 ppm for the 
large chamber and 16 ppm for the small chamber. 

This field gradient would have had no effect on the 
determination of w,/wa if both the cyclotron and the 
nuclear resonance frequencies corresponded to the same 
average magnetic field. Because of the short relaxation 
time of the deuterium sample it is known that the center 
of this resonance does corre spond to the mean value of 
field over the volume of the sample. 
However, the distribution of the ions within the reso- 


the magnet 
nance chamber is not known so that the same corre- 
sponde nce cannot be demonstrated. For example, it is 
possible the major contribution to the cyclotron reso- 
nance absorption was due to ions clustered at the center 
or towards an edge of the chamber. Upon examination 
of Fig. 10 it can be seen that relative shifts in the ratio 
of effective magnetic field for the two resonances could 


x 


Fic. 9. Plot of two linewidths vs 1/// 


lhis averaging effect is the same as that discussed in Section I 
nd is discussed in some detail in reference 6 
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Therefore we 
apply no correction to the mean data of the experiment 


be as large as 7 ppm, and of either sign. 


and we consider that +5 ppm is a conservative estimate 
of the 70° confidence interval for this effect. 


3. Possible Deviations from Linearity and the 
Slope-Intercept Correlation Effect 


To test the validity of the straight line hypothesis, a 
from all of 
following way. Adjacent data 


composite line was constructed the ac- 
ceptable raw data in the 
points on the plots of each of the 24 runs were connected 
by straight lines. line 


Four equally spaced vertical 


segments were then constructed on the graph of each 
run, and the intercepts of these vertical lines with the 
straight line recorded. 


Fig. 11 


tained at the position of each of the vertical lines on the 


segments were The points of 


_ 
ot these 


represent the average interce pts ob- 
individual graphs. The magnetic field values of the four 
points on the plot correspond closely to values at which 
the data were taken in each run. 


The intercept at (1/ 7° 
ral line through the four points is 


0 of a least si juares adjusted 


1.165 956, 


We W 


which agrees, to within 1 ppm, with Eq. (24). 

The maximum deviation of any of the four points 
from this straight line is 1.4 ppm, and the mean devia- 
tion is 1.15 ppm. The points of the 24 runs used in 
making the composite have a mean deviation from their 
least squares straight lines of 6 ppm. If the straight line 
hypothesis is indeed valid, one would expect the mean 


deviation of the points of the composite to be 6/(23)? 
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1.25 ppm, which is in very good agreement with the 
observed 1.15 ppm. Additional independent support for 
the straight line hypothesis is provided by comparing 
the 3-ppm standard deviation of the intercept in Fig. 11 


> 


with 3.1 ppm standard deviation of the average of the 
intercepts of the 24 separate runs. 


Although the proper application of statistics to this 
experiment is limited, we believe that this analysis 
suggests very strongly that there were no large system- 
atic deviations from straight line behavior. Furthermore, 


s provide additional evidence that there 


these statisti 


were no random displacements of the separate lines 
caused, for example, by a 


tamination. 


varying magnetic con- 

Unfortunately, the departure from a straight line does 
not have to be very large in order to seriously affect the 
value of the extrapolated 1/H#?=0. A 


confidence interval for the extrapolated end point can be 
a Ee ee 


at 
al 


point W-/ Wd 
examining the nonlinearity of the composite 


in some idea of the degree of nonlinearity of 


e composite line, a least squares adjusted quadratic 


1oOn 


26 


was fitted to the four 


ine the composite line. 


The mean deviation of the points of Fig. 11 from this 
curve is 1.0 ppm, which is to be compared with the mean 
deviation of 1.15 ppm of the points from the straight- 


pol ited end point 


\ND P. FR 


A\NKEN 


which is to be compared with Eq. 
ppm discrepancy between the extrap 
of the straight line and t] 


end | 


However, 


\OINTS 
e quadratic curve 
if the two higher points of the composite line are moved 
by as much as one standard deviation 

discrepancy is in the opposite directi 


regarded 


quadratic curve cannot be 
significant. 
Of major concern to us is the apparent 


between the intercept and the slope of « 
is exhibited in Fig. 12. Runs of shal 


OW SLODE 
I 


intercept values than do those of steep slope. We 


that this effect may arise from the possibi ity 


electrostatic fields within the Vi lotron reso 

ber are not constant over the magnetic field intervals of 

each run due to the field dependent drift of t 

within the chamber. (See Sec. E.) It i 

this correlation effect is entirel 

Franken and Liebes® 

electrons in which experiment t 

justification of the independenc 

with variation in magnetic fields. 
We must therefore consider 

electrostatic field term T in ] 

on magnetic field. That is, 


e 10ns 


on the cy 


H 


where Ip is indeper dent of H, 
upon the experimenta 
from Eq. (12) that the only way 
dependent term /(#) could contril 
the intercept without produc 
ture in the runs would be if thi 
to H’. 

In order to develop meani 
form of f(H), two 
satisfied : 


im] 


1. The models explored for 
electrostatic field dependence o 
meaningful. 

2. The models must also pred 
with the rest of the data of tl 


those dealing with the linear 


runs discussed earlier in thi 


Since the electrostatic shif 
larger than the suspected error i 
believe that the term f(#/) is small 
that a perturbation approac! 
tion is presumably due to a 
migration of the ions caused 


components of electrostatic 





MAGNETIC 


instantaneous drift velocities in such circumstances are 
directly proportional to FE and inversely proportional 
to H. 

Since the charge distribution within the resonance 
chamber is not known we have considered many models 
that are compatible with the available information. For 
example, we can examine the effect of increasing mag- 
netic field on cylindrical beams, on charge clouds that 
have dimensions very small compared with the chamber, 
diffuse clouds largely filling the chamber, etc. In these 
examinations we have performed expansions of f(/) in 
direct and inverse powers of H and have found that the 
leading term in such expansions is always proportional 
to H or 1/H. Terms proportional to H? also occur, of 
course, but these terms are smaller than the leading 
linear terms. Thus, in order to have significant effects 
due to H* terms there would have to be linear terms 
large enough to produce curvatures in the runs which 
are completely incompatible with the data of the 
experiment. 

If leading terms in f(#) proportional to H or 1/H are 
introduced in Eqs. (28) and (12), it is found that shifts 
in the extrapolated intercepts as large as 15 ppm can be 
produced without introducing curvatures in excess of 
1.5 ppm in the magnetic field interval of this experi- 
ment. We believe that such terms may account for the 
apparent correlation shown in Fig. 12. 

It is our opinion that the effects discussed in this 
subsection could not produce an error greater than 25 
ppm without coming into striking conflict with the large 
body of experimental data. Since the shift can be of 
either sign, depending on the physical models, we make 
no correction to the data and we consider that +18 
estimate of the 70° confidence 


ppm is a realistic 


interval for these effects. 


4. Negligible Sources of Error 


We have explored the errors that might be introduced 


€ variation in the hydrogen pressure during each 


the shifts that can 
tamination of the equipment, and the magnetic effect of 
the filament heater current.’ We have concluded that 
the cumulative effect of these errors is less than 1 ppm 


occur due to magnetic con- 


and is therefore ignored in the estimation of the total 
error interval of this experiment. 


O. REDUCTION OF w,(H:2*)/@: TO u,/u 


The ratio w.(H.+t)/wa is readily converted to 


Bpy(H2O) /u 


H.O) M(H nu, (HO) 


w,(H M(H") My 

where w,(H,O)/w, is the measured ratio of the proton 
and deuteron spin resonance frequencies, M(H*) 
M(H,*) 1 


u»(H.O)/p, 


a very accurately known mass ratio, and 
is the magnetic moment of the proton (in 


MOMI 


NT OF PROTON 
water) in units of the nuclear magneton uncorrected for 
diamagnetic shielding. 

The measurement of the ratio of the proton and 
deuteron spin resonance frequencies was performed at a 
constant magnetic field of 5000 gauss by interchanging 
the deuterium head employed in the measurement of 
with a proton head. It will be recalled (Sec. G) 
that the deuterium sample was made cubic and was the 


We/ Wad 


same size as the cyclotron resonance chamber. The 
deuterium sample was D.,O doped with 0.33 molar 
CuCl,-2H,O. The proton sample was cylindrical with a 
length-to-diameter ratio of 1:1 and a volume nearly 
equal to the volume of the deuterium sample. The 
proton sample was H,O doped with 0.01 molar CuCl, 
and was mounted in an OFHC copper tube of the same 
size and shape as the deuterium probe. Measurements 
were made by interchanging the position of the deu- 
terlum sample and the proton sample with respect to 
the center of the magnetic field. basis of 40 
individual determinations of w,/wa, the ratio is 


On the 


W p/ Wa 6.514 411+0.000 003. (30) 


This ratio has been determined by Smaller! for undoped 
H.O and D.O: 


w»/wa= 6.514 399 8+0.000 002 4. (31) 


The discrepancy between Smaller’s result and the 
present measurement is 1.7 ppm and is almost certainly 
due to the paramagnetic Cu** ions in our deuterium 


sample. The results quoted by Dickenson" for the shift 
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DATA INTERCEPT 

r each of the 


24 accepted runs 
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in the magnetic field seen by the deuterons paramagnetic 
Cu** ions indicates that the discrepancy is in the right 
direction and of the right order of magnitude. The effect 
of 0.01 molar CuCl, in the proton sample contributes a 
shift in the magnetic field seen by the protons of less 
than 3X10~* according to the experimental results of 
Dickenson. Therefore, the ratio @, will be referred 
to as the ratio for protons in pure water. 

The mass ratio of the proton and the hydrogen 


Wa 


molecular ion (neglecting dissociation energies) can be 
written ¢ 


S; 


M (H.*)/M,=2+(M./M,). 


Taking 


the ratio of the proton and electron mass as!” 


M,/M. 


1836.12+0.02, 
the mass ratio !(H.*)/M, becomes 

M (H;*)/M ,= 2.000 544 63, 
and the reciprocal of this number is 

M,/M (He 


0.499 863 88. (32) 


with an error of less than one part in 10’. This error is 
the error in the value 


negligible 
of Ww Wai. 
From Eq. (24) and Table II, the value of wy/w, is 


when compared witl 


w 0.857 665+0.000 017. (33) 


31), (32), and (33 
, the value obtained i 


HO 


When the results 
into Eq. 29 


are substituted 


u 2.792 83+0.000 06, 34 


by 
uncorrected for diamagnetic shiel 
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To convert the observed value (H.O 


u,(free)/u,, we may write 


Mu HM, to 


u,(free) w, (tree) 


uy(H QO) w,(H 


Ly My, w »( HO H 


The combined correction for w,(free H,O)!8-!9 
and w,(H2)/w,(H20)”"*! due to diamagnetic shielding is 
+ 26.1 ppm. When this correction is applied to Eq. (34), 


2.792 90+0.000 06. (35) 


u,(free My, 


P. REMARKS 
HO 


The results of the four determinations of u 
are listed below: 


Ly 


up(H20) /p 


2.792 68 
792 65 
792 68 
792 83 


0.000 06 
0.000 10 
0.000 O05 
0.000 06 
the other 


Our measurement and the averages of 


experiments is in disagreement by 50 ppm. 


value 


We believe that the principal liability of the present 
work arises from the uncertainty e correlation 
possible curvature effects discussed N. In 
this we are currently modifying the apparatus to permit 
measurements up to 20 000 gauss. This w 
extrapolation range by a factor of three 
that these effects, 
critically. 


in th and 


in Sec. view of 


- lu » th 
reduce tne 


Fig 


examined much more 


&) so 


SCC 


if real, can be 


18 N. F. Ramsey, Phys. Rev 
>G. F. Newell, Phys 
20H. A. Thomas, Phys 
21W. A. Hardy and I 
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Evidence for Sequential Two-Body Decay in Three-Body Decay of C” and B'+ 


E. H. BEcKNER, C. M. JONEs, AND G. C. PHILLIPS 
Rice University, Houston, Texas 


(Received February 27, 1961 


The reactions B"(p,«)Be® and Be*(p,d)Be® have been studied by employing monoenergetic protons, 
thin targets, and a low-background magnetic spectrometer to resolve the disintegration products. The 
continuum spectra of alpha and deuteron particles produced, respectively, in the reactions have been com 
pared to the generalized density-of-states function of Phillips, Griffy, and Biedenhart 


and good fits have 
been obtained. The density function was calculated from the experimental 


a.) scattering phase shifts 
The calculated S-wave density function for Be® predicts a low-energy anomaly. This anomaly has been 


observed and confirms the assumption of the model used to calculate this spectral shape 


three-body dec ay 
proceeding via a sequence of two body dec ay modes. 


INTRODUCTION where 


HE cluster model suggests that three-body nuclear p(En)=> 5(Eg—E [6:.(Ex)+¢(Ex,a)], (3) 


decay can be treated as a time sequence of two- 

body interactions.' A consideration of the three-body 

decay reaction with >), 6(Ez—E,) as the term which completely 

. determines p,(E,) if B contains only a set of sharp 

states at E,. Here 6,(£x%) is the phase shift for the 
as a sequence of two-body decays reaction 


> D*¥ 6+ C+., 


and 


has been shown to allow predictions about the cross oi(En,a 


section for emission of particles 6? In particular, if B¥is py 5. yp, ee ae eee Meee ae me 
. . - . IS | A ALL « Lit lila UO 
produced in a localized state of radius a and possesses 


only one channel for decay, c+C, whose scattering 


7 
I 
1 

} t 


phase shift 6, is shown, then the cross section for emission 
of particles 6 is determined largely by the density-of- and ral, initial state vector and 
states function, b+ B, Ep) is the final state vector. It should be noted 
td that a somewhat different form of the generalized 
© ee Parr ; density-of-states function p;(/2z) was also obtained by 
p [d.( hp QO Ep,a) |, (1 , AN. % - ° - . 5 
a dE Phillips e¢ al.2 when a renormalization of the final state 
wave function was employed. The form of the function 
where ¢,=tan"'(F,/G;) is a “hard sphere” phase shift. given in Eqs. (1) and (3) was obtained by extending the 
rhe assumption that the reaction method normally employed for discrete bound states® 
to include the continuum states by treating these latter 
A — D* — b+ C+ ; 
states as discrete. 
can be treated as a sequence of two-body decays re- This paper will compare these predictions to experi- 
quires the decay of D* to occur in such a manner that ment for the formation of the nuclear system Be* by 
the constituents of B*, c+C, remain inside the small deuteron and alpha decay of B"* and C™*, respectively. 
volume determined by the interaction radius a for a Two reactions leading to Be** have been studied in 
time at least slightly longer than that required for the an effort to explore the predictions of this density-of- 
emission of particle 6. The excited, localized, system B* — states function: Be*(p,d)Be** and B"(p,a)Be™*. Thus 
then decays into c+C. This mechanism effectively — for the first reaction the sequential decays considered are 
assumes that there is spatial localization in the produc . 
tion of the system B*. Under these conditions it is 
. 249 . ‘ and then 
possible to write” the c mplete expression for the cross 


section for emission of particles 6: 
a (Ep) pi Ep) For the second reaction the se quence of events con- 
sidered is 
ky, ae ‘Car ee, 
a B+ b, | B IT’ A ta, E4 4 2 < ; 
trehi\k. 4 G. C. Phillips, T. A. Griffy, and L. C. Biedenharn, Nuclear 
; Phys. 21, 327 (1960). G. C. Phillips and L. C. Biedenharn, Bull. 
+ Supported by the U. S. Atomic Energy Commission. \m. Phys. Soc. 5, 44 (1960 
1G. C, Phillips and T. A. Tombrello, Nuclear Phys. 19, L. I. Schiff, Quanium Vechanics (McGraw-Hill Book Com 
1960). pany, Inc., New York, 1949), p. 195 





BECKENER, JONES, AND PHILLIPS 


DEVELOPMENT OF THE PREDICTED 
SPECTRAL DISTRIBUTIONS 


The a—a phase shifts summarized by Jones e/ al.‘ are 


shown in Fig. 1. These consist of the work of Heyden- 
burg and Temmer® for incident alph: 
0<E,<3 Mev, Russell ef al.’ for 3: 
Jones e¢ al.4 for 5S Ex.S 9 Mev, and Nilson ef al. 
12< F,<20 Mev. The resulting dio/dE curve is shown 
in Fig. 2 along with d¢o/dE for various radii a. Figure 
3 shows the sum of these two functions for various a. 
Since the density-of-states function is required to be 
positive, it is seen that certain radii must be excluded 
from consideration in selecting the most suitable radius 
for the reactions. A surprising anomaly is seen to be 
ring phase shifts summa 


present in the energy region of about 0.5 to 1.0 Mev. The 
relative intensity of this anomaly to tl] 


1 to develop the density 
e ground-state 
group, and to a certain extent the sl! ipe of the anomaly, 
are determined solely by the radiu f interacti 


iu I action @ 


selected as appropriate . However, it 


any 
Be™* 


For both reactions the work by Jones ef a/.4 on a—a 


provided the necessary information about 
on - > “ . ‘ ait it TARGET THICKNESS « 65 KEV 

shifts 6, for the calculation of p;(/x-'). The 

Rice Unive rsity Van de Graaff accelerator prov ided the 
bombarding protons for these studies while the Rice 
University 180° magnetic spe 


} 


ctrometer served as de- 
tector of the de ay p irticles. Photographic plates were 
used in the spectrometer for these experiments. This 
permitted a careful study to be made of the energy 


regions possessing low cross sections. The targets em- 
ployed were thin, self-supporting Be foils for the Be’ 
experiment and enriched B" evaporated on thin carbon 
foils for the B" experiment. In both experiments the ei. 
° . . = - , cemTer *-waSS ENERGY 
target thickness was approximately 65 kev for the 
tion forming the ground state of Be’, _ Fic. 3. Predicted S-wave spectral 
leading to low excitations of Be*®. The 
averaged over a 65-kev target thick 
seh 4 radius generates the anomaly. It 
prone eS 8a that the radius a used in Eqs. 
GO. STATE WIDTH + 4.20 ev radius which one derives from 
— defined as describing the interactio 
system Be**+ produc ed partic le. 

In a similar way the Be* D-wave states ma’ at 
lated. Figure 4 shows the curves déo/dE and d@2/dE for 
various radii. Figure 5 shows the sum 2 db./dI 
+d¢2/dE. In developing the comp! sion for 
Tp) Ex) no consideration was given le next | 
term, mp4 (d/dE)(6,;+¢;), sit 
than either apo or mp2: in fact 6 
noticeable at about £,=10 Mev. 


It is also nec essary to account 


igher 


2 3 
OF - MASS ENERGY (WEY 


irable 


a ydenburg ar M 104, 123 
1956 

L. Russe 
135 (1956 
R. Nilson 
91, 1195 (1953 J. N. Snys 
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EVIDENCI FOR SE 


feature of this of reaction. In the case of 
B+ p— C"* — Be™*+ao and the subsequent decay 
Be** — a;+ae, it is seen that the end, detected, result 


is merely the three alpha particles ao, a1, and a2. Un- 


type 


fortunately these three particles are indistinguishable 
when detected on the photographic plate and the experi- 
mental alpha spectrum contains all three types of 
particles. The preceding calculations determine only 
the spectral distribution of ap, so it is necessary to 
calculate the contribution of a@,;+ az, in order to fit the 
experimental data. A similar situation is seen to exist 
for Be’+p — B"* > Be**+do, with subsequent decay 
Be**— a+a. In this case it is possible for B'* to 
decay via: B'* — Li®*+a and then Li® > a+d,. It is 
thus necessary to include the contribution of both d 
and d; when attempting to fit the theory to the experi- 
mental deuteron spectrum. The calculations of these 
effects are discussed in the Appendix. 

For the B'"(p,a)Be* reaction leading to D states in 


Fig. 6 shows the results of the calculations. In 


ic. 4. déo/dE and dds/dk for 
« center-ol-mass 
D wave a 


various a, as a function 
energy, where ¢2=tan7(F2/G2)| Rr » ane 
a scattering phase shift 


Fig. 6 are plotted two functions and their sum: the 
function N,» is represented by the curve labeled 
breakup alphas produced by the decay of Be™*, whil 
the function .Vo is shown as the predic ted yield of initial 
a particles emitted from the B '( p,ao) Be™ reaction. 
The total number of particles of type aj,2 is, of course, 
twice as great as the number of apo particles. The 
function mp2 was assumed to consist only of the term 


Tp»P= 


where P is the penetrability factor for the a emission 
under consideration. This curve neglects contributions 
to the breakup spectrum due to fo and fj; whose yields 
are small in the region of interest. 

\ similar calculation was made for Be®(p,do)Be** to 
determine the contribution of the reaction Be®(p,a)Li 


QUEN 


rirA!l rWwOoO-BODY 


ibution, for various 


Li®* — a+d,. The data of Browne and Bockelman? and 
Browne ef al.!® were used to compare the cross section 
for formation of Li! for Be 


ossible to get an approximate 
7} 


0). It was only 
comparison due to 
differences in bombarding energy and angle of detection. 
10, for Li‘ 
ain deuterons dy 
of do, the only allowed 
2.184, 3.560, and 4.520 
The only large contribution results from the 
Li*. i the 3. 


deuterons 


The value assumed was o[ Be’(0) |/o(Li™ 
excited to 2.184 Mev. In order to obt 
of the same energies as those 
levels of excitation in Li 


Mev. 


were 


level at 2.184 Mev in 
found to emit ¥ 
152] 


56 level has been 
rays rather than and the 
level is ve ry broad and weak.® The 2.184 deuterons 
contribute approximately 20°) to the deuteron spec- 
trum shown in Fig. 10 in the region 2.5<#,<3.5 Mev. 
Consequently the fit to the data in this region is quite de- 
pendent on the value taken for ¢[ Be*(0) |/oLLi®(2.184) J. 


Q-SPECTRA FROM 8 + P 
Eps 4.0 MEV 
TARGET 


THICKNESS * 65 KEV 


TOTAL @- SPECTRUM 
NITIAL p, @- SPECTRUM 
BREAK P a@-SPECTRUM 


7 * 
EXCITATION ENERGY IN BE® (MEV 


| Gc. 6. Predicted ° tates | ur I m B 


spectrum from B!!( p,q 


bp. The a 
Be** is ¢ imed to be re presented in this 
energy region by mp2 only. The spectrum results from 
the spectral distribution predi | by mp2 for the formation of 
Be**, The wo have been assumed t mitted with /=1; however, 
penetrability effects change the spectral shape very little. The 


idius a was 4X107" cn 


IC, P. Brow al : sockeln , Phy Rev 
1957 
wC.P 
Donahue 


105, 1304 


Browne, R. M ilhamsor aig 
Phys. Rev. 83, 179 


\jzenberg-Selove a 


, and DD. f. 


Nuclear Phys. 11, 1 
1959 
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COMPARISON OF THEORY WITH EXPERIMENTS 
The B''(p,a)Be* Experiment | amces a"p.e) BE® 


This experiment was performed at bombarding Eps 4.025 MEV 
energies of 3.025, 4.025, and 5.009 Mev, and the corre- 
sponding a-particle spectra are shown in Figs. 7-9. The 
targets employed were enriched B" evaporated on C” 
foils, with target thickness of 65 kev. The anomaly in 
the region £,~0.75 Mev referred to previously is best 
seen in the 4.025-Mev spectrum. This bombarding 
energy proved to yield the largest cross section for 
emission to the ground state of Be*, and consequently 


exhibits the largest anomaly. The theoretical curve was 


COUNTS 


normalized to the height of the ground state, and was 
then used to predict the height of the curve for excita- 
tion energies in Be’ of OC E,<1 Mev. 

Since the value of |(B+6, Ex H’! A+a, E,)\? was 
not known for these reactions, it was necessary to in- 


RELATIVE 


troduce a constant « to represent this term in Eq. (2 


Malh fRo\_ ] 
LKupo TT K2p27 K4p4 |, 
br-hi* \ k, 











Fic. 8. Alpha-particle spectrum resulting f t ith 
fp =4.025 Mev. The solid line i heoretical fit with xo/«2=0.294 


see caption for Fig. 7 





where xko=value of B+6, Ex H'' A+a for 
emission to the ground state of Be® for £, being con- 
sidered, ko=value of 3+b, Ep H’ ta, | for 
emission to the D state of Be’, and with x? assumed 
negligible for the region of interest. interference 
terms have been included 

found that the best fit to tl 


3.025 Mev, vo= 0.0765: 
4.025 Mev, cg=().294; 


5.009 Mev, <9 =0).0225 


The Be’(p,d)Be* Experiment 


This experiment was performed with / 5.205 Mev 
and employed a self-supporting Be® foil. It was neces- 





sary to use the highest reasonable bombarding energy 





because of the low Q value of the r tion. Conse- 
quently, only the spectrum of Fig was obtained 


This reaction clearly demonstrates the presence of an 

Fic. 7 pha-part nectrun ulting from b. with anomaly located in the region of / 75 Mev. The 

| = 3.025 Mev. Th lid ir ‘ eoretical fit with Ko/x ground-state group of deuterons was quite intense 
=) 0765 T tat pectrum 1s ¢ hown in g. 6. Contribu 
I I states in Be*® have been “A eae : . : 

duce a significant number of alpha: Ol Be*. This fact resulted in a substantial number of 


nterest. The S-state spectrum is asin deuterons emitted into the r | the anomaly. 
Ss a penetration factor for /=1 emission Th ‘ 
K 


relative to the group leading to the xcited state 


factor changes the spectral shape e best fit was made to this data with the ratio 


Ko 





EVIDENCE FOR SEQUEN 


INTENSITIES OF THE Be’ GROUND-STATE GROUP 
AND THE LOW-ENERGY ANOMALY 


It is of interest to compare the intensities with which 
the ground state of Be* and the low-energy anomaly 
are populated. Three points are of importance: (1) the 
D and G wave states in Be* cannot account for this 
(2) purely three-body decay 
for the anomaly 


low-energy anomaly; 


mechanism cannot account (see 


below); (3) the generalized density-of-states function 


can account for an anomaly in Be* excitations to S 


states at about 0.75 Mev (see Figs. 2 and 3). In addition 
the density function predicts the ratio of ground-state 
intensity to the low-energy anomaly. This ratio is pre- 


(25/0.55) 45 (see Fig. 3) for a 
/ 


dicted to be about 
65-kev target and a radius of 7.75X10-" cm. The ex- 
perimental values, taken from Figs. 7-10 are 10), 
<70, <60, and <60, respectively. The fact that these 
experimental ratios are in reasonable agreement to the 
calculated one lends additional credence to the assumed 
sequential mechanism. 


INVESTIGATION OF THREE-BODY 
EMISSION EFFECTS 


An invest 
accounting for the spectral anomaly found in_ the 
region of 0.75 Mev in Be* on the basis of a purely three 


igation has been made of the possibility of 











3 Me naa 

N ee? wey) 

Fic. 9. Alpha particle spectrum resulting from B'+), with 

Fy=5.009 Mev. The solid line is a theoretical fit with Ko/x 
0.0225. See caption for Fig. 7. 


I ‘ BOooOYyY DRCAY 


THEORY: 
GD. STATE RADIUS = 7,75f 
2.9 STATE RADIUS = 4,00f 
GD. STATE WIDTH *4,20 ev 


TARGET THICKNESS « 70 kev 


COUNTS 


RELATIVE 





es Sea 
N ENERGY IN Be (MEV) 


Fic. 10. Deuteron spectrum resulting from Be 
= 5.205 Mev. The solid lit theoretical fit with « 

The S and D states in Be® have been assumed to be formed by 

D- and § respectively. These factors 

istort the large excitation energy 

in Be’; ho anomaly at about 


the 
0.75 Mev 


vave deuteron emissions, 
spectral shape especially 


vever, they could not produce 


The calculation which was 
of Welton™ and Uhlenbeck 


and Goudsmit.'* The general approach taken in these 


body emission mechanism. 
made was similar to those 


calculations is to assume that the energy distribution 
of the three partic les derives from the probability of a 
particular distribution being proportional to the corre- 


sponding volume in phase space. The familiar result is 


where is the energy distribution for particle 3 of 


mass m3. E is the total energy available to the three 
and € 
\ is merely a normalizing factor. The predicted energy 
distribution for B'+p— a+at+a, with E,=4.0 Mev, 
11. This figure shows the function 
f(e;) plotted as a function of excitation in Be*. 

It is include Coulomb barrier effects 


particles m1, M2, Ms, is the energy of particle x. 


is shown in Fig. 


necessary to 


>We Day suggesting this 
analysis 

lr. A. Welton, private set of notes distributed by C. D. Moak. 

*G. E. Uhlenbeck and S. Goudsmit, Verhandelingen van Dr. P. 

Zeeman (Martimus Nijhoff, The Hague, Netherlands, 1935), 


pp. 201-211 


wish to thank Dr. Robert B for 
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B+ p —e avata 


E5* 4.0 MEV 


NUMBER OF ALPHAS 
°o 
wu 


10 


EXCITATION ENERGY IN BE® (MEV) 


for B TP? ~aTe?rTa, E,=4.0 
is assumed to depend only upon the 
ted distribution is shown as a 
in Be’ which would result from 
the san 


f e energies as the breakup 
ce) Be® 


t 
r 


reaction 


on this energy distribution. The three emitted alpha 
particles must all penetrate the barrier with a given 
set of energies. Consequently, the probability of mm, mo, 
bei 
termined by the product of 
penetrabilities P a P, 

tion determined by the usual phase-space volumes. The 
this distribution function has not 


and m i emitted with energies €;, €2, and e; is de- 
the three corresponding 


and the distribution func- 


calculation ot 


Rather, the simpler energy distribution 


exact 


been attempted. 
A,z=AVf P,OP,©P 


has been calculated. This function should exemplify 
the general natu f the three-body distribution func- 
tion. The assumption wa that for a given energy 
€, the partic les 2 and 3 obtained equal energies, €2= €3. 
The results of this calculation are shown in Fig. 12, for 


R=4F and R=8F, with /=0 emission assumed for all 


‘tp —= aerate 


* 4.0 MEV 


RELATIVE NUMBER OF ALPHAS 


4 Sa pee 
EXCITATION ENERGY IN BE® (MEV) 
from B'+p 


ution >atata 
sed on the distribution showr 


AND PHILLIPS 
three particles. A similar calculation was made for the 
case €:=3e3 rather than e.= es. These 
shown in Fig. 12 for /=O and R 
shape of the distribution is almost 
the manner in which particles 2 and 3 
energy E—e«,. 

These calculations show that the three-body emission 


results are also 
8F. It is seen that the 
independent of 
the 


share 


mechanism is totally incapable of explaining the spec- 
tral anomaly at £,~0.75 Mev in Be*. The alpha par- 
ticles being emitted to this region mt 
all of the energy present in the compound system; con- 
sequently, if these particles are to originate from a 
three-body emission then the other two alpha particles 
This requires that 


ist possess almost 


can possess only very small energies. 
the penetrabilities for particles 2 and 3 be so small that 
the probability of this event occurring is quite small. 


CONCLUSIONS 


The fit to the experiments shown in Figs. 7-10 seems 


to give good evidence for the validity of the approach 


} 


taken by Phillips ef al. 
decay.” Certainly, the spectral anomaly 
the region E,~0.75 Mev is present and i1 
the production of 


, in the treat 1 t of three body 
ted for 
1 indicates the 
importance of spatial localization in 
B* (here Be**). 

Several investigations were mad 
Figure 


A 
p,a)O”, 


there could be no other source of | IC] 
13 shows a spectrum made for the reaction F 
with £,=4.025 Mev and a target thickness of 55 kev. 
This spectrum shows that there are virtually no particles 
emitted ground-stati 
they are being emitted to a s 
induced by in 


below the intense group when 


Thus the 


harp state. 
anomaly was not strumental defects. 
Figure 14 shows the alpha spectrum taken of B 
Be’(0), Hp=4.025 Mev, with the same target used for 
Fig. 8 but with the target placed in its holder back- 


+ th 


wards. The purpose of this test 


pa 


no significant amount of B 


r%\P.a) 0 
E, * 4.025 Mev 
TARGET THICKNESS = 55 KEV 


NUMBER OF COUNTS 


Fic. 13. Alpha-particl 
FE, =4.025 Mev. Thi 

the background in t] 
particles The tai 

region smaller thar 





EVIDENCE FOR 


a" (P,a) Be® 


E,* 4.025 MEV 
TARGET THICKNESS « 65 KEV 


g 


ratio -8- + 0.0036 


—_4§—_, 


——88 


NUMBER OF COUNTS 


$ 


a 


° 


340 360 
MAGNETIC RIIDITY (KGAUSS- CM) 


ic. 14. Alpha-particle spectrum from B"(p,«) Be*(0), with the 
target used for the spectrum of Fig. 8 placed in its holder back 
wards. This experiment accurately measured the amount of B" 
present on the back side of the foil on which B" had been evapo 
rated. Particle group B results from boron on the back side; 
particle group A results from boron on the front side. 


side of the C® foil. This could have resulted in a group 
of alpha particles in the region E,~0.75 Mev. Figure 14 
shows that this effect was only 3.6X10~* and this 
could account for only about 10% of the low-energy 
anomaly shown in Fig. 8. 

The fit to the data of Figs. 7-10 is not very gor od for 
E,>3 Mev, but an extensive effort to fit this region 
has not been made. The exact shape of the 2* Be’ 
anomaly is very sensitive to small variations in the 
D-wave phase shift. In addition an inclusion of p, in the 
calculations of the cross section might have improved 
the fit. However, the real interest in these experiments 
was in the energy region OC E,<3 
energy region contains the predicted spatial localiza- 


Mev, since this 


tion anomaly. The experiments reported in this paper 
confirm the existence of this anomaly. No other explana- 
tion of the anomaly is known: for example, there is very 
good evidence that Be® has no in the usual 
sense at an energy of about 0.7 Mev. Thus it seems that 
the anomaly supplies indirect, but strong, evidence that 


“State” 


in these three-body nuclear decay processes the domi- 
nant mechanism is a sequence of two-body decays. 


APPENDIX 


The calculation of the spectrum of the breakup group 
of particles was made in the following manner. Figure 15 
isa diagram of the velo ity vectors for the reaction 


> +-, 
Let 


and 


d.\ 1,2 2p(E, tr Vy 2, 


) sinBdBbddX A « OSY 


where V tab a-partic le veloc ity detected by spectrom 
eter, V, center-of mass velocity of co. V o>=ve- 
locity of ao, Vs=velocity of Be’, Vii» 
and a», plF;) p(E,)Xpenetrability, and A 
ance solid angle of spectrometer. No represents the 


veloc ity of ay 


ac ept - 


SEQUENTIAI 


rTrWO-BODY DECAY 


il * = 
B+ p —=cl2—— peS+ a, 


— 
BEe_» a,+a, 





15. Vector diagram of the velocity vectors for the reaction 
B'+ p > Be**+ay; Be®* > aita 


number of partic les of type a and velocity V tab de- 
represents the number of 
particles of type ai,2 detected, with V;,, determined by 
the values of Vs, V;. 
reaction: 


tected (entering A). Ny.° 


| 
, and 8. From the kinetics of the 


if follows that 


1 unit, £, 


of excitation in Be® 


bombarding energy, 


Viart Vem. 


where mass of proton 
E,= energy and « 


Thus 


sll 18dB8 


and £,,;=lower limit of integration, determined by 
the velocity Vi,» for which N;,. is being integrated; 
E..= upper limit for which V; 2 is being integrated. 

It is possible to integrate this expression numerically 
for any particular value of Vj,, and Ey. The expression 
was evaluated for a number of values of V},, correspond- 
ing to the energies of emitted alpha particles ao of 
interest, and the result compared with the value of No 
for the same ap energy. A similar calculation was per- 


formed for the Be®(p,a)Li™; Li®* — a+d, reaction. 
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Nuclear Electric Monopole Transition in Ca‘*} 


N. BENCZER-KOLLER,* M. NessIn, AND T. H. Krvs! 
Columbia University, New York, New York 


(Received February 23, 1961 


Che 0* assignment to the 1.836-Mev, second-excited state in Ca* has been confirmed | 
lectric monopole electron-positron pairs and internal conversion electrons corresponding 
over transiti he ground state. The shape of the continuous positron spectrum from the £0 pairs, as well 
as the ratio R=9.0+ 1. 8 of pairs to £0 conversion electrons are consistent with theoretical predictions for a1 
£0 transition. 0.305-Mev internal conversion electrons were observed corresponding to the transitior 
etween the 1.836-Mev and the 2*, 1.523-Mev, first excited state. The ratio of 1.836-Mev to 0.305-Mev 
electron yields is 1.03+0.10. From these and other data the monopole strength parameter p was determit 
to } r a) 41 


oT elec 


ed 


INTRODUCTION but the ground state and the first excited state at 1.52 


oo AR electric monopole transitions between Mev were undetermined. It was assumed that the two 
two 0* states occur mainly by the emission of lowest levels would have spin and parity assignments 0* 
internal conversion electrons, or elec tron-positron pairs, and 2*, respectively, consistent with the systematics of 
since single gamma-ray emi ‘tee is absolutely forbidden even-even nuclei. The analysis of the y-ray spectrum 
et Pt hy gam ma decay is ¢ xtremely ‘ improbab le. The emitted in the dec ay of K* indicates that the 1.84-Mev 
determination of the matrix elements of electric mono- second-excited state of Ca decays by y-ray emission to 
pole transitions is of particular interest to the study of _ the first excited state, but not to the ground state. 
nuclear structure because these matrix elements are spin and parity of the 1.84-Mev state were 

very sensitive to the nuclear model chosen to describe assigned as 0* or 4*, both values bein; 

the interaction.! The absolute transition probability W the 8-decay selection rules. 

for EO conversion or pair emission can be written in Recently, various investigators 

erms of an electronic factor 2 independent of nuclear angular correlation of the cascade 
properties, and a ‘strength parameter” p which contains sively established that the spin of 


l 


the nuclear matrix elements: state is zero. The parity, however, cannot be 


from y-y angular correlation measurements 
If the parity is even, the level will d 
Che reduced electric mor opole transition probability ground state through three possible chan1 
© has been computed by several authors!‘ for various of FO conversion electrons, EO pairs, 
models of the nuclear charge distribution, and is rather very improbable mode which will 
insensitive to the details of the model. For Ca? (£= 20) vib le Pw and to the first excited I 
Q varies by less than 20% in going from a “Coulomb _ electric qué idruy yole transition and by y k2 
model” to a “uniform charge model.” An experimental 
determination of the absolute transition probability W, 
or W, will therefore yield directly the nuclear 
strength parameter p. 


i Q.-p* or HW ,*5-0". 


| 


or two y ray 
} 


radliatin ve 


I al con- 


The energy level spectrum of Ca® (Fig. 1) is well 
known from studies of the decay of K**,® and the mag- 
ic spectrograph analysis of charged particles in- 
ically scattered in tl a* pp’ Ca** reaction, 

or produced in the K*(a,p)Ca®* reaction? and the 


sc*(p,a)Ca** reaction.* However, the spins of all levels 


Fic. 1. Decay scheme of K 
as determ ined from the magr 
Ca®(p,p’)Ca®* reaction 


*H. Morinaga, N. Mutsuri 
1146 (1959). I. Asplund an 
1959 H. Einbinder and ( 
CU(PNPL)-203, 1960 un] 
Kraushaar, Bull. Am. Phys 
* H. Ryde, P. Thieberger, ar 
6, 475 (1961). 
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Fic. 2. Corrected spectrum of electrons emitted in the de 
excitation of the 1.836-Mev level in Ca®. The line at 0.833 Mev 
corresponds to internal conversion electrons emitted in the decay 
of the first excited state of the Fe®* in the target backing foil. The 
energies indicated are those of the electron conversion lines. 


The 
transition probabilities of the four major modes of decay 
of the second excited state, together with that of its 
mean life, yield the value of the absolute transition 
probability of any one of the four modes, in particular 
WW. or W,*.-, which in turn determines the value of p. 

lhe lifetime of the 0* state excited in the 8 decay of 
K* was measured by delayed coincidence techniques to 
(4.8+0.3)X10~" sec. 


version electrons. measurement of the relative 


be + 


EXPERIMENTAL METHODS 
The 1.84-Mev state of Ca was excited by bom- 
barding an enriched CaCO; (82.5% Ca®) target with 
protons from the Van de Graaff generator. The target 


was prepared by depositing a few wg/cm? of CaCQOy in 
backing 0.000125 in. 
hick. The powder was glued to the Deltamax backing 
with a drop of very dilute glyptol. The Deltamax foil 
was chosen because of its flat background in the region 


powder form on a Deltamax foil 


of interest. 

Electron and positron spectra were measured in the 
intermediate image spectrometer using a detector and 
charge selection baffle system previously described.” 

The electron spectrum (Fig. 2) exhibits three strong 
lines: the line at 0.833+0.005 Mev, which appeared 
with equal intensity when the Deltamax backing alone 
was bombarded, corresponds to the de-excitation by 
internal conversion of the 0.845-Mev first-excited state 
of Fe®®; the lines at 0.301+0.003 and 1.830+0,009 Mev 
correspond to the internal conversion electrons emitted 
in the cascade transition from the second to the first 

P. C. Simms, N. Benczer-Kolle 
121, 1169 (1961 

"The main constituent of Deltamax is iron. The foil was kindly 

supplied to us by Arnold Engineering, Marengo, Illinois 

K. Eklund, thesis, Columbia University, Columbia Report 
CU-196, New York, 1960 (unpublished). M. Nessin, K. Eklund, 
and T. H. Kruse, Bull. Am. Phys. Soc. 4, 278 (1959). M. Nessin, 
thesis, Columbia University, Columbia Report CU(PNPL)-201, 
New York, 1960 (unpublished 


r, and C. S. Wu, Phys. Rev 
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excited state of Ca*®, and in the crossover transition to 
the ground state, respectively.! 

The ratio r of intensities of the two Ca*® lines was 
r [7 (0.301 1 (1.830) 
stant at several proton bombarding energies between 3.9 


1.03+0.10 and remained con- 


and 5.2 Mev. This result supports the above conclusion 
that both the 0.301-Mev and the 1.830-Mev electron 
lines are emitted in the de-excitation of the same state. 

The positron spectrum is characterized by a con- 
tinuous distribution having an end point at 0.800+0,030 
Mev. This spectrum was observed at a bombarding 
energy of 4.37 Mev, first resonance for 
production of 3.35-Mev monopole pairs from Ca*.4 

In both the electron and positron measurements the 
activity background count with the beam stopped was 


below the 


observed immediately after each measurement. The 
electron activity was very low and practically negligible. 
However, there was a strong continuous background 
spectrum of positrons with an end point around 1 Mev, 
about 10 min. 
This background was tentatively attributed to the 


which decayed with a_ half-life of 


C¥8(pn)N%— C® reactions. An attempt 
quently made to prepare a target with a minimum of 
carbon. Two targets, one on Deltamax, the other on 


Was conse- 


gold backing, were prepared by overlaying the CaCO; 
powder with a very thin gold foil, and without using 
glyptol. Such bombardment for 
several hours; 


targets withstood 
they were frequently checked by re- 
measuring the intensity of the strong 1.830-Mev line. 
However, littie improvement in reducing the positron 
activity background was achieved. Hence to avoid an 
intolerable buildup of activity, the beam was allowed on 
the target for about 30 sec at intervals of about 8 min, 


© EXPERIMENTAL POINTS 


—— THEORETICAL RVE 
Cat? +P 
E,* 4.37 Mev 








de-excitation of the 
prompt back 
1.830-Mev internal 


Fic. 3. Positron spectrum observed i 
1.836-Mev level of Ca®, | 


ground, and spectrometer resolution, and the 


corrected for activity, 


conversion line similarly corrected 


the A electron is 7 kev in iron and 4.0 


sent and T. H. Kruse, Phys. Rev. 109, 1240 (1958). 
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and measurements with “beam off’? were performed 
before and after each “beam on” point. 

Another source of background was attributed mainly 
to neutrons and y rays. It was observed with the “beam 
on” as a fairly constant background above the end point 
of the positron spectrum. Since neither the origin of this 
prompt background nor its true distribution under the 
positron spectrum is known, it was assumed constant 
from the positron spectrum end point down to zero 
energy. The observed positron spectrum corrected for 
activity, prompt background, and spectrometer resolu- 
together with the 1.830-Mev 
the 


tion is shown in Fig. 3, 


internal conversion line also corrected in same 


fashion. 


DISCUSSION 


rhe positron spectrum of Fig. 3 agrees well with the 
theoretical distribution (solid calculated from 
Thomas* expression, and normalized to fit the experi- 
mental points. In order to estimate the relative rates of 
nuclear pairs to K conversion electron emission, the area 
under the normalized theoretical positron distribution 
was compared to the area under the conversion electron 
line. The observed ratio must be corrected for the fact 
that the A and L conversion lines were not resolved 
since they are only 3.6 kev apart. According to an ex- 
pression given by Church and Weneser the ratio of K 


curve 


to Ly; conversion transition probabilities for a transition 
of 1.836 Mev is 6.78, and Li, Lin, and M conversion are 
negligible. Further corrections corresponding to the 
effect of the finite dimension of the nuclear charge 
distribution and screening by atomic electrons need to 
yn the probability 
of either electron or pair emission is negligible for Z= 20. 


The screenii 


be considered. The finite size effect 
to the bound wave functions, 
is different for the K and L 
shells. The probability for K conversion is depressed by 


1g correction 


how ever, is appre iable and 


(E0)/Wex 


The 


tion has been cal 


conversion coefficient a of the 0.313-Mev £2 transi- 
ulated theoreti ally > but has not been 
measured. Assuming the theoretical 
X 10~, the transition probability for £0 internal conver- 
sion in the K shell is given by Wex-(£0)=1 
Qex-p” and p=0.41+0.04. The uncertainty in p was 
calculated solely from the statistical errors in the life- 
time measurement and in the determination of the decay 
branching ratios and includes a 10% error in a which 
5M. E. Rose, H 


Report 


Vaiue OI a 3.2 


(3 327 


Oak Ridge 


Tennessee 


Goertzel, and C. L. Perry 
ORNL-1023, Oak Ridge, 


NESSIN, 


AND KRUSE 

a factor of 0.91 only, while the probability for Z con- 
effect of 
screening on the continuum electron wave function is 
negligible, but the probability 
enhanced by about 2.5%.'* The rat 
electron yields calculated from the 


version is depressed by a factor of 0.61. Th 
for pair emission is 
io of positrons to K 
observed spectra 
becomes 


Rexp=W, W ex 


9 O+1.8. 


This ratio compares favorably with the theoretical value 
for electric monopole transitions corrected for screening 


effects in the K shell: 
Reneor= 1.9, 


and 
given by Thomas. The error assigned to the 
value of the ratio R stems principally from the difficulty 
in estimating the background for the positron spectrum. 
The approximate theoretical 
R, assuming the second-excited state 
and parity assignments, is R=| F4)/ i 
(5X 10-°/6.4X 10 0.8," and the 
intensities of the 0.310-Mev 2 
that of the 1.836-Mev 4 con 
[ers (0.310) /egs- (1.836) ]=5 10", 1 
computed from the single-particl 
partial lifetimes of an assumed 4* second-exci 
The assignment of zero spin and 


where the expressions used for Wex are those 


observ ed 


value expected for 
has 4 spin 
K (I +) | 


ratio of the 


conversion line to 


version line would be 


his last value being 


estimates 
even parity to 
second excited state in Ca® is confirmed by the electric 
monopole nature of the radiations observed in the decay 
of this state, namely the shape and end point of the 
positron spectrum, and the intensity ratio of 1.836-Mev 
conversion electrons to the of the 
pairs. 

The nuclear strength parameter p can be 
directly from the computed value of the reduced matrix 
elements 22,*+.- or 2,-, the experime! 
life 7, and the ratios r and R: 


positron component 


ybtained 


tally observed mean 


(£0) J+ Wer (F2) W ex (#0) (1 + 1 a 


arises from the difficulty of interpolating th 
value of a from Rose’s tables. There appears to be a 
significant difference Be 
(p=0.15)," a doubly magic 


( 4 
4 


values of 
ind of Ca‘ 
wo additional 


between the i) a 


nucleu con- 
sisting of a doubly magic core with t 
N. Brysk and M. E. Rose, Oak 
Report, ORNL-1830, Oak Ridge, Ter 
* J. R. Reitz, Phys. Rev. 77, 10 
R. Wilson in Beta- and Gamma 
K. Siegbahn (Interscience P 
Chap. XX, p. 636. 
% R. M. Kloepper, R. B. Day 
240 (1959). 


iblisher 
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neutrons, while no such discrepancy occurs between the 

p value of the germanium isotopes, Ge” (p=0.09)° and 

Ge” (p=0.11).*! p depends mainly on the mean life of 

the O* state and the conversion coefficient a. If there is 

no large error in either of these terms, the difference in 
D. E. Alburger, Phys. Rev. 109, 1222 (1958). 


“1M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 


1952). 
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the value of the two matrix elements reflect a 


structural difference in the two nuclei. 


may 
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Coulomb Barrier in a Highly Excited Nucleus 


D. W. LANG 
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) 
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Experiments involving alpha emission spectra from nickel and 


1 rhodium bombarded with protons are 


‘ 


analyzed using the statistical model. It is shown, using values calculated by Igo for the cross sections fo 


alpha absorption, that the experimental data are consistent with a constant value for the potential 


XPERIMENTS by and 
which the alpha emission spectrum of a nucleus, 
formed by bombardment with high-energy protons, 
have been interpreted by these authors as showing that 
the Coulomb barrier in a highly excited nucleus is lower 
than in a ground state. This result is in apparent con- 
flict with the theoretical work of Lane and Parker? on 
this topic, and will be shown, using values of the alpha- 
particle capture cross section calculated by Igo,* to be 
unnecessary. 

According to Weisskopf,‘ the number of particles in 
an energy range dE of the emission spectrum of a com- 
pound nucleus should be V(E)dE=w(U—Q—E)Eo 

E,U—Q-—Ej)dE where £ is the energy of the emitted 
particle, Q its binding energy, | 


Fulmer Goodman! in 


the excitation energy 
of the compound nucleus, w the level density as a func- 
tion of the excitation energy in the residual nucleus, 
and o, the cross section for the inverse reaction [.e., 
capture of an a particle with energy & by the residual 
nucleus at an initial excitation energy (U—Q—BE) ]. 
The assumption under question, which is implicit in 
Igo’s work, is that o, is a function of E only and not of 
the residual excitation energy (U—Q—E). 

The experimental data for various values of the 
bombardment energy were plotted by Fulmer and 
Goodman in the form .V(£) against 2. Using Igo’s o,, 
these data, replotted in the form logl V (4) Eo.(E) | 
against /, are shown in Fig. 1 for rhodium and nickel. 
If the level density function had the form w(U —Q—£) 
Goodm Phys. Rev. 117, 1339 


( Fulmer and C. D 


1960 
>A. M. Lane and K. Parker, (to be published 
G. Igo, Phys. Rev. 115, 1665 (1959 


V. F. Weisskopf, Phys. Rev. 52, 295 (1937 


+} } 


Darrict 


w(U—Q) exp(—E/r), and 
followed any other emission were included, then the 


if no alpha particle which 


plots should yield straight lines. If the plots are approxi- 
mately straight lines, then a value for 7 may be derived 
from each, using points near the maximum value of 
\(E) in each case. The relation U =ar?—2.57 may then 
be used as in Le Couteur and Lang? 
the parameter a. Values of 7 and @ are listed in Table I. 


to derive a value of 


Examination of Fig. 1 reveals that the plots are not 
in fact straight lines. In the case of rhodium, a straight 











\lpha-particle spectrum from Fulmer and Goodman! for 
a) rhodium and nickel, plotted in the form logo 
Io.(2) ]} versus / using values for o,(/:) from Igo.2 A 
ko | The vertical scale 


plot of log 


) 


{ o-(/:)} versus /: 1s also given 
0 


interval is 2 


- ‘( and ang, Nuclear 13; 32 


Phys. 





W. 

















spectra 


from Fulmer and 
a) logiw{VU 

[Foe(E) ]} 

tation energy of the nucleus 

The vertical 


versus 


oints near the maximum value of V(E 
he original the 


emission at both the low- and the high-energy ends of 


data gives an underestimate of 


1-energy discrepancy, which is 
The 


suggest that 


The hig! 
ialler, may be attributed to direct interaction. 
w-energy spectra, if interpreted simply, 
has been 


Cross sectl 


underestimated in the energy 
ion below the as much as a factor of ten. 
‘his fac 
f the residual nucleus. A lowering of even 1 Mev in the 


barrier by 
tor does not, however, increase with the energy 
the barrier would an additional 


he apparent underestimate. 


represent 
The cause 
y is not therefore to be found in depend- 
the el! r the target nucleus. 


the spectrum 


more reasonable that not all of 


from the primary emission of an alpha. 
p.a)Ru has a O value of 6.3 Mev. ’ 
as a O value of —1.5 Mev.’ 


an energy commonly 


tion R 
p,n) reaction | here is t 
several neighboring nucle 
reached toward the end of a cascade, in which alpha 
is f proton or neutron emission. 


for 


emission is feasible, but not 
This is 


proton emission from copper and could produce the 


similar to the situation found by Allan‘ 
id 


ussion of 


Fig 


observed excess en ow-energy alpha particles 


1(b) exhibit a 


“4 
For nicke 


i me P 


LANG 


TABLE I. Values of 7 and first approximatior 
and nickel, derived from (p,q) ¢ 


Mev 
0.975 
0.985 
1.06 
0.94 


0.97 


Rhodium 


Nickel 3 
16 
51 


2 
) 
) 


| 
1 
1 
1 
1 
1 


X 


ion from 


ture but in the opposite dire 
rhodium plots. Such a curvature is associated with the 
usual forms of the level density function but would be 
smothered by the other effects in Fig. 1(a). The differ- 
ence is consistent with the explanation suggested above, 
since the nickel (p,a Mev. 
These results make it improbable that the departures 
due toa 


reaction has a 0 of —0.7 


from straight lines in the rhodium results are 
wrong form for the quantity o,(£ 

The apparent success of 
suggests trying a more exact 
density function. In the absence of 
evidence for the 
rhodium, this can only check consistency. 

In Fig. 2(a), the data from Fulmer and 
are plotted in the form logyl.V(2)/Eo.(/ 
Vv U, where U is the excitation energy of the residual 
nucleus in Mev. If the density form 
w(U)=K exp[2 al’)? |, then the plot should be a set of 
parallel straight lines. The are 
obviously not parallel. 

In Fig. 2(b), the 
logiwo{[N(£)U?]/[Eo.(E)]} 
density the form 


appropriate to a Fermi gas 


the statistical | in this 


case form level 


experim<¢ ntal 


multiple emission suggested tor 


Goodman 


against 


level were of the 


but 


lines are straight 


data ar otted in the form 


level 


were of 
lol with 


model most 


particles having low orbital angular momentum, 


" . 14° ° 
Is condition 18 


plots should be straight paralle 
close to being realized, with the actual slopes corre- 
sponding to values of a varying from 9.4 to 11.8 Mev 
Such values are in agreement with other measuremen 
of a.® 

It is apparent that 
reasonable to apply to tl 
the assumption of a constant 


Fermi gas model of the level density. 
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Effect of Competition between Gamma-Ray and Particle Emission 
on Excitation Functions* 


James Ross GROVER 
Chemistry Department, Brookhaven National Laboratory, U pton, New Yor! 


(Received February 23, 1961 


\ procedure has been devised for calculating cross sections for 
nuclear reactions within about 2 Mev of threshold, where the effect 
of competition between gamma-ray and particle emission is often 
important. The requisite formulas depend upon assumptions 
embodied in the spin-dependent statistical theory of nuclear re 
actions, so the treatment is most valid for medium to heavy nuclei 
at moderate bombarding energies. Input data required by the 
formulas are (1) the level density parameter a, (2) an effective 
the ratio of radiation width to 
D) evaluated at some convenient energy, spin, 


nuclear moment of inertia g, (3) 
level spacing (I’, 
and parity in the excited nucleus immediately preceding the 
product, (4 


transmission coefficients 7)(e) for the range of ener 


INTRODUCTION 


NE of the approximations most often used in the 

analyses of excitation functions is that de-excita- 
tion of an excited nucleus by gamma-ray emission may 
be neglec ted if the same excited nucleus can also dec ay 
by particle emission. This approximation is often used 
when it is not justified. The results of the analyses of 
two sets of experimental data are used to demonstrate 
that the correction for competitive gamma-ray emission 
can be very important within about 2 Mev of reaction 
thresholds. An argument is also advanced to show that 
in certain (not unusual) cases, the correction is still im- 
portant even many Mev above the threshold. 

Important competition between gamma-ray emission 
and particle emission arises because the excited nucleus 
immediately preceding the product nucleus is, in 
general, characterized not only by a distribution in 
excitation energies, but also by a distribution of spins 
and parities. In that zone of excitation energies where 
energetic restrictions are such that only a few states of 
the product nucleus can be populated by particle emis- 
sion, it often happens that the emission of any other 
type of particle is similarly restricted or energetically 
forbidden. Then, for those particle-unstable states char- 
acterized by spins greatly different from those of any 
available state in the product(s), the rate of particle 
emission is strongly diminished by the ‘centrifugal 
barrier’? because the particles must be emitted with 
large values of the orbital angular-momentum quantum 
number /. The gamma-ray de-excitation rate is under no 
such strong restriction, however, and may then compete 
very favorably with particle emission. 

Considering the ranges of bombarding energies (10-50 
Mev) and projectiles (1<projectile mass number <4) 
within which most such excitation functions are meas- 
ured, the range of spins significantly populated in typical 


compound nuclei (i.e., J/~from 0 up to 5-20) is large 


* Research performed under the auspices of the U. S. Atomi 


Energy Commission. 


gies and type of particle in the final evaporation step, and (5) the 
first few excited states in the 
D, and 
, experimental excitation functions near threshold for the 
p,2n)Po*® and Sn 
find the corresponding values of a 
a~4).1 A Mev™ (A is the mass number), but inconsistent with 
a~2 to 3 Mev™ (independent of A), in contrast to the result often 
obtained when competition from gamma-ray emission is ignored. 


energies, spins, and parities of the 


product nucleus. Using reasonable estimates for 9, T, 
Tile 
reactions Bi? ‘(a,3n)Gd™> were analyzed to 


The results are consistent with 


Also, a semiqualitative argument is given to suggest that competi- 


tive gamma-ray emission often seriously influences excitation 


functions even several Mev above threshold 


that the above should be taken 


seriously. 


enough argument 
been 
advanced qualitatively by Flerov,! Thomas,? Kammuri,’ 
and Mollenauer,* and more quantitatively by Pik- 
Pichak.® These workers were concerned with the dissi- 
pation of energy from systems arising from the inter- 


Considerations similar to those above have 


actions between complex nuclei at energies up to ~ 200 
Mev, where very large values of nuclear spin (i.e., as 
high as 50-100) are attained with high probability. 

The apparent anomaly in measurements of the energy 
dependence of nuclear-state density pointed out by Igo 
and Wegner? is probably at least partly a consequence 
of the neglect of gamma-ray emission. In particular, 
values of the parameter a in Weisskopf’s Fermi gas- 
state density formula’ 

p(E) = (const) exp[2(aF 
most workers neglect the energy dependence of the pre- 
exponential factor), which are derived from excitation- 
function measurements are usually anomalously small, 
of the order of a~2 to 3 Mev (independent of mass 
while values of a extracted from measure- 
ments on the energy spectra of emitted particles* usually 


number A 


(but not always) roughly obey the expected approxi- 


1G. N 
national Conference 
Nations, Geneva, 1958), Vol 

2'T. D. Thomas, in Proceeding 
actions Between Complex Nuclei, Gatlinburg, 
A. Zucker, Ff. T. Howard, and E. C. Halbert 
Inc., New York, 1960), p. 223 

3T,. Kammuri, Physics Department, 
vately circulated report 

‘J. F. Mollenauer (private communication). 

G. A. Pik-Pichak, Soviet Phys.—JETP 11, 557 (1960). 

6G. Igo and H. Wegner, Phys. Rev. 102, 1364 (1956) 

7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 

John Wiley & Sons, Inc., New York, 1952), Chap. VIII 
"8 As recent examples, see, R. L. Bramblett and T. W. Bonner, 
Nuclear Phys. 20, 395 (1960); R. D. Albert, J. D. Anderson, and 
C. Wong, Phys. Rev. 120, 2149 (1960 


Inter 
United 
14, p. 151, Paper No. P/2299 

f the Second Conference on Re- 
Tennessee, edited by 
John Wiley & Sons, 


Flerov, Proceedin 


Second United Nation 
on the Peaceful Uses of Atomic Enerey, 


] 


Osaka University, pri 
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mate law’ a~ 0.1 A Mev~. The introduction of competi- 
tive gamma-ray emission into the analyses helps to re- 
move the disagreement, because it increases the re- 
sulting values of a obtained from excitation functions. 
Two experimental excitation functions (near threshold) 
were so analyzed, by a method described in this paper, 
and values of a were derived which are inconsistent with 
a~3 Mev but consistent with a~0.1 4 Mev. 


CALCULATIONAL PROCEDURE 
Definition of Terms and Outline of Problem 


The calculation is done within the framework of the 
spin-dependent statistical theory of nuclear reactions, so 
its validity is restricted to medium to heavy nuclei at 
moderate bombarding energies. The calculation is con- 
veniently separated into two parts which will be dis- 
cussed separately in Parts I and II. 

In Part I, a procedure is outlined for estimating the 
distribution of spins, parities, and excitation energies in 
the excited nucleus immediately preceding the product. 
For | brevity, only neutron emission is 
specifically considered here, although the formulas are 
also appropriate for the emission of charged partic les. 
The procedure used is that of Thomas,” suitably 
adapted for the present 

f the papers by Ericson," and Vandenbosch 


} . 48 
caiculationa 


purpose; however, see also 


reference / an 


In Part II is considered the role of the competition 
between gamma-ray and particle emission in deter- 
mining the proportion of the preceding excited nucleus 
t of interest. This part of the 
calculation is very similar to the theory and procedures 
developed by Margolis,"* by Lane and Lynn," and by 
Rae, Margolis, and Troubetzkoy'® for calculating (7,7 
and by Axel and Fox’? for analyzing 
photonuclear activation functions near threshold. 
below describes the system of nuclear 
the following formulas refer, and 
are used throughout. 


which will form the produc 


cCTOSS Se€¢ tions. 

Diagram (1 
reactions to whicl 
: } 


} 1 
introduces symbols tnat 


The t nucleus J amalgamates with the incident 
particle ¢ to form the compound nucleus C. C emits a 
neutron to form nucleus U’;. U’;, in turn, emits a neutron 
to form Us, and so on. F is the last nucleus in the chain 


ation energy to emit a 


1 


which can possess enough excit 


>]. M.B. Langa 


467, 586 (1954 


102, 400 (1956 


ROBB 


GROVER 


particle. P is the specific product nucleus whose excita- 
tion function is being discussed. V represents all products 
(including P) which can be formed by particle emission 
from F. The competition between particle emission and 
gamma-ray de-excitation is assumed to be important 
only in the transition from F to P (or \ 

It is convenient to express the desired excitation func- 
tion H(&) as the product of an 
calculated by conventional methods, G(& 
tion factor K(é). 


excitation function 


, and a corre¢ - 


H(&)=K(&)G(8&). 


Here, & is that amount of energy by which the center-of- 
mass bombarding energy exceeds the reaction threshold. 
The excitation function G(&) is cal as if P were 
the only possible product ; the function K(& 
account not only for competitive gamma-ray emission, 
but also for the competitive formation of any other 
of A(& depends 
distribution of population in spin 
Ey in nucleus F 


subscripts 


must then 


particle-emission products. The valu 
upon the 
parity J; 
[superscripts on the J’s indicate 


relative 


and excitation energy 


specify the nucleus according to diagrat 1 It is, 


frac- 
of F, WILK 


ion of the 


therefore, convenient to define a hannel 
tion k(J r‘,e,,J p,?*), which gives tl 
spin parity Jr‘, that de-excites 
appropriate particle to populate 
P, with spin parity Jp,?* and 
Here, ¢:=Er—Brp—Ep,z, 


energy of the particle in nucleus 


wher 
wnel 


represent the average relative di 
tions of Jr‘ and E, in F, being 1 


J, 


The functions k(J; 

ages over many individual levels in the 

F in a limited region of excitation energy around Ep. 
Then, 


Brpt 


,€,,J p in ae a are aver- 


excited nucleus 


1] Pr, 


les all states in P for 


ts the small correction 


where the summation over x incl 
which €,>0. This equation negle« 


which arises from those cases in which gamma-ray de- 


excitation takes place to levels with energies / 
for which Er’> Brp, allowing yet another opportuni 
for particle emission to form the product P 
The summand-integrand in Eq. (4) is wri 
product of averages when it sl ld be the 
ipproximat 
Part 
5 J; Ep) 


oul average 
ion is 


and 


produc t. The error introduced by 
discussed briefly in a 
Ignoring the error, the 


following section 


calculations of 
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k(J ¢',€2,Jp23*) are done separately, as described in 
Parts I and II. 


Part I. Calculation of S(J',E,) 


The function S(J',Er) can be numerically calcu- 
lated in a step-by-step procedure. The first step is to 
calculate the relative population of spin parity J,‘ in C. 
The cross section for forming the compound nucleus 
with a given spin parity J,‘ is given by 
2S +1 


oJ 7’,¢,J.:)=27X" Peed). (Ss) 


(2s+1)(2J 7+1 


where the spin parity of the target nucleus is J 7’ and the 
spin of the incident particle is s (positive parity is as- 
sumed). The function T(J 74,¢,J, 
terms, by 


) is defined, in general 


T i(e€), 


where the 7)(€) are the appropriate particle-transmis- 
sion coefficients defined in reference 7. The dependence 
of the T;(e€) upon Jz and S is not expected to be im- 
portant,'’ and is therefore neglected. In computing the 
T(J\/,¢,J2'), only even values of / are included if i= /, 
and only odd values if i# 7. Whenever an argument 
contains € between two subscripted symbols, as above, 
it refers to the energy of that species of particle ap- 
propriate to the transition between the specific nuclei 
designated by the subscripts. Equation (5) is essentially 
just Eq. (10.23) in Chap. VIII of reference 7. 

The second step is to calculate the relative population 
of spin parity and energy in U, resulting from the 
neutron evaporation from C. This may be done using 
the following formula,'°-” which expresses the emission 
rate of particles with respect to both initial and final 
values of spin parity and excitation energy. 


1 w(t I ky ) 
T (Jv ieJ.*)de. 
h w(J,',E.) 


PI Ee JuEv)de 


The level density as a function of spin parity and 
excitation energy is w(J',£), and the T;(€) appropriate 
for neutron emission are used. The state density is re- 
lated to the level density by 


x 


p(1z) : (237 +1)w(J,&), 
J= 


where it is assumed!’ that w(J+,E£)=w(J-,E) =3w(J,E). 


The dependence of level density on spin is taken to 


\. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257, 
311 (1958). However, see also, K. K. Seth, Nuclear Phys. 24, 169 
1961). 
’'T. Ericson, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1960), Vol. 9, p. 425. 
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be’ 
e) JE w(O,) (2/4 
where the parameter a” is 


(10) 


o § l a 


9 being an effective nuclear moment of inertia. Equation 
(7) is obtainable from a “‘detailed balance”’ calculation, 
employing Eq. (5) for the inverse cross section. 
Equation (7) may be repeatedly applied to follow the 
neutron evaporation from U; to Us, from U» to U3, ete., 
until nucleus F is reached. The last step provides the 
requisite knowledge of the relative distribution of popu- 
lation in spin parity and excitation energy in F, for the 
determination of S(J rE r) 
tedious 
procedure which has just been described may be suff- 


After making certain approximations, the 


ciently simplified that it is practical to perform the 
computations with a desk calculator, if only neutron 
emission is permitted. This simplification is described in 
the Appe ndix. 


Part II. Calculation of k(Jr‘,e,,J p, 


The channel fraction k(Jp‘,e,,J) may be ex- 


pressed in terms of emission probabilities as follows: 


(11) 


The symbol P(Jr‘,e:,J7 represents the average 
particle-emission rate from F to the «th excited level in 
P. and P Jy Ey 
excitation of F by gamma-ray emission. The summation 
over V, 


expresses the average rate of de- 
y includes all particle-emitting channels open 
from excited nucleus F to all the possible product nuclei 
V, including P. Equation (11) is only an approximation 
because the right side is written as a ratio of averages 
when it should be an average ratio. The error involved 
in Eq. (11) should be combined with the similar error 
(already mentioned) in Eq. (4 
Dresner” have estimated the 


Lane and Lynn" and 
magnitude of the error 
introduced by such approximations, in situations rather 
similar to this one; guided by their results, one sees that 
the multiplicative correction function that one might 
include in the integrand-summand of Eq. (4) can take 
values as far from unity as 0.65 for certain combinations 
of values of the various arguments. However, because of 
the averaging effect of 
in Eq. 


the integrations and summations 
1), the resulting error in the calculated value of 


’H. A. Bethe, Revs. Modern Phys ; 
Rev. 93, 1094 (1954); T. Ericson and 
8, 284 (1958). 
Dresner, Proceedings of the International Conference on 
the Neutron Interactions with the Nucleus, September 9-13, 1957 
[Atomic Energy Commissio1 C1D-7547 (unpublished) J, 
p 71 


1937); C. Bloch, 
Strutinski, Nuclear 
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cult 
From Eq. (7 


should be somewhat less serious, and, being diffi- 


to estimate, has been ignored. 


P(J r',€2,J ps h"D(J v',Er)T (JS 5 


where D(J ¢',E; (Sr, E: 
where P(J p',e:,J pz 


is the level spacing, and 
is expressed in units of se 

emission rate 
to make the following 


In order to introduce the 
into Eq. (11), it 


definitions 


gamma-ray 


is convenient 


Brp) 
. (13) 
D Jy Berp) 


where I',(J‘,£) is the average radiation width, and 


D(J e',Bep) T,(J r'‘,Epr) 

‘ (14 
D Jy Ey By P) 
hey E; 


e performed using the foll 


the evaluation of f(E; 
rough formula, 
step in the gamma-ray de- 


— Brp not too large, can 


owing ' where 
it is assumed 


tion. 


excitation cascade is di radia 


(15 


Fee. D(J I i ew(J, E—ejde 


egion of Fr. flE 
spin, a v be 
wisn i 


In this narrow r is nearly independent 


of seen from the following easily derived 


E; f . 16 
for Br; La Er—Brp)/0<3, 
Er/a)i—3(1/a 


Employing the 


which is valid and 
where 4 
litions, the 


emission rate is introduced into Eq. (12 


P.(J ; 


above defi gamma-ray 


through 


Combi gives, finally, 


(18 
Jt 


The values of the } Jy 


must 


remain as parameters which 
some how, or deter- 
experiment. As will be seen in the 


either be estimated else be 
mined in a separate 
sample calculations in the next section, an excit _ 
function seems not to provide di 
both b J x 
Current 


roughly 


a of a kind from whi 

peameaiied Sa ae 
J',E) to be 
spin dependence of 


and a can be 


workers regard the value of 


independent of spin. 2 The 


Reference 7 
2D). J. Hughes and R. L. Zimmerman, Nuclear Reactions, 
P. M. Endt and M. Demeur (Interscience Publishers, In« 

York 5 Vol. I, Chap. VIII 


Chap. XII 
edited 
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apie lly through the level 
a ~ 10wledge of b ey 
at only one spin. Sicseinenies or 
can be from 
compilations of slow-neutron resonances and 
widths,?* from analyses of (1,7 
or from the published 
empirical procedures for estimating level 
radiation widths.” 


b(Jr') must then be 
spacing, and one therefore need 
es of b Jy 


sources, such as 


stimat 


obtained several from 
radiation 
excitation functions,?4 


various empirical and semi- 


spacings” and 


COMPARISON WITH EXPERIMENT 


The calculation of an excitation 
above-des« ribed procedure requires that the 
parities of all the energetically 
y be known, in order 
necessary k(J r‘,ey, y,J vy? 

of the most medium to heavy 
therefore 
to within about 
The 


formed for comparison with 


function by the 
spins and 
permissible product- 
alculate all of the 

knowledge 


nuclei 


states 
energy states in 


restricts such calculat ‘citation functions 
1 or 2 Mev of the reaction 


sample 


threshold. 


two calculations were accordingly per 


xperimental excita- 


some ¢ 

tion functions measured in the threshold region. 
The most serious uncertainty in the 

experimental data is a lack of accurate knowledge 

important input functions b(J ¢') and T)(« 

are usually not known from experiment 

time 

three. 


uyses of 


within about 


knowl edge of the 


can only be estimated 
The degree of uncert 


transmission coefficients may es roughly appraised (for 


ty in the 


strong-inter- 


values of Beyster ef al.,?5 


neutrons) by an intercomparison of the 


action values of Feld et al.,?" the 
and the values of Campbell e/ al.2°’ two last 

tables are for a diffuse-surface, plex potential well. 
Corresponding values very often di a fa 
gion of most 


-named 


tor ol 
two to three or even more, in 
interest. The magt 
tainties may be surmised from | 
Although 1 
determined from the 
above, the result 
demonstrate the importar 
gamma-ray de-excitat 


nitudes of tl Tect I s nh uncer- 


accurate 


ion on excit 
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Bi?” (p,2n) Po? 


Andre ef al.*° measured excitation functions for 
the reactions Bi?*(p,y)Po?!’, Bi?°*(p,n2) Po’, and Bi*"’- 
(p,2n)Po**s, for bombarding energies up to about 1 Mev 
above the (p,2) threshold. An estimate of a from these 
data was made the object of the first sample calculation. 

It was assumed that only the ground state (J p'=0+) 
of Po?’ is populated. The first, second, and third excited 
s are thought to be at 0.66, 0.82, and 0.91 (or 1.1) 
Mev, respectively,*! so the excitation function was calcu- 
lated only up to ~1 Mev above threshold. Both proton 
and alpha-partic le emission are energetically permitted, 
but the magnitudes of the relevant transmission coeffi- 


Stale 


cients® are so small that this competition was neglected. 
Since b(J; 


209 
; 


) has not been measured for Po?®*, it was 
estimated”>> to be roughly b(3)~1.5X10-*, where 
By p=6.85 Mev* [assuming 6(3)=6(3+)=8(3—) ]. In 
performing the calculations, it was found that the re- 
sults are sensitive to the exact value of b(/) only in the 
immediate neighborhood of Jr= 3, 3. The simplifying 
approximation was made that b(Jr)~0(2)~4X10 

independent of Jr. The neutron transmission coefti- 


10.0 10.4 
BOMBARDING ENERGY (Mev, c.m.) 


Fic. 1. Comparison of some calculated excitation functions with 
the experimental data of Andre et al.® (open circles) for the reac 
tion Bi®(p,2n) Po™’. 


* C. G. Andre, J. R. Huizenga, J. F. Mech, W. J. Ramler, E. G. 
Rauh, and S. R. Rocklin, Phys. Rev. 101, 645 (1956). 

1K. Way, Nuclear Data Sheets, National Academy of Sciences 
National Research Council, Washington, D. C., 1960). 

2H. Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report NYO-3077, June 15, 1953 (unpub 
lished) 

> B. M. Foreman, J 
Chem. 7, 305 (1958). 


, and G. T. Seaborg, J. Inorg. & Nuclear 
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Fic. 2. Locus of pairs of val b(3) and a corresponding to 
calculated exci vhich fit tl tal data for 
the reaction Bi®*(p,2n)Po™® 


xcitation functiot xperimer! 


1 


cients used in Part II of the calculation were those given 
by Beyster ef al.** for Bi. Those used in Part I were taken 
from Feshbach ef al. 
Feld et al.?? 


“Strong-interaction”’ coefficients might 


for charged particles, and from 
for neutrons because it that the 
be more appro- 


was felt 


priate in the intermediate evaporation steps. The rela- 
tionship between the spin of the product state in 
Po?’ (J=0) and the distribution of spins in excited 
Po?®? (most of the population is within +2 units of 
J »=9/2) is such that it was suspected that the calcu- 
lated excitation function might be rather sensitive to the 


value of tI 


1e effective nuclear moment of inertia in this 
case. Accordingly, the calculation was performed for 
J 0.19, w(J,E) 


2J+1)w(0,F) (the latter convention gives a result 


and for §g=* for which 


nearly the same as for J9= Jrigia, see the Appendix). 


Figure 1 shows a comparison with experiment of some 


was found 
a and b(3) 


typical calculated excitation functions. It 
that no unique combination of could be 
found which would give a significantly better fit to the 
data than any other appropriate combination, over wide 
This means that it is 
+) and a from these 


ranges of their respective values. 
not possible to determine both 6 


data. 


) 


Figure 2 shows the locus of values of a and 6(3) which 


will give calculated excitation functions that “fit” the 
experimental data at a point 0.75 Mev above the (p,27) 


threshold. For reasonable estimates of 6 5 ae presented 


by the shaded zone, the corresponding range in values 


4 Various workers report values of between ~0.1S;rigia and 
~1.695rigia; a review and discu this problem is found in 
A. C. Douglas and N. MacDonald, Nuclear Phys 

In addition, see also, reference 12 and J. R. Huizenga and R. 
Vandenbosch, Phys. Rev. 120, 1305 (1960) ; J. H. Carver and G. A. 
Jones, Nuclear Phys. 19, 184 (1960 


ssion ol 
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of a is inconsistent with a~3 Mev™, but is clearly con- 
sistent with a~20 Mev—, i.e. with a~0.1 A Mev. 


Sm'*‘(a,3n)Gd'* 


At Brookhaven, the author is measuring excitation 
functions for the reactions of 15- to 40-Mev helium ions 
with Sm'**, with special attention to the Sm™*(a,3n)Gd!° 
reaction within 2 Mev of threshold. Early results of the 
latter experiment have been used for another sample 
calculation. 

Unfortunately, nothing is directly known about the 
first few excited states of the product Gd'**. However, 
the first three levels in Gd" are expected to have spin 

and 11/2— because corresponding 

‘els are systematically found in the other known 


parities of $+, 3+, 
l 


evel 
even-odd 81-neutron isotones.*® For the same reason, it 
is assumed that there are no other levels lying below ~1 
Mev; this very convenient circumstance is plausible be- 
cause of the close proximity of the closed 82-neutron 
shell. It is apparent from the large positron-decay 
®* that proton emission from 


energy of Gd'#® (~5.3 Mev 


excited Gd'** must also be considered in the calculation. 
The lowest states in the proton emission product Eu'*® 
were assigned with the he ip of the “systematic s”’ of low- 
lying levels in the other known odd-even 82-neutron 
isotones, and made to agree with what little is known™ 
of the decay characteristics of Gd'**. Figure 3 gives the 


assumptions concerning the relevant nuclides and their 


a LO Mev 


| $+ 


irities of the first few excited states 
ned for the calculation of excita 
reaction Sm!“ (a,3n)Gd"5, 


Fic. 3. Er 
of Gd™ and Eu™ whi 


tion functions near threshold for the 


ergies, spins, ar 


1 
ch were assur 


35 R. A. James and C. D. Bingham, Phys. Rev. 117, 810 (1960); 
K. Kotajima and H. Morinaga, Nuclear Phys. 16, 231 (1960). 
% J. R. Grover, Phys. Rev. 116, 406 (1959). 
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excited states, which were adopted for the sake of the 
calculation. 

It is not known whether the 24-min activity observed 
for Gd'** is due to the expected isomeric state or to the 
ground state. The calculation was therefore performed 
for the three extreme possibilities, i.e., that the observed 
activity represents (i) ground state only, (ii) upper 
state only, or (iii) both states together. 

The neutron transmission coefficients of Beyster ef al.?® 
for Sm, and the charged-particle transmission coeffi- 
used in 


(0 


cients calculated by Feshbach ef al. were 


Part II of the calculation. The estimate ~0 


} 


Fic. 4. Comparisor 
experimental data (ope 
near threshold. The das 
unbroken curves represent the 
t} 


the reaction threshold in this 
<< 10-* was obtained using Cameron’s calculated binding 
energy™ of the last neutron in Gd'"®, Bep=10.88 Mev. 
As in the previous example, the simplifying approxima- 
tion b(J r)=b(2)=3X10 [ 
employed in the calculations. 
Part I of the calculation was performed taking full 
advantage of the simplifying assumptions described in 
the Appendix. The spin-dependent part of S(Jr',Er) 
was calculated assuming only s-wave neutron emission, 
and with =. The function G(&) and the energy- 
dependent part of S(Jr‘,Er) were calculated using 
Jackson’s formula,** since the effect of proton emission 


independent of Jr) was 


37 A. G. W. Cameron, Chalk River Laboratory Report CRP-690, 


March, 1957 (unpublished 
sal P. Jackson Car a 


1956 
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on the evaporation chain is expected to be relatively 
small. In Jackson’s formula, the nuclear temperature 7 
was taken to be 


Brp+0.5\3 Brp+Burt+0.5 
sisi pas 


a a 

where By,r is the binding energy of the last neutron in 
Gd'47, Cameron’s calculated value®? (Byr=8.25 Mev) 
was used. The distribution of spins in the compound 
nucleus was estimated by using in Eq. (5) the extreme 
assumption that 7;(e)=1 for /<Jmax and T;(€)=0 for 
l>Imax. This leads to 


a.(£) => yo! oJ 7’,¢,J -*)= aX? (lmax+1)?. 


sm'** (a, 3n) Ga'*® 


/ UPPER STATE 
BOTH //* 
STATES /',” 
/ 


GROUND STATE 
¢ 


~L 


RIGID 
300 1000 
o (Mev) 
Fic. 5. Locus of pairs of values of a and b(0) corresponding to 


calculated excitation functions which fit the experimental data for 
the reaction Sm"*(a,3n)Gd", 


The total cross section for compound-nucleus produc- 
tion o,-(£) was estimated from other measurements 
made in this experiment to be 1.23-40.12 b at a center- 
of-mass bombarding energy of 32.0 Mev, from which 

«= 14. 

In Fig. 4, the experimental data are compared with 
calculated excitation functions. As in the first example, 
it was found not possible to determine both a and 4(0) 
with the same data. The locus of values of a and 6(0 
which fit the data at a point 1.5 Mev above threshold is 
illustrated in Fig. 5. 

Despite the crudeness of the calculations in this ex- 
ample, it is apparent that the value of a is very unlikely 
to fall as low as a~3 for any set of reasonable assump- 
tions and estimates. Setting b(0)=0 gives a~2.8, a 
value very similar in magnitude to the a’s which have 
been obtained from the analyses of many excitation 
functions when competitive gamma-ray de-excitation 


ON 
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Fic. 6. Schematic drawing of the distribution of population with 


respect to excitation energy in nucleus F, about 5 Mev above 
threshold for a (p,2m) reaction. The figure is drawn roughly to 
scale for a~10 Mev~. (See text.) 


has been neglected. On the other hand, the value 
a~0.1 A is consistent with the calculated curves plotted 
in Fig. 5. 

Rather unfortunately, both of the experimental ex- 
amples involve reaction products having nearly magic 
nucleon numbers. This situation reflects the paucity of 
threshold nuclear-excitation functions suitable for test- 
ing the calculation described in this paper. The wide 
level spacing near the ground states of the magic and 
near-magic nuclei permits an effective widening of the 
threshold region in nuclear reactions where these nuclei 
are products, making the experimental measurements 
much easier. Because of the near-magic character of the 
products, the ‘law’ a~0.1 A Mev must not be taken 
too seriously for the cited examples, because the near- 
magic and magic nuclei are just the ones which probably 
have an atypical dependence of level density on excita- 
tion energy.*® Also, because of the widened threshold 
region, the effect of the competitive emission of gamma 
rays is somewhat larger for these examples than is ex- 
pected for more “normal” reaction products. However, 
the above qualifications do not modify the main result 
suggested by the calculations, namely, that in the first 
Mev or so above threshold in many nuclear reactions in 
which at least two nucleons are evaporated, the effect of 
competitive gamma-ray emission is very important. 


DISCUSSION 


That the competition between gamma-ray de-excita- 
tion and particle emission can strongly influence the 
course of an excitation function several Mev above the 
threshold may be seen schematically from Figs. 6 and 7. 


I 
The unbroken curve in Fig. 6 illustrates, for a typical 
| 


example, the population distribution in excitation energy 
(after summing over all spins and parities) in nucleus F, 


* T. D. Newton, Can. J. Phys. 34, 804 (1956 





JAMES RO 





Fic. 7. Schematic drawing of some (p,. 


n excitation functions 
roughly to scale a~10 Mev") illustrating the apparent 
] the functions to higher energies due to competitive 


for a bombarding energy several Mev above the thresh- 


old for the formation of P. If the competitive gamma- 
ray de-excitation of F is neglected, all of the population 
to the right of Brp is assumed to represent that portion 
of the total population which goes by neutron emission 
(ignoring charged-particle emission for brevity) to form 
the (p,27) reaction product (nucleus P), while all the 
population to the left of Brp goes by gamma-ray de- 
excitation to form the (p,z) reaction product. However, 
the sample calculations have shown that there can 
easily be a zone around one or two Mev wide at energies 
just above Br p in which most of the population is lost 
to the formation of P, because it is here that gamma-ray 
de-excitation competes effectively with neutron emis- 
sion. The dashed line and shaded region suggest the 
diminished magnitude of the corrected contribution to 
the formation of P. At the same time, the calculated 
cross section for the formation of F (as a product) will 
be corre spondingly increased. In proc eeding from Brp 
to higher values of Er, the dashed line turns upward and 
finally approaches the unbroken curve as more and more 
levels, including a greater and greater variety of spins, 
become energetically available to neutron emission. The 
influence of the centrifugal barrier in inhibiting neutron 
emission consequently decreases until the competitive 
emission of gamma rays loses its importance. 

The effect on calculated excitation functions is shown 
schematically in Fig. 7 for the example of (p,xn) reac- 
tions. The unbroken curves represent excitation func- 
tions as « alculated for a given value of a, but neglec ting 
competitive gamma-ray de-excitation. The dashed and 
dotted curves represent the same excitation functions, 
calculated using the same value of a, but with the effect 
of competitive gamma-ray emission included. The low- 
energy side (dashed curve) of each excitation function 
is depressed by the competition, and the high-energy 
side (dotted curve) is cqrrespondingly raised. The ap- 


parent over-all effect is that the entire excitation function 


1*¢ ” . i . 

is “shifted” to higher emergies, and one sees that the 

effect is not just localized4o the vicinity of the threshold. 
If data representing such a shifted excitation function 


are used to calculate a value of a, ignoring the effect of 
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the gamma-ray competition, the resulting value of a 
will be erroneously low, even though (as has already 
been suggested by the two examples) passable-looking 
curve-fits to the data can be achieved. 

In general, the apparent shift will be different for 
corresponding excitation functions arising from the 
“same” compound nucleus made by different target- 
projectile combinations, because the distributions of 
population in the spin J, of the compound nucleus will 
be different. Such an effect may account for part of the 
energy mismatch reported experiments of 
Ghoshal,*® John," and perhaps, more strikingly, in re- 
cent work with energetic heavy ions.‘ 


in the 


That the experimental cross sections for reactions in 
which only one or two particles are emitted [e.g., for 


“A 


(a,n) reactions, etc. ] are often much too high, at ener- 
gies well above their maxima, to be explained by the 
compound-nucleus_ theory,‘ partially ex- 


jlained by the effect of the gamma-ray competition. 
2 \ | 


may be 


However, such competition appears to be inadequate to 
fully explain such large discrepancies. 
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APPENDIX 


The lengthy calculational procedure described in Part 
I may be greatly simplified for many cases when esti- 
mates of only moderate accuracy are desired. This is 
because the J dependence of the function S§ Jr',E; 
does not usually depend strongly either on emitted 
particle energy or on J in the narrow regions of Jr and 
Er of greatest interest in threshold calculations. These 
simplified calculations and their shortcomings are de- 
scribed in this Appendix. 

Making the plausible assumption'* that w(J~,E 
=w(J+,E), and summing the right side of Eq. (7 
Jv, one obtains for emitted particle energies restricted 
to «<3 Mev, and for 920.19 rig 


over 


P(J .,F.,€,Eu)de 
1 w(O, Fy 


~—(2s+1) 
h w(O0,F,) 
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EFFECT OF COMPETITION 
where the summation over 7;(€) now includes all values 
of /, both even and odd. The above restrictions on ¢ and 
J are introduced to make it possible to evaluate (ap- 
proximately) the sums over Jy and S which appear 
during the derivation of Eq. (19). d;igia is the nuclear 
moment of inertia calculated as if the nucleus were a 
rigid sphere. Because of the restriction on ¢, this equa- 
tion is useful only for neutron emission if ay is small, 
if I~ Srigia), the 
restriction can be relaxed somewhat, to include proton 
emission also. 


although, if ov is large enough (i.e. 


\n idea of the inaccuracy of Eq. (19) may be obtained 
from the following report of the results of a sample 
calculation. For J-=%, a=20 Mev, Ev=7 Mev, and 
§=0.19rigig, the calculated value of P(J,,E.,¢,Euv) for 
neutron emission from Po*"’ is ~6% high at «=0.6 Mev 

near the maximum in the spectrum of emitted neutrons) 
and ~35% high at e=3 Mev. 

Equation (19) can be further simplified for heavy 
nuclei (4>100) if it is permissible to set I~ Grigia in 
calculating ov. For most ordinary situations then, the 
exponential factor in Eq. (19) seldom drops below 0.7, 
because we are seldom interested in excitation energies 
much below about Ey ~6 Mev, or in the details of spin 
population distribution much above J=7. With this 
rough justification, the exponential factor is simply re- 
placed with unity (i.e., implying that =). 

Finally, performing the indicated summation in Eq. 
8) and solving for w(0,/) leads to 


w(0,E) = {2(2r)'ou' exp[1/ (8ev*) ]}"p(Ev) 
~(const)p(Ev), (20 

neglecting the relatively weak energy dependence of o, 

compared to p( i, 


that £, 


replacing the exponential factor with unity, as suggested 


(the latter approximation requires 


()). Substitution of Eq. (20) into Eq. (19), and 


above, gives 


ON 


EACITATION FUNCTIONS 


P(E,,€,Eu)de 


~ (const )p( ix e[ x (21+-1)T i(e) de, (271) 


in which the argument J, is dropped, as it no longer 


appears on the right side. Equation 21 is just the 
Weisskopf spin-independent particle evaporation spec- 
trum.’ This same result has previously been mentioned 
by Hauser and Feshbach*® and by Lane and Thomas.” 

The spin independence of Eq. (21) leads to the very 
useful simplification that the energy-dependent part of 
S(Jr',Er) may usually be calculated separately from 
the spin-dependent part, if J2 4, and that, to a 
reasonable approximation, one may calculate the energy- 
dependent part of S(Jr',Er), and also cal ulate G(&), 
using the ordinary formulas and methods customarily 
employed for calculating excitation functions,’ 
Jackson’s formula.** 

The spin-dependent part 


using Eq. (7 


Bag 
€.g., 


of ms Jy Ey 


starting with 


is calculated 
the calculated relative 
population distribution in the J/.'. Tt may often be 
sufficiently accurate to perform the calculation as if the 
particles were being emitted at one single representative 
threshold 
x6. It is only slightly less accu- 


energy,” e.g., for an (a,1m) reaction 
1 A re) if &< 


rate in some cases to choose e=0 and assume only s-wave 


near 


choose es 


particle emission, as was done in the illustrative example 
for the reaction Sm'"*(a,32)Gd" 

The great simplifications described in this Appendix 
are not applic able to all cases, of course, and are meant 
calculation for 
Was necessary to per- 


only as Sugg¢ stions. For example, in the 
the reaction Bi?’ (p,2n)Po°, it 
form the calculation in considerable detail in order to 
achieve even moderate accuracy. No definite rules can 
be formulated ; each case must be individually examined 
to ascertain the detail with which the calculation must 
be done to achieve a desired accurac y. 


W. Hauser and H Feshbach, Phys. Rev 87, 366 (1952). 
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rhe separate cross sections for interaction of 7.5-Mev protons have been measured for natural copper and 
vanadium. Angular distributions for elastic scattering are presented. The (inelastic scattering+alpha 
emission) cross sections are: copper, 266 mb, and vanadium, 134 mb. The (/,) reaction cross sections are 
Cu®5, 537 mb, and V™, 555 mb. These data, along with separate measurements of polarization from c 
are compared with optical-model computations. The results indicate a volume-absorption potential 


than a surface-absorption potential 


INTRODUCTION Dependence section). Elastic scattering experiments on 
medium weight nuclei have been reported at 5.7 Mev,'® 
at 6.4 Mev,® at 7.5 Mev,'® at 9.4 Mev,!’ and at 9.8 
Mev.!§ Polarization studies have been made at 6 and 7 
Mev" and at 7.5 Mev.” These data must be supple- 
mented with measurements of th 


HE last few years have seen extensive qualitative 
and quantitative success of the optical model for 
the interpretation of nuclear interactions.’~* In the 
present paper, we are concerned with the optical 


seated ot tear I } . . : = e nonelastic cross 
potential at low bombarding energies (i.e., less than 


section for unambiguous optical model analyses. At 


proton energies above 9 Mev, this cross section has been 


30 Mev) where for nonbound phenomena the potential 


can, in principle, be derived from an averaging over the : e : 
obtained from beam attenuation measurements,”!~* but 


resonance structure of the compound nucleus.? Phenom- ; gy ; 
Ns “te Se . me at lower energies, charged particles energy loss is 
enological analyses of experimental data have not : 
hitherto provided an unambiguous form for the poten- 
tial, nor have they differentiated conclusively between 


primarily an atomic effect. Thus, the attenuation 

method is not applicable, and the cross section for each 
par ay ‘ ; Ne - of the possible reactions must be separately measured.”° 

a concentration of the imaginary (absorptive) part of : , : : ; - : 

es eT ae : or —- i Haat ke ee Extensive studies of (f,n) reaction cross sections have 

the potential on the surface of,*~® or its distribution 

hont 7-9 ¢ 


; — been reported for medium weight nuclei at 5.5 Mev,”® at 
throughout,‘~* the nucleus. Both types of potential have ~ é 


4-6.5 Mev,” and at 6.8 Mev.?’?® Charged-particle 
| 


succeeded in fitting experimental data, although from ‘sg : ; 
emission cross sections were recently measured near 10 


theoretical arguments a surface absorption is expected : at : 
+ Re 1 . Mev for several elements.” The (/,) cross sections near 
at low bombarding energies.'”~"4 : Nd ‘ 

this energy have subsequently been reported for Cu' 
and Cu®,*! and were combined with the preceding 


The proton energy region of 5-10 Mev is of particular 
interest in medium weight nuclei, since at this energy 
the proton is reaching the top of the Coulomb barrier 


1 the in actior uld therefore be more sensitive 


work” to obtain total reaction cross sections for Cu®™ 
and Cu®.*! Inelastic scattering to first it ites has 
of the nuclear potential (see Energy also been reported. 
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ERACTIONS 
It is important that the measurement of these various 
be made at one energy and on one nucleus 
of the possible dependence of wd optical 
3,34 and of 
the known dependence upon mass number and bom- 
barding energy. Within this framework, the present 
studies of copper and vanadium were undertaken. 
Elastic scattering of 7.5-Mev protons from natural 
copper and vanadium was measured to give the ratio 
of elastic Rutherford scattering cross sections. The 
total nonelastic sections were obtained from 
measurements of the [(p,p’)+(p,a) ] cross section for 
the natural elements and the (,2) cross sections for 
Cu® and V*". Q values** for other particle-emission 
eactions are sufficiently negative to preclude them. 
Proton capture has been neglected as the cross section 
for (p,y) is estimated most 1 mb for these 
An is included for compound- 
scattering. Earlier polarization measurements” 
are included for the copper analysis. 


CTOSS Se€¢ tions 
in view 


potential on target spin,? and neutron excess 


cross 


to be at 
elements.*® estimate 


elastic 


EXPERIMENTAL PROCEDURE 
Elastic Scattering 


The scattering targets were 0.25-mil copper and 0.10- 
mil vanadium foil, 0.3 cm wide by 3 cm high. The 
method measuring elastic scattering was developed 
previously by Waldorf and Wall'®*’: The flux of protons 
‘lastically at some angle 6 from a copper or 
vanadium target is compared with the flux of protons 
gold target at 


scattered ¢ 


scattered elastically from a the same 
angle. 

The scattered 
Nal(Tl) scintillation 


chamber. 


observed in a movable 
detector inside a_ scattering 
A measure of the flux of incident particles 
from the number of protons scattered elastically 
) into a CsI(TI) monitor detector. 
The spectrum of pulses from the movable detector was 
ee iat using a twenty channel pulse-height analyzer, 
and number of elastically 
obtained by summing the counts in the appropriate 
The pulses from the monitor went to an 
integral discriminator set to accept only pulses corre- 
sponding to elastically The pulse 

height analyzer and the monitor scaler were turned on 
simultaneously and were automatically turned off when 


protons were 


came 
at a fixed angle (25° 


the scattered protons was 


( hannels. 


scattered protons. 


a prest ribed number of « ounts had been recorded in the 
Thus, 
represent the flux of protons scattered ¢ 


movable 


the data which were obtained 
‘lastically int 
per proton scat ia 


monitor counter. 


the detector at angle G 
H. Feshbach, Nuclear Spectroscopy, B, edited by 
Selove (Academic Press, Inc., New York, 1960) 
‘Pp. J. Wyatt, J. G. Wills, and A. E. S 
1031 (1960 
J Ashby and H i 
Othce ot 
gton, D.C 
cL Cohen, 
I’. Waldorf, 
Technology, 1956 


I’, Ajzenberg 


Green, Phys. Rev. 119, 
Nuclear Reaction Q 
ook Bate of Commerce, 


Catron, Tables 
Technical Services 
. 1959) 

Phys. Rev. 100, 
Ph.D. thesis, 
unpublished) 
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OF 7.5-Mev 


PROTONS WITH AND V 
If the 


monitoring angle, 


elastic ally into the monitor. 
Rutherford formula at thi 

flux from a 
from a gold target 
mental elastic 
scattering cross 


scattering obeys the 
then the 
Y to the flux 
6) of the experi- 
tion to the Rutherford 
1 the differential cross 
25°, not obey the Ruther- 
all be divided 
value 
section 
vs # was 


ratio of the target of element 


will be the ratio fizl 
S¢ attering CTOSS Se€¢ 
section.*’ Shoul 
section at the monitor angle, 
ford formula, the experimental ratios must 
by the f.(25°). In the 
for f-(90°) was independent 


on (pn the 


normalized to this point 


factor present work, the 


ly determined [see 


reaction |, and curve of f,(@) 


The rms standard error in tl 


scattering 


e precision of the elastic 
repeated 
and ~3% for 
as much as 1% 
scattering from 
; are in error by less 
90°) is accurate to 
and an estimated 2% 


cross section, LS 


determined by 


¢ 


measurement, is 2% for vanadium 


matic error of 
may be present in the selection of elastic 
the recorded spectrum. T 
than 1%. The normalization to f; 
an estimated 4% 
for copper. 


copper. A possible Syste 


for vanadium 


Inelastic Scattering 


The 


experiments wa 


ttering in the 
s the sum of (p,p’) and (p,a 
since the detector did not distinguish alpha particles 
from protons. 


of particles as inelastic particles. 


observed inelastic present 


processes, 
For convenience, we refer to both types 
Targe the same 
udic . 


ts were 
elastic scattering st 

The inelastic 
detector used for elastic s« 
from the 
analyzer. The number of pat 
C;, and elastically, C,, 
height distribut 


as for the 


particles were observed in the movable 
The output 
detector went into a channel-256 pulse-height 


alle ring stud i¢ S. 


‘ticles scattered inelastically 
were computed from the pulse- 
making two background 

corrections. imma rays and electrons, 
20°, was determined from the ra observed when 


ion spectra 
A correction for g 
> spect 
an aluminum absorber 
protons. 


the 


det yardage Was COVE red by 
‘ thick to stop the 
y te tor crystal fron 


the 
Particles scattered 
aluminum detector- 
and lead defining aperture contribute to the 
region of the 


sufficient 
into the 
housing 
i i \ correction for these, 
was evaluated at small ang 


i spectra, 
10% 


of the 


because 
intense forward peaking of elastic scattering, 
these background particles predominate over inelastic 


les W he re, 


scattering 


tions were made of from 70° to 


Observa 
140° 
10 


j 
GO jn/ Une 


hive angle S 


and at each angle the differential cross section 


for scattering into the solid angle dQ was deter- 


mined from: 
(1) 


where differential cross for 
t the inelastic- 
scattering differential cross section is isotropic,” and 
the total thus obtained by 


multiplying the average differential cross sec 


section 


Rutherford scattering. It was assumed that 


inelastic cross section was 


tion by dr. 
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40 160 180 
copper. The curves show typical 
and SA- (broken line) type potentials 
Here v and w are in Mev; a, b, d, 
1 ONE in m The ONE are the 
d by the models. Lower portior 
me potentials to the polarization 
ference 20 


An rms error of 10% is calculated for the inelastic 


cross section from the following estimates: (a) the 
background correction is accurate to 2%, 


aperture-scattering correction is 


the dividing point between elastic 


gamma-ray 
b) the housing- and 
accurate to 2%, (« 


ind inelastic s ulses is accurate to 2%, (d) the 
uncertainty in f,(@) is 4%, (e 
 ™ IM 5 3¢ 


the uncertainty in 
© from uncertainties in beam energy and 
ingle, and (f) the standard error in the average 
value of the differential cross section, determined from 


40 Ges 


detector ; 
t on ¢ ] ] - o7 
the cross sections at several angles, 1S 8°, 


pn) Reaction 


The cross sections for the (p,m) reaction on V* and 
Cu®° were determined by measuring the three quantities 
the cross section: 


occurring in the definition ol 


OS 


V is number of pwn reactions oct urring 


luring a bombardment by (Q protons on a target of S 


the 


where 
d 


atoms/cm”. For both of the nuclides studied, the 
product nuclide of the (p,m) reaction 
245-day Zn**),** and a few hours 


27.75-day Cr*! 
hey constitute the only observable 


is radioactive 
j and 
after bombardment 1 
activity induced by 7.5-Mev protons on vanadium and 
copper. Since the half-life of each of these spec ies is long 
compared to the usual 1-hr bombardment time, JV is 


egration rate at the end of bombard- 


equal to the disint 
ment divided by the decay constant. 


<6 cm* area 
Faraday cup.** All targets 


Targets were rectangular metal foils of 


i target frame in a 


ter, Vuclear Table Akademie 


the construct 


on ot 
1On Ol 


WALL, 


AND IRVINE 

were weighed and measured; within the accuracy of 
this measurement (~1%) the uniform 
thickness. The beam of hydrogen-molecule ions emerg 


foils were of 


ing from the cyclotron was broken up into protons and 
electrons by a thin aluminum foil located ~1 m ahead 
of the target in a region of sufficiently strong magneti 

field to sweep the electrons from the beam. A collimator 
of lead was inserted into the beam several centimeters 
before the target to ensure that the entire beam entering 
the Faraday cup would pass through the target foil. 
The Faraday cup was kept at ground potential, and 
guard electrodes, at a negative potential to eliminate 
spurious electron currents, were positioned around it. 
The current reaching the Faraday cup was electronically 
integrated with respect to time obtain the salt 
charge passing through the 
done by charging a 0.02 uf polystyrene capacitor witl 


target. The integration was 


the target current and measuring the voltage 
ted. In tl 


urrent 


capacitor to give the charge colle 
circuit,” 
positive feed-back amplifier, drives thi 


the positive input « 


the capacitor negative by the appropriate 
that the input terminal is held at 
tial. When the capac itor is cl 

a Schmitt 


charges the 


nearly ground poten- 
50 v (1 ucoul 
trigger fires, operating a relay which di 
capacitor, an ‘ reg] ter records the 
collection of 1 wcoul. The i 
better than 1‘ >. The Farac , u 
2.5-cm diam hole in one side, at tot 


direction, and the 


s calibrated to 
is provided with a 
he incident beam 


targets were oriented at 45° to the 


incident beam. The flux of protons el ittered 


out of the cup at a mean al yf , negligible com- 
as measured with 


pared with the current into t] ,W 
a CsI(T]) scintillation detect rovide al indepe nd- 


Fic. 2. Elasti 
best fits for VA 
and units same 

” Designed by H 
nology (unpublished 


the courtesy 


of Professor 





INTERACTIONS OF 7.5-Mev 
ent check on current measurements. These scattering 
observations were used to determine f,(90°), the 
normalization point for the elastic scattering data. 
Deuteron contamination of the beam was less than 
0.5%, as determined from the spectra of scattered 
partic les. 

Following bombardment, the target foils were re- 
moved from the Faraday cup, placed in glass vials, and 
dissolved in 2.0 ml of a suitable acid. The activity was 
then compared with the activity of calibrated Cr*! or 
Zn® sources under identical conditions. The standard 
sources, prepared during the course of this work,*' were 
calibrated using xX-ray—gamma-ray 
counting techniques. The Zn® source also was com- 
pared with Zn® standard sources from the National 
Bureau of Standards,” and further intercomparison of 
the coincidence-counting techniques with the NBS was 
done with a Mn* source.* The ac tivity of each target 
was corrected for decay to the end of bombardment. 

Note added in proof. J. R. Huizenga has recently 
raised a question as to the branching ratios in the Zm*° 
decay [Bull. Am. Phys. Soc., Ser. I, 6, 260 (1961) }. 
Our coincidence technique would be in error only if the 


coincidence- 


K-capture to total electron capture ratio was different 
for the ground state and excited state capture processes. 

From the repeatability of results, the precision 
standard error) of the present work was calculated as 
1.3% for copper and 4.0% for vanadium. The accuracy 
is limited by the following errors: The standard error 
to the standards is 1‘ / 
counting statistics and imprecision in the preparation 
of identical standards); the standard error of the 
coincidence-counting is 3% (counting statistics, back- 
ground corrections, imprecision in preparing identical 


in comparing the targets 


sources, and comparison with NBS); neglecting elec- 
tron and deuteron contamination of the cyclotron beam 
and error in integrator calibration gives an estimated 
error of 1%; the uncertainty of the isotopic abundance 
of Cu® is estimated as 1%%*; the uncertainty in half- 
lives is estimated as 0.5%'8; the target angle of 45‘ 
thickness is 


used for calculating the effective target 


correct within 1%. 


EXPERIMENTAL RESULTS 
Elastic Scattering 


The angular distribution of elastically scattered 
protons is shown in Fig. 1 for copper and Fig. 2 for 
vanadium. These figures also show our best optical- 
model fits (see Optical Model Analysis section). The 
copper data differ around 90° from earlier results by 
Waldorf,” shown in Fig. 3. A possible cause for this is 
discussed under Energy Dependence. 


B. W. Shore, Ph.D. thesis, 

, 1960 (unpublished). 
 Intercomparisons were conducted through the courtesy of 
S. B. Garfinkle of the National Bureau of Standards Radioactivity 


Section. 
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Fic. 3. Observed variations in elastic-scattering from copper. 

The data used in nt analysis ar hown as solid circles. 

Ordinate g to classical Rutherford-law 


pres 


i 
is ratio of elastic 


scattering 


Inelastic Scattering 


The total C(p,p')+ (p,a 
mb for copper and 13413 mb for vanadium. 

The vanadium cross section can be assigned entirely 
to V®™ (99.75% abundance 
added directly to the 
comparison with the optical model. 


] cross sections are 266427 


can be 
cross section for V* for 
The (p,a) contribu- 
tion to the vanadium cross section is ~1 mb,* and the 
remaining (p,p’) contribution is in agreement with an 
extrapolation of the estimates at 5.0-6.5 Mev by 
Taketani and Alford.?? 

The contribution of the Cu® 


and therefore 


F 
pin 


isotope to the inelastic 
CTOSS Se¢ tion, needed for our opti al-model comparison, 
from the Cu® 
charged-particle emission cross section measured by 
Meyer and Hintz* 
data of Buechner et al.,*4 
F to individual 
and Cu! 
inelas 


was estimated two sources: First, 


for 10-Mev protons; and second, the 
giving the relative intensities 
the separated 
, for 6.5-Mev protons. In calcu- 
cross section at 6.5 Mev, a (p,q) 
mb is included, extrapolating from 
for 8- to 23-Mev 
Interpolating between the stated 155 mb at 
10 Mev and our estimate of 105 mb at 6.5 Mev gives a 
120+30 7.5 Mev for Cu® 
[(p,p’)+(p,a) ]. The error represents our estimate of 
the uncertainty in the interpolation. 


of scattering levels in 


sotopes, ( ‘ut 


] 
1 
| 
Fi 


iting the tic 
cross section of 23 
the data of Fulmer and Goodman‘ 
protons. 
mb at 


cross section of 


(p,n) Reaction 


The p,n) cross sec tions are 537421 mb for Cu® and 
§55+30 mb for V*!. The error values are rms standard 
errors discussed earlier. 
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1960 
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Few precise measurements of (p,n) reaction cross 
10-Mev bombarding 
energy have been reported. The excitation functions for 


sections in the region of 5- to 
60 nuclei determined by Blaser ef al.?**® give cross 
sections for proton energies up to 6.8 Mev, with a 
accuracy of 10-20%. At 6.8 Mev 
sections for elements of atomic number between 28 and 
yf 400 mb. The only results at 
are those of Howe,** giving the relative 

> excitation function up to a proton energy 

of 12 Mev. Normalized to the data of Blaser et al.*° at 
6.5 Mev, this work*® gave a value of 600 mb at 7.5 Mev. 
Howe* also studied the (p,m) excitation function for 
Cu® and Zn®. At 9.85 Mev, Albert and Hansen* have 
recently reported (p,) cross sections for Cu® and Cu® 
of 510 mb and 700 mb respectively, values compatible 
with our data. A study” 


energies of 3.5-5.5 Mev showed 


stated the cross 


ill within 40% 


of 18 medium weight nuclei at 

p,n) cross sections 

of ~ 300 mb at 5.5 Mev for elements with atomic weight 
x 


from 45 to 70. An extrapolation of these data to 7.5 Mev 
gives an estimated cross section of ~500 mb for vana- 
lium and copper. The recent work by Taketani and 
7 on V® from 4.5 to 6.5 Mev extrapolates to a 

f ~450 mb at 7.5 Mev. The present value of 

ide the experimental error of the 

the stated error in reference 27. The 

innot be extrapolated with 


Compound Elastic-Scattering Estimate 


Computations based on 


a) potential 


he optical model predict : 
scattering, (b) total nonelastic processes, 
scattering, and ( 

the polarization of shape-el istic ally S¢ attered partic les. 
An estimate of the CE cross section is therefore needed 
before optical model predictions can be compared with 
experimental data. If one considers the first 
state of the compound nucleus to be the same as the 
ith respe to breakup the first excited 
may be favorable than CE 
difference), an estimate 
le using the data of Seward® 
ering from the first excited 


including compound-elastic (CE 


excited 


ground state wi 


ate exit channel less 


+ + 


scattering due to the energy 
of CE scattering can be ma 
for the inela 
e even-A nuclides Ti**, Cr**, and Fe®®, These 
cross sections are all estimated to be ~120 mb at 7.5 
Mev. Also from th » data, the 
i i excited state of V*™ is 


stic proton scatt 


states of tl 


cross section for in- 
elastic scatterin the first 
over half the similar cross section for Cr®, or 
75 mb. As the energy is increased, competition from 


slightly 


other reactions makes the compound-elastic exit mode 
therefore, a better estimate at our 
energy comes from the 7.5-Mev experiments of Waldorf 
and Wall,” 


a singie 


less important; 


who observed the intensity of scattering to 


ited State of copper to be 10 20% of the 


H. A e, Phys. Rev. 109 1958 
“6H. G. Blosser a r. H. Handle Phys. Rev 


1955 


HIRZ 


100, 1340 


AND IRVINE 


TABLE I. 7.5-Mev proton cross sections 
Process 


(pp) + (py 
(pn) 
CE 

Total nonelastic 


scattering to the first excited state of Ni**, or 12-25 mb. 
Adding the various contributions to the total 
sections we have the results of Table I. 
the rms values of the separate errors. 
The CE scattering must be from the 
observed elastic scattering for comparison with the 


cross 
rhe errors are 
subtracted 
theoretical curves. Our estimate above of 25 mb, if 
distributed isotropically, would produce a correction at 
160° of 0.1502 for vanadium and 0.10¢, for copper. The 
correction decreases toward smaller angles, 
negligible below ~90°. Our primary emphasis in fitting 
the elastic scattering data has been on the 
than ~100°, and the positions of the 
minima in the angular distribution. Parameter selec- 
tions which produce reasonable fits to our dat 
these criteria invariably predict 
angles than we observe. Any correction 
ing should tend to improve the fittil 
model curves at back angles. 


becoming 


angles less 
maxima and 
a using 


] ++ - + ] 
ieSs sca rl at large 


OPTICAL MODEL ANALYSIS 
Form of the Potential 


Optical model computations were carried out on an 


IBM-704 computer, using the program of Bjorklund.*’ 4° 
The local potential used in our anal 


iivses was: 


radial variable; V.(p) is the Coulomb 
potential of a sphere, radius R,, of 
density; F,.(p) and Fim(p) are the radial form factors 
for the real and imaginary potentials, respectively, with 
well-depth parameters v and w; and the last term is a 
(real) spin-orbit interaction term; M is the proton mass, 
a is the incident proton spin, and I is the incident proton 
orbital angular momentum. The form used for F,.(p 


where p is the 


uniform charge 


Was 

Fu [1 Texp\p— R, 

Rre=TreA*. 
Here r,. is the real radius parameter, and a is the real 
diffuseness parameter which determines the tapering of 
the poter.tial-well edge. Two forms were used for Fy.(p 


1295 


University 


7 F. Bjorklund and rnbact hvs. Re 1958 
‘sThe authors are indebt ‘ 
California Radiation Labo 


program 
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[INTERAC TIONS 04 5- Me 


First, Hi, (p), corresponding to an absorption of par- 
ticles throughout the nuclear volume (volume absorp 
tion, VA): 

H;,=[1+exp(p—R 


Rim=TfimA?, 


) b | I 


where rim is the imaginary radial parameter and 6 is the 
parameter. Second, 


corresponding to absorption of particles at the nuclear 


imaginary diffuseness Gim(p), 


surface (surface absorption, SA 


G; exp{—[ i R dj). 18) 
In this case, d is the imaginary potential-well surface- 
thickness parameter. Several computations were also 
made using a combination of SA and VA potentials of 
the form 
F; CH jm t+02G 

Our adjustable parameters were thus: the well depths 
v and w, the radial parameters r,.. and rj, the diffuseness 
parameters a and 6 (or d), the spin-interaction param- 
eter A, and, when applic able, c; and ¢» 


Energy Dependence 


of the previous observations of data 
such as the evidence for a constant 7R 
ire limited in application at 7.5 Mev for copper and 
vanadium. Predictions here appear more sensitive to 
parameter details than predictions at higher energies 


Since our incident energy is close to the Coulomb barrier 


height for these elements, the barrier penetrability will 

ive to the exact shape of the nuclear potential 

and hence to optical-model parameters. We therefore 

anticipate that predictable quantities which depend 

ically upon barrier penetration, the nonelastic cross 

section in particular, may display rapid changes with 
slight parameter changes. 

We experimented with thinner copper targets (down 
to 0.05 mil) and found the elastic scattering around 90 
to be quite sensitive to thickness (see Fig. 3). We found 
no evidence for a similar dependence of the (p,”) cross 
section. These results indicate the scattering is strongly 
sensitive to either energy 
spread; both the mean projectile energy and the range 


incident beam or energy- 
of energies of scattered particles (the difference between 
particles scattered at the front and the rear of the 
target) vary with target thickness. 

The sensitivity of optical-model predictions to inci- 
dent energy for a typical set of fixed parameters is shown 
in Fig. 4. The elastic scattering predictions differ only 
at large angles, in contrast to the experimental differ 
ences in data (Fig. 3) which are most pronounced at 
intermediate We that 
dependence of our model, by itself, will not explain the 


angles. conclude the energy 


varied scattering observations. The predicted variation 


nonelastic cross section with incident energy, 


copper 
57 Mev, 


5 f 


i 


e same parameters, sl 


Mev. 

complex phase shifts obtained as part of 
i 

} 


using th ows a small but marked 
An examination of the 
the computer 


neous discontinuity in the /=0 


discontinuity around 7.5 


output showed a simulta 
2 attribute the 


hange in the 


and / partial waves. We therefore 

cross-section discontinuity to a sudden ¢ 
penetration of these partial waves around 7.5 
\ more likely explanation of the variations of 
scattering from copper may be in terms of a sensitivity 
of scattering to energy spread: This varies from 58 to 


I 
270 kev for the 


nonuniform distribution of energy levels, 


targets used. is would imply a 


affecting the 
results of averaging over energy levels. Such a distribu- 


tion is not the excitation energy of the 


unexpected ; 


compound nucleus is around 15 Mev in our experiments, 


energy of the pl otonuclear giant resonance 


close to the 


in Zn. 


Analysis of Copper Data 


Table 


IT lists several typical sets of parameters which 
gave satisfa tory re sults for elastic 


scattering, along 
with the nonelastic cross section predicted by each set. 
erent ambiguity 


model computations 


The range of values indicates the inl 
of the model. In comparing optical 
with our experimental data, we found neither a unique 
set of optimum parameters, nor an indication that such 
a set exists. A variety of para r sets gave similar 
fits to the elastic scattering data, specific lly the 
minimum near 80° and the maximum near 110°. How- 


ever, tl is variety is greatl redu hen the nonelastic 





SHORE, 


Paste III eters, vanadium. 


Optical model paran 


The 


cross 


we by the model. 
nonelastic 
ude of the 
hi 


cross section must also be predict 
; 


parameters which 
damp out the 


produce a large 


section also ampl elastic 


it 

scattering maxima and minima. This correlation has 
wna us qualitative conclusions: 

First, the imagi potential must be the volume 

absorption (VA) type, Eq. (5), rather than the surface 

pe (SA), Eq. (6). Figure 1 shows our most 

— for elastic s« attering for the 

nonelastic 

For the elastic s« attering 

excellent fits to the 

itions satisfac tory. 


to draw several 
nary 


absorption ty 
satisfactory com 
two potential t ype 
sections predicte d from each 
lone, SA computations gave 
experiments, and VA comp 
However, our experimental nonelastic 
100-200 mb larger than those predicted by any SA type 
which fits our angular distribution. Similar 
predicted by 
d SA potentials, Eq. (7 


along with the cross 


were 


cross section is 


potential 
low nonelasti cross sections are 
near combinations of VA an 


wide yy Ea 


also 


slea and Brown.‘ 


Second, using the VA potential, our most satisfactory 
fits used identical radii for the and imaginary 
but with the imaginary diffuseness param- 

large as the real diffuseness 
parameter a. This large } is needed to give our large 
experimental nonelastic cross section. An increased 
nary potential radius 


potential radius can also 


real 
potentials, 
eter 5 several 


imaginary well depth w or an imagi 
1 fermi larger th 
give a larger cross section, but 


an the rea 
only at the expense of 
attering fit. 
spin-orbit parameter A, while affecting the 

predictions (A “is not the only 
produce effects, was 


polarization data. The 


large-angle scattering 


such however), 


Marameter to 


I 
I termined from 


rimarily de 
imi experimental data do not justify the inclusion 
to that of 


1e Darden 


f an imaginary term.’ 
Nodvick k d 


ita = 


ue comparable 


nd Saxon’ gave satisfactory fits to 


Analysis of Vanadium Data 


Table III lists several of t 
tory for Va 


ie sets of parameters which 
nadium. 
parameters 


As with « opper, a variety 
which provided the best 
vanadium fits: The 
Se¢ tion, for a 


are satisfac 
are possible. The 


copper fit do not give re isonable 


Cross 


predicted nonelastic 


+B. Easlea Internati 
Conference on clear St e, Kingston, ed lb \. Bromle 


1 E. W. Vogt niversity o to . ronto, Canada, 


1960), p. 203 


WALL 


fixed set of 


AND IRVINE 

parameters and potential type, is ~ 200 mb larger for 
vanadium than for copper. Our experiments give nearly 
the same value for the two cross sections. The 
compensation for this is to use a smaller 
diffuseness for vanadium. 
identical parameters can be used for the two elements 
to give satisfactory fits. Our most satisfactory « te age’ 
tions for both SA and VA potentials are shown in Fig. 
The vanadium data do not provide a clear 
either the SA- or the VA-type pote ntial, 
SA type gives a better fit to the ¢ 
and minimum in the angular distribution. 
copper, the most satisfactory VA 

identical radii for the real 


: simplest 
imaginary 
for this 


Except ( hange, 


ceuus for 
although the 


xperimental maximum 


and im 
CONCLUSIONS 


The oft repeated homily that a more extensive search 
for optical model paramet 
been confirmed by 


optimizing the seven parameters used 


1 


ers is generally fruitful has 


our experience. The problem of 
in present 
nor assurance 


seven 


com- 
putations has neither a uniqt 
that such an optimization, tricted only to 
variables, exists. 
Our most significan 
Greenlees** and Meyer and 
cross sections are notably 
parameters of earlier optical 
We met this 
imaginary potential 
cutting the reflectivity 
analyses indicate the i 
tional to the real potential 
Note added in proof. To ol 
nuclear surface while simultan 
and imaginary rounding 
cently attempted to fit 
Such fits generally 


ret juirem ent 


well depths 
but give consistently 
bution data. 

While it has been mentioned 
depth of the potential depends upor 

he differenc = be Lween ¢ Opper al 
from this effect 
values from Wyatt ef al.* 

An important difference betwee 
dium analyses at 7.5 Mev originates 
barrier; dependence of observables on 
tion makes them very sensitive to 
pot tential near the nuclear surface. 

Our observations of a possible energy 


poore \r 


is estimated 


ence of experiment is related to the forn 
opt ical model in terms of the averagir 
in the compound nucleus. We questic 
] 


model al 


yover many 


of too detailed an optical 


information on energy level densit 


”M. Melkanc 


ff ¥ S. Nodvik. D 
Phys. Rev. 106, 7 
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INTERACTIONS OF 7.5-Mev 
experimental investigation of energy and energy-spread 

dependence are needed. Our work further shows the 

need for experiments on separated isotopes for informa- 

tion on nucleus spin and angular momentum inter- 

actions. Polarization data, especially at large angles, 

are also needed. 
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Survey of Inelastic Scattering of Deuterons by Heavy Elements* 
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Energy spectra of inelastically scattered deuterons from approxi 
nately 30 heavy elements are measured with about 80-kev resolu 
yn. Many new levels are reported, including a level in Pr"! 
hose discovery substantially alters the decay scheme of Nd"™! 
The gross structure of the spectra is studied and several regulari 
\ngular distributions in Zr and the even isotopes 
f Sn indicate that the parity of the strongest levels in the anoma 
pe aks (~2.5 Mev) are with the 

lar assumption that they are the 3~ collective vibrational 


ties are noted 


negative, in agreement 

; however, there are also several strongly excited positive 
varity levels in that region. The correlation between cross sections 
r exciting 


given levels by (d,d’) and (d,p) or (d,t) reactions is 


INTRODUCTION 


HERE has now accumulated abundant evidence 

that there are vast differences between (p,p’) 
and (p,n) reactions! leading to low-lying states of the 
final nucleus. The former strongly excite the well- 
known collective levels while the latter excite single- 
particle levels, the former have an order-of-magnitude 
larger total cross section, and there are vast differences 
between the dependenc es of their cross sections on 
bombarding energy and target mass. It has further 
been shown! that other inelastic scattering processes 
such as (d,d’) and (a@,a’) are markedly similar to (p,p’ 


in tl respects. 


ICS 
\ tentative explanation for these facts! emerges from 
work of Baranger,® Ferrell ef al.,° 


the recent Brown 


* Work done at the Sarah Mellon Scaife Radiation: Laboratory 
ind assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission, and by the National 
Foundation 
Cohen, Phys 116, 426 (1959) 

Cohen, Proceedings of International Conference on Nuclear 

Kingston, edited by D. A. Bromley and E. W. Vogt 
University of Toronto Press, Toronto, Canada, 1960), p. 835 

3]. L. Yntema and B. Zeidman, Phys 114, 815 (1959 

‘The author is greatly indebted to M. Baranger for explana 

yns of most of these ideas 

M. Baranger, Phys. Rev 
Ferrell, Phys. Rev. 107, 1631 


1959): S. Fallieros and R 


Science 
1B. L 
7B. L 


Structure, 


Rev 


Rev 


120, 957 (1960); see also R A 
1957), Bull. Am. Phys. Soc. 4, 59 
A. Ferrell, Phys. Rev. 116, 660 (1959). 


AND 
University of Pittsburgh, I 


ROBERT | 


h, Pennsylvania 


2, 1961 


ittsbur 


studied. The correlation coefficients 
there are several Ca I 
} 


DY all thre¢ 


re generally slightly negative, 
but 


same levels are strongly 
reactions, i 1ding one Case in Sn!!7 where 
incipal dy single also the principal 2* 
vibrational level based on t \ very strong posi 
tive correlation is found between c1 ons for exciting given 


sulomb excitation and by di interaction inelastic 


The large 


levels by C 
scattering by Yntema and Zeidman in 
at 4-5 Mev and 


Ta and ‘ abou Va not found here 


inelastic deuter tering from Rh, Ag, and Sr 


from 


; explanations 
for this are 


Mottelson,’ and others. They have shown that 


: collective 2+ and 3~ states may be expressed as a 


0 (relative to the ground state) coherent super- 


position of particle-hole pairs; i.e., proton particle 
proton hole and neutron particle—neutron hole pairs. 


CLlASLIC 


States consisting of a superposition of these pairs are 
i 


scattering, and the 


all signs positive 


obviously those excited in i 


coherent mixture (i.e., 


will clearly 
have by far the largest cross section, and indeed will 
have a large cross section on an absolute basis compared 
to any sort of single partic le reaction. A pn reaction, 
1¢ h 


position of proton particle-neutron | 


on the other hand, excites states wh are a super- 
[ the 


coherent 


7 


ole States; 


most strongly excited states of this type are 
mixtures, which then form 7'= 1 collective states. These 
states should be about as strongly excited in (p,m) re- 
actions as 7=0 collective states are excited in (p,p’) 
reactions; one example of such a state is the giant dipole 
resonance well known from photonuclear experiments. 

However, as shown by Brown® and others, the 
T=0 states, 


0 collective 


attractive in 


Thus, the T 


particle-hole interaction is 
but repulsive in 7=1 states. 
ri, Phys Letters 3, 472 (1959). 
,and D J be published). 
eedin International Conference on 
| \. Bromley and E. W. 
nto, Canada, 1960), 


Rev 


Thouless (to 





COHEN 








pe 


ABC 4 
32 HM MB 











t 60°. These are typical of (d,d 
peaks are excitation energies 

nearly linear with the abscissa 
ates is their square root. Light 
utive data points while heavy line is 
Note that ordinate scale is loga 
also shown. Peaks labeled ‘‘(d,p)’ 


rd deviatior 


nect conse 


states are at low excitation energy (e.g., the 2+ and 37), 
whereas the J7=1 collective states are at high excitation 
energy (e.g., the giant dipole resonance). Thus, the 
collective states excited by (p,p’) are at low energy, 
(pn) are at high 
excitation energies; they would not have been observed 
in 14-Mev (,p) experiments, and would not contribute 
to (p,m) activation cross , 
This, then, exp 
and (p,m). The (p,a) rea 
states cannot excite a coherent 


but the collec 


tive states ited by 


ections. 

differences between (p,p’ 
m leading to low-lying 
super] osition of particle- 
tion is small and varies 
irregularly. The (p,p’) excites the coherent mixture and 
hence has a large cross section which varies slowly and 
regularly with mass states are well known 
to occur regularly as a function of A). It is also clear 
that other inelastic scattering processes will also excite 
coherent superpositions of T=0 particle-hole 
states, so that they should exhibit the same general 
features as (p,p’) reactions. 

These ideas suggest that it would be very interesting 
to tie down more definitely the hypothesis that the so 
called ‘“‘anomalous peaks” observed in inelastic scatter- 
ing? are indeed due to the 3~ collective state, to 
look for the other predicted collective states,’ and to 
test various qualitative and quantitative predictions 
of the theory for the known collective states. In this 
paper we present an experimental survey of (d,d’) re- 
heavy elements induced by 15-Mev deu- 
terons. It involves an extensive study of energy spectra 
with much 


ains all the 


. : 
hole states, so that the cross set 
collective 


these 


actions in 


better resolution than used heretofore in 


s. Rev. 105, 


oweetman, an 


hys. Rev. 115, 928 (1959); D. K. McDaniels, 
Chen, and G. W. Farwell, Nuclear Phys. 17, 


omp. rend. 249, 2189 (1959). 


614 (1960); J 


eee RS 


rei<¢] 


TABLE I. Absolute differential cross sectior 
for various peaks. No corrections for isotopi und: or back 
ground have been made, so that estimat ot cr tions for 
other peaks in Figs. 3-6 can be made by rison with 
those listed here. Energies are in Mev 


b/sr at 60°) 


Element Energy da/dQ Elen 
V 0.30 
Fe 0.85 
Co 1.47 
Cu 0.97 0.20 
Zn 0.99 0.92 
Se 0.62 1.8 
Y 1.81 0.28 
Zr 0.93 0.19 
Nb 0.96 

0.33 
Pd 0.44 

0.42 

0.33 

0.59 


0.21 
0.70 
~().18 


inelastic scattering 


several angular distribution studies, and elaborate com- 


any studies in heavy elements, 
parisons with other experimental results. Unfortunately, 
this work was interrupted by a very extended cyclotron 
breakdown so that the study is not 
possible with the techniques used. However, it seems 
best not to delay further the publication of the results 
already obtained. 


as exhaustive as 


EXPERIMENTAL 


The experiments were done with 15-Mev incident 
deuterons from the University of Pittsburgh cyclotron. 
Wedge magnet spectrographs are used to analyze both 
the incident beam and the reaction products," and the 
latter are generally detected with photographic plates. 
In a few angular distribution studies, scintillator de- 
tection was employed. Both of these methods have been 
described previously.” Typical data for one li 
ment and one heavy element 


ht ele- 


are shown in Figs. 1 and 2. 
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Data from Pt target at 60 
from heavy nuclei. S¢ 
1 R.S. Bender, E. M. Reilley, A J Allen, R. El 
and H. S. Hausman, Rev. Sci. Instr. 23, 542 
12 B. Bas Cohen, ie B Mead, R E Pric a K 
C. Martz, Phys. Rev. 118, 499 (1960 
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SCATTERING OF DEUTERONS 
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Fic. 3. Energy spectra of deuterons inelastically scattered from 
nuclei of atomic number 23-34. Angle of observation is 60°. Num 
bers on peaks are excitation energies in Mev; they are more 
accurate than energy scale shown on axis. Ordinate scale is loga- 
rithmic, but different curves are shifted arbitrarily. ‘‘C”’ or “O”’ 
on peaks indicates that they are probably elastic scattering peaks 
from carbon or oxygen, respectively. Dashed horizontal portions 
indicate that curves are below background level 


In the lighter elements, individual levels are generally 
resolved up to about 3-Mev excitation energy, and 
background is negligible, whereas in the heaviest ele- 
ments resolution is frequently a limiting factor, and 
background from elastic scattering introduces at least 
some difficulties. 

The energy resolution is about 80 kev for most tar- 
gets. In a few cases where target quality is poor, it is 
considerably worse. 


RESULTS AND DISCUSSION 


A. Good Resolution Survey of Energy 
Distributions 


The results of the survey of energy spectra measured 
at 60° are shown in Figs. 3-6. Excitation energies for 
some of the prominent peaks and some of the less 
prominent peaks reported in other work are shown on 
the figures; they may be used to establish the energy 
scale. The absolute differential cross sections for one 
level in each spectrum are listed in Table I; cross sec- 
tions for other levels may be estimated from them. 

The data for the lighter group of elements, shown in 
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scattered from 
Dashed 
oxygen 
| Ba spectra were measured 
mainder of spectra 


lastically 
apti yn for Fig. 3 


are obscured by 


Fig. 3, offer many opportunities for comparison with 
other data up to about 2.5- or 3-Mev excitation energy. 
In V, all levels up to 2 all energies are in Mev; this 
1) are given in reference 13 


will gene rally not be stated 
ich has been reported 


with the exception of 1.19 wh 
previously" but was not accepted in reference 13. All 
the levels seen in Fe up to 3.12 Mev are known from 
other work!’ and the energies agree within 5 kev.'® The 
levels in Co are also in good agreement with known 
levels'® up to 2.09 Mev, although the peaks at 1.47, 
2.06, and 2.18 


losely spaced levels; the apparent complexity 


are known to consist of several indi- 


vidual « 
3 Nuclear Level Schemes, A=40—A=92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic Energy 
Commission Report TID-5300 (I S. Government Printing 
Office, Washington, D. C 
‘H. J. Hausman, A. J. Allen, J. S 
C. J. McDole, Phys. Rev. 88, 1296 (1952 
Nuclear Data Sheets, National Academy National 
Research Council (U. S. Government Printing Office, Washington, 
D. ¢ 
6B. L 


1955 


R. S. Bender, and 


Arthur 


oft Sciences, 


Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958) 


AND 


mR. BE. PRICE 

of the levels at 1.19 and 1.74 can be explained by im- 
purities. In” Cu, there is a one-to-one correspondence 
between observed and previously known levels up to 
2.08 Mev, except for the structure on the sides of the 
1.86-Mev peak which could be due to carbon, and lack 
of evidence for a 2.01-Mev level which could easily be 
lost in the background. 

Thus, the data for nuclei between V and Cu up to 
about 2.5 or 3 Mev compare favorably with other 
accurately known data. The average discrepancy is 
about 5 kev, and there are essentially no discrepancies 
larger than 20 kev; this may serve as an index of the 
accuracy of other data given in this paper. For higher 
excitation energies, the known levels form essentially 
a continuum of levels with the experimental resolution 
used here. The sharp structure observed in many cases 
may therefore be considered as due to intensity varia- 
tions rather than the occurrence of levels. 

For nuclei heavier than copper, the data on known 
levels are much less abundant, 1 
presented here are the best available. In Zn, the levels 
at 0.78 and 1.30 are not known; the 
levels at 2.71, 2.78, and 2.98 are very probably the 


and many of the data 


strongly excited 
anomalous levels'® in the isotopes of mass 68, 66, and 64, 
respectively. In Se, the level shown at 
bination of known first 
energy in each of the major isotopes ; 
levels agree well with those from reference 16, 


0.62 is a com- 


excited states at about this 


the othe r obse rved 
but 
assignments of levels to specific isotopes cannot be made. 
Figure 4+ shows the results for nuclei between Y 
Te. In Y, each of the levels reported in reference 


nd 
alia 


16 is 


found; where there are discre pancies, the present data 
lable. The 
shown are levels in Y*; it is interesting to note that the 


should be considered much more rel levels 


, 
level at 0.91 is t excited ob- 
2.34 are 


own from 


known 14 sec isomeric 


servably here. All levels observed in Zr up to 
known from decay scheme work, and 2.75 is ki 
reference 16. 

Niobium is espet lally interesting since it 
studied intensively by 
spondenc e between that data 
perfect up to 1.31 Mev; 
are about 0.03 Mev higher in the present data, 


been 
n,n'y) reactions. corre 

and thi l entially 
all levels above tl is, however, 
whi h 
may indicate that these levels actually decay to the 
0.03 Mev first excited state rather than to the ground 
state. In addition, an extra level is found in the present 
data at 1.59 Mev. Above Mev, there are 3 
levels in the anomalous region; they agree roughly with 
reference 16. In Rh, the two Coulomb-excited levels at 
0.30 and 0.36 are strongly excited here but not resolved. 
The other two known levels at 0.54 and 0.65 are very 
weakly excited as might be expected from the facts 


Strong 


that they correspond to pure single proton excitations, 


and cannot contribute to the quadrupole collective ex- 
citation as their parity is opposite to that of the ground 


17N. Nath, D. M. Van Patter, M. A. Rothn 
Mandeville, quoted in reference 15. 
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state. The higher excited states of Rh are not known 
from other work except for reference 16. The resolution 
in that work was somewhat poorer, but its correspond- 
ence with this is readily discernible. 

In Pd, the interpretation is complicated by the multi- 
plicity of high abundance isotopes, but all levels up to 
1.73 Mev are known from decay scheme work; the 
anomalous region shows more structure than reference 
16 because of the better resolution. The peaks in Ag at 
0.67, 1.11, 1.66, and 1.95 have not been reported previ- 
ously; the others are known from decay scheme data 
and reference 16. The Cd data give little information 
because of the complex isotopic mixture; the low-lying 
levels are known from other work. For In, the lowest 
observed level at 0.46 is not known from other work. 
The peaks observed between 1.11 and 1.50 can perhaps 
be explained by known levels, but there is some diffi- 
culty in understanding the 1.50 peak as such. The 
anomalous region agrees well with reference 16. The 
Sn data will be discussed below in connection wit! 
Fig. 6. The low-lying levels in Te are all well known; 
the anomalous region is very much better resolved than 
in reference 16. The high-energy peaks for Te seem 
especially interesting since they are quite sharp in spite 
of the undoubtedly large level density in that region. 
For 
are all known with the excep- 
tion of 0.52. The higher energy region has not been in- 
vestigated previously ; the 2.83 level is almost certainly 


The heavy-element data are shown in Fig. 5. 
2? 


3a, the levels up to 


due to Ba'* because of its high intensity. 

The 0.14 and 1.30 levels in Pr'' are known from the 
decay of Nd'*'; the decay scheme also includes a strong 
1.14-Mev 4 
tween these states. The appearance of a 1.14-Mev peak 

however, strong y ray is a 
transition from the previously unknown 1.14 level to 
ground. The fact that it is populated by an allowed 
electron capture transition from the 3* 
Nd! 
Che apparent absence in the Nd! decay scheme of a 
transition to the 3 


ray which was assigned as a transition be- 


in Fig. 5, suggests that the 


ground state of 


indicates that its spin and parity are 3*, 3*, or 37 


state at 0.14 in competition with 


5+ ground state 


transition to the 3 


suggests that the 
if the M1 and 
k2 matrix elements are not untypical). It is therefore 
very probably 3+, as expected from shell model. The 
1 


34 


30 level is then very probably 3 


the 


and probably not 3+ 


1.14 level is not 
) 


as expected from 
hell model. Its assignment!® as 3+ was based on the 
strong 1.14-Mev y 
explain differently. All of the higher energy peaks in 
the Pr data of Fig. 5 must also be assigned as levels in 
rr. 

The levels in Nd up to 1.34 are all known previously ; 
the high-energy region has not been investigated previ- 


ray to the level which we now 


the only isotope of that element. 


ously. Er has a well-known rotational spectrum; in the 
two even isotopes, 0.26 and 0.55 are the 4* and 6* 
second and third rotational levels, respectively, so that 
it is perhaps somewhat surprising that they are so 
strongly excited in these reactions. The 0.82 level is 


se | 
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APPROXIMATE ~-Q (Mev) 
attered from 


spectra ot ae s¢ 
r Fig. 3 


Various 1sotopes of 


2 rotational band, 


unex- 


ground state of a AK excited 


so that 


the 
its strong excitation is also somewhat 
Ta, the 
higher members of the ground-state rotational band are 
again 0.30, 0.50, and 0.71 are 
thought! to be the 11/2+, 13/2+, and 15/2+ members of 
the Z rotational band. Here, however, 
three lines is quite 


pected. In other distorted nucleus studied, 


excited: the levels 


ground-state 
the intensity ratios among the 
large. All higher energy peaks must be due to previously 
te". 
the low-energy levels are known from decay scheme 
work; the 


large amount of structure for a heavy element with 


unknown levels in as Ta is monoisotopic. In Pt, 


high-energy region again shows a rather 


three major isotopes. 

The data for the Sn isotopes are shown in Fig. 6. 
The isotopic purity of the targets is sufficient to assure 
that all labeled peaks represent levels in the target 


isotope. There is some possibility of slight oxygen and 
carbon contamination; elastic peaks from these would 
give apparent peaks at about 1.52 and 2.10 Mev, re- 
spectively, with extra width, due to angular resolution, 


of about 100 kev. 
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Fic. 7. Low-resolution en- 
ergy spectra of inelastically 
scattered deuterons from 
lighter nuclei. Resolution 
has been reduced by calcu- 
lation so as to have Gaus 
sian shape with 450-kev 
full width at half maxi- 
mum; elastic peaks are re 
moved before smea ring reso- 
lution. 











In $ ®. the only previously known levels observed 
here are the 1.27-2+ and 2.76-4*. In Sn"’, only the 
levels up to 1.02 Mev were known. In Sn", the 1.22-27 
was known previously; three higher levels known from 
Sb"® decay are not excited here. In Sn’, only the 
0.92 level was known. In Sn™, the 1.18 is a well-known 


2+ level; | 


Is at 2.21 and 2.42 are known from the 
decay of Sb", where they are assigned as 4* and 6°, 
respectively, because y-ray transitions connecting them 
and connecting 2.21 to 1.18 are pure £2 from internal 
conversion data. However, evidence will be presented 
below that 2.42 is of odd parity, and very probably 3 


law 
ieve 


It is, of course, possible that there are two different 
levels at about the same energy. In both Sn™ and Sn™4, 
only the first 2+) states were known previously. 


ext ited 


B. Gross Structure of Energy Distributions 


In order to aid in viewing the gross structure of the 
energy distributions the data of Figs. 3-6 was mathe- 
matically “‘smeared-out”’ to a Gaussian resolution func- 
tion with 0.45-Mev full width at half maximum; the 
results are shown in Figs. 7-10. They are equivalent to 
what would be measured with scintillation 
resolution, except that the elastic peak is completely 
removed; this eliminates a very major source of diffi- 
culty in measurements with scintillators. 


the best 


The most interesting gross structure effects are those 
in Fig. numbers 30-56. The 
lowest energy peaks are due to the well-known one- 
phonon vibrational states. Their energy variation is 
chiefly featured by increases near closed shells for 50 
neutrons (Sr, Y, Zr) and 50 protons (Sn). The two- 
phonon vibrational states are not strongly excited. The 
anomalous peak,* between 1.8 and 3.2 Mev, is very 
strong throughout the region. In most cases, it appears 


8 which covers atomik 


1 
+ 


to be double with the higher energy portion having 
generally lower intensity. Further evidence on this is 
obtainable from the data for the Sn isotopes, shown in 
Fig. 10. There seems to be a fairly regular structure in 


1 


he 3-4 Mev region; it is not even difficult to imagine 
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regularities in this region from the high-resolution Sn 
data of Fig. 6. Considering the even isotopes in order 
from 116 to 124, it is impossible to ignore the regularity 
in the 2.24, 2.31, 2.42, 2.48, and 2.59 levels, all of which 
are the most strongly excited levels in their respective 
spectra ; further evidence on this regularity from angular 
distributions is presented below (Sec. C). There is 
strong temptation then to imagine a regularity in the 
2.76, 2.714 2.92, 3.16, 3.23, and 3.32 peaks, and another 
in the 3.58+3.42, 3.72, 3.83, and 3.82 peaks. 
Several other regularities at lower excitation energy are 
also easily imagined from Fig. 6. 

In the lighter elements whose gross structure is shown 


3.65, 
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in Fig. 7, the regularities seem to be strongest among 
the even Z elements as a group and among the odd Z 
elements as a group. This was also found in the (p,9’) 
data.’ However, it is difficult not to derive the im- 
pression from Fig. 7 that the 1.62+1.82 in V, the 1.19 
+1.47 in Co, and the 0.97+-1.33 in Cu are in some way 
the analog of the 2+ first excited states in the even 
nuclei (0.85 in Fe and 0.99 in Zn). In addition, it is 
difficult not to believe that the broad peaks in V at 
3.8, in Co at 3.8, in Cu at 3.3, and in Fe at 3.1 are the 
analog of the 2.98+-2.78+2.72 peaks in Zn which have 
been identified'® as the anomalous peak in the three 
principal Zn isotopes. 

The gross structure effects in the heavy elements are 
difficult to surmise from Figs. 5 and 9. The variations 
in the low-energy peaks are all well understood. The 
sharp difference between Pr and Nd is due to the fact 
that the only isotope of Pr has 82 neutrons so that its 
first vibrational state lies at ~ 1.2 Mev. The 82 neutron 
isotope of Nd (Nd') has its first vibrational state at 
1.57 Mev, but Nd has several other isotopes whose 
neutron shells are not closed so that their vibrational 
states lie lower (0.70 in Nd‘, 0.46 in Nd™®, and 0.30 in 
Nd'’),. The low-lying states of Er are not shown in 
Fig. 9 as they are not resolved from the ground states. 

Perhaps the most striking feature of Fig. 9 as com- 
pared to Fig. 10 is the lack of a sharp anomalous peak. 
One can imagine the 2.83 peak in Ba, the 2.09 peak 
in Nd, and perhaps the 1.39 peak in Ta as being associ 
ated with it, this is far from definite, and the 
evidence for it is essentially nonexistent in Pr and Pt. 


but 


Furthermore, the energy does not seem to be consistent 
with its known location at 2.6 Mev in the Pb isotopes.* 

The fact that the anomalous peak is missing in this 
region was surmised on the basis of much poorer data 
in reference 16. It was pointed out there that the nuclei 
involved here are either distorted or easily distortable. 
It may be that this causes the anomalous group to be 
greatly broadened, so that it is not easily recognizable. 


C. Angular Distribution Studies 


It has been widely speculated that the ‘anomalous 
peaks” found in inelastic scattering with 
Mev are due to the 7=0, 3 
However, there is essentially no direct experimental 
confirmation for this. An opportunity to test this 
hypothesis is presented by the recent work of Blair 
who showed that angular distributions of inelastically 


) 


—O—~2 3 


collective oscillation mode.’ 


scattered particles for even-parity levels are “‘out of 
with those for odd-parity levels. Indeed this 
method has been used®" to establish the parity of 
levels in lighter nuclei that may well be associated with 
the anomalous peaks. However, the most striking evi- 
dence for the anomalous peak is in the Z=40-52 region 
(see Fig. 8), and this region has not been investigated 
previously with this technique because of resolution 
difficulties. 


phase” 
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Fic. 9. Low 
ergy spectra of inelastically 
scattered deut 
heavy 
for Fig. 7 


erons 


nuclei. See caption 








The method consists essentially of comparing angular 
distributions of inelastically scattered deuterons which 
excite the ) 


vibrational level 


nuclei) with 


well-known 2 first excited 


state in even-even those which excite 
prominent levels in the anomalous region. If the present 
interpretation of the tl cory is correct, they should 
the respective angular 
distributions should be out of phase 
that 


consequence. 


have opposite paritic s so that 
[t is readily shown 
the difference in energies is of essentially no 
Some results are shown in Fig. 11 for Zr, and in Figs. 
12, 13, and 14 for the Sn In Zr, the four 
principal peaks in the anomalous region are approxi- 


isotope De 


mately out of phase with the 0.93-2* level, although 


‘ other. This 
may be explained by the presence of other 
1 so that it 
seems quite reasonable to conclude that the anomalous 
is probably due 
remains to be 


they are not perfectly in phase with each 
latter fact 


weak levels which are not pe rfectly re solved, 


peaks in Zr have negative parity; each 
to a different isotope, although this 
established. 

In the Sn isotopes, the most strongly excited level in 
the anomalous region does seem to have negative parity, 
but there are relatively strongly excited levels in this 
region which apparently have positive parity (e.g., 2.18 
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Fic. 11. Angular dis- 
tributions of various 
peaks from Zr(d,d’) reac- 
Underlined num 
bers are values of —Q 
see Fig. 4) in Mev, and 
numbers in parentheses 
are relative intensities 
at the levels shown. 
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in Sn), or which give angular distributions which are 
not simple to analyze in this way. The latter cases may 
be explained as mixtures of unresolved levels, some with 
each parity. 

In general, the evidence here shows that the prin ipal 
contribution to the anomalous peaks have opposite 
parity from the ground states, which supports the con- 
tention that the anomalous peaks are indeed the 3 
collective excitation. With regard to the other levels 
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present, it should be pointed out that the energy used 
in these experiments is somewhat below that for maxi- 
mum excitation of the anomalous peaks'®; presumably 
at higher bombarding energies, the other levels would 
be still less important. 

Since we have now identified the 2+ and 3- levels in 
the various even Sn isotopes, it is interesting to note the 
dependence of their energy on mass number. This is 
shown in Fig. 15; the values for the odd isotopes are 
taken as the center of the broad peaks which are clearly 
associated with the collective states. It is readily ap- 
parent that the energy variations with mass are very 
regular and are in opposite directions for the 2+ and 3 
state. The energies are lower for the odd isotope s than 
for the even isotopes, but by a far larger amount for the 
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distributior 
dd ) react 


ees 
2+ than for the 3 


There is no very clear explanation 
for these behaviors. | 


They are at least in some ways in- 
consistent with what is known about 

these levels in Zn and Zr; this 
probably not a symmetry energy 
straightforward mass effect. 


he behavior of 


mai A 
Indica 


it is very 


D. Correlation with (d,p) and (d,t) Reactions 


In view of the fact that (d,p) and (d,f) reactions ex- 
cite single-particle States (actually single 
while (d,d’ 


one might expect intuitively th 


jUasl-partlicle 


states reactions excl 


states, 


negative correlation between the 


given levels are excited by the two of reaction. 


types 
However, there is good evidence that this is much too 
simple a picture. In a study of the excit 
excited 


ation of first- 
states of 


even-even nuclei the well-known 
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collective 2+ states) by (d,p) and (d,t) reactions, it was 
found!’ that these were somewhat less strongly excited 
than the ground states (well-known single-particle 
states), but there were exceptions, and in general the 
difference was not large. Furthermore, one must con- 
sider mixing of collective and single-particle character 
between levels at nearly the same energy with the same 
spin and parity. Another factor to be considered is that 
there should be a negative correlation between the 
cross section for exciting given levels by (d,p) and (d,/) 
reactions,” so that this must complicate the negative 
correlation between each of these and (d,d’). 

In order to study these matters, cross sections for 
exciting various levels in the Sn isotopes by (d,d’) re- 
actions are plotted in Figs. 16-21 against the cross sec- 
tion for exciting these same levels by (d,p) or by (d,J) 
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wular distributions of var 


reactions 


ious peaks from Sn” 
Fig. 11. 


see caption for 
reactions in the appropriate isotopes.'? A positive or 
negative correlation would be evidenced if the points 
grouped about lines with slopes of +45° or —45°, re- 
spectively. In some cases, the energies are not known 
with sufficient certainty to be sure that the levels 
excited in the two reactions actually are the same levels. 
In all doubtful cases, it is assumed that they are the 
same; this biases the data so as to make the correlation 
more positive. A similar effect results from plotting un- 
observed levels at their upper limits; such data are 
shown in the figures by arrows pointing in the directions 
where the true values probably lie. 

Che general impression obtained from Figs. 16-21 is 
that the correlation is zero or slightly negative. In 
view of the aforementioned biases, it seems fairly cer- 
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A 
tain that there is at least something of a negative cor- 
relation in agreement with the simple theory. However, 
there are several notable exceptions to this general 
trend. In the even isotopes Figs. 16-19), first excited 
2+) states are relatively strongly excited by (d,t) re- 
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Fic. 16. Correlation between a(d.d’) in Sn"™ 


for exciting given levels of Sn" 


6 and o(d,t) in Sn! 
Numbers give excitation energies 
of levels in Mev; decimal point should be between the two digits. 
Arrows upper limits is taken proportional to 
ditferential cross section at 60°, and a(d,p) is taken proportional 
at 30°. Cross sections are in arbitrary 
2.2 Mev are the 2* and 3° collective 
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to differential cross section 
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orrelation between o(d,d’) in Sn™8 and a(d,p) in 
xciting given levels of Sn'!8. See caption for Fig. 16. The 
levels at 1.2 nd 2.3 Mev are the 2 and 3° collective levels, 


respectively 
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sections for exciting any single level in even-even nuclei 


as by (d,d’), in agreement with reference 


should be noted, however, that absolute cross 


are rather small bec ause of low frac tional parentage co- 
efficients The . 


” 
collective 
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ind unfavorable statistical factors. 


States in the even isotopes are rather strongly 


— 


excited by (d,p) reactions , which 


can perhaps be explained as a mixing of these states 


h the single -parti le level of configuration (Syofz/s 


as well as by dd’ 


wit 1 
same energy region. In 
Fig. 18, it appears as though the 3 
strongly excited by (d, 
configuration (51/2f 


which is expected to lie i1 
state is also fairly 
this would correspond to a 
; whi should be at a much 
higher excitation energy.” This is a region of high level 
density, so that the levels excited in the two experiments 
may be different; no such effect 
Fig. 16). 


is observed in Sn!! 





Fic. 18. Correlation 
between a(d,d’) in Sn" 
and @(d,t) in Sn” for 
exciting given levels 0>f 
Sn'!8, See caption for 
Fig. 16. The levels at 1.2 
and 2.3 Mev are the 2* 
and 37 collective leve 
respectively 
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Fic. 19. Correlation between o(d,d 
for exciting given levels of Sr See capt 
at 1.2 and 2.4 Mev are the 2* and 3> co 


In the odd isotopes of Sn (Figs. 20 and 21) perhaps 
the most notable feature is th 1ixing between the d 
single quasi-particle state, vibrational state 
based on the 34 
states, listed in Table II, are known from the fact that 
they give /, 

The relative cross sections with which each of these 
levels is excited in (d,p), 1’), and (d,/ 
listed in Table II. The situation is quit 
Sn" than in Sn 
level (1.02) is most strongly excited in e h of the 


ground state. The positions of these 


2 angular distributions in (d,p) reactions 
reactions are 
different in 
In the forme same nuclear 
i three 
reactions. In order to ascertain that there are not two 
very close-lying levels, the 
ured for the three ca 
sible error of 10 kev. Furthermore, 

same spin and parity cannot lie close together without 


very strong mixing wl 


energy Was ac urate iy meas- 
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Fic. 21. Correlation between o(d,d’) in Sn™® and o(d,p) in Sn" 
for exciting given levels of Sn'*. See caption for Fig. 16. 


them drastically, so that the possibility that 1.02 in 
Sn"? is a double level is very remote. Thus the same 
nuclear level is both the principal d5/2 single quasi- 
particle level and the principal 2+ vibrational level. 
Yoshida” has shown that this is indeed possible with 
fortuitous parameters for the unperturbed levels. In 
Sn"*, on the other hand, the situation is more in line 
with expectations; the principal d52 single quasi-particle 
level is at 1.09 whereas the principal 2+ vibrational 
level is at 0.92. There is still, however, a considerable 
amount of mixing. 


E. Comparison with Coulomb Excitation 


It is tempting to hypothesize that the cross section 
for direct interaction inelastic scattering to a given 
level depends on the degree to which that level is col- 


os. a ime 
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TABLE II. Excitation cross sections at 60° for 


isotopes by (d,f , (dd 


5* levels in odd Sn 
), and (d,t) reactions. 


Sn? Sn? 

da/dQ (relative) 

(Mev) (d,p) (d,d’) (d,t) 
0.92 7 64 9 
1.09 79 24 70 
1.35 15 12 21 


E da/dQ (relative) E 
(Mev) (d,p) 


(d,d’) d,t) 


1.02 4 69 
1.18 <14 
1.50 17 


lective. The best available quantitative index for the 
latter quantity is the value of B(#2) obtained from 
Coulomb excitation experiments. Our hypothesis can 
therefore be checked by studying the correlation be- 
tween B(£2) and the cross section for inelastic scatter- 
ing at an angle sufficiently large that actual Coulomb 
excitation should not be important. This was done in 
reference 16 for (p,p") reactions, and a reasonably good 
correlation was found. However, because of the im- 
proved resolution, a much more extensive study may be 
made with the data from this work. 

Figure 22 shows a plot of cross sections for (d,d’) 
reactions observed in the present work vs B(£2) from 
Coulomb excitation experiments.” The numbers in 
that figure are atomic numbers of the nuclei. There is 
clearly a strong positive correlation, but the data seem 
to lie along different lines for light (Z = 23-34) than for 
heavy (Z=45-78) nuclei, with the exceptions of the 
Nd isotopes and the low-abundance isotope Te'®. The 
latter might be explained away if one of the abundant 
isotopes of Te has a level at the same energy, but the 
Nd results are apparently true exceptions. The differ- 
ence between light and heavy nuclei was also observed 
in reference 16. 





Fic. 22. da/dQ at 60° for excit 
ing levels by (d,d’) reactions vs 
B(k—2) for exciting these same 


levels by Coulomb excitation 
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The choice of B(£2) as an index of the degree to 


which a level is collective is not completely clear. 
Arguments might be made for using the ratio B(E£2) 


B(E2)sp, the 


part iC le 


denominator representing 
value,” or doce’ / dQ, 


the single- 
section for 
Coulomb excitation as calculated from the standard 
formulas.~ 
latter quantity is shown in Fig. 23; 
”? 


the cross 
A plot of observed cross sections vs the 
it is obtained from 
Fi by multiplying the abscissas by C/Z*, where 
C= (2ME/h*)X f(60°,&):-0X10- cm?, a constant for 
all data in the present experiment.” The clear-cut 
distinction between light 


a 


and heavy nuclei is now 
largely removed, but there is a tendency for data from 
each mass region to cluster together. It is very important 
to point out that the abscissa is not the actual Coulomb 
excitation cross section, since the standard formulas” 
ignore penetration of the nuclear surface. The latter 
occurs for angles larger than 30° for even the heaviest 
nuclei*; at 60° the standard formulas give much too 
large a cross section since the classical orbit for 60° 
detlection penetrates the nucleus quite substantially, 
and the actual the nucleus is 
strongly attenuated by the imaginary potential (i.e., 
other reactions take place . It is 


Fig. 23 that direct-interact 


wave function inside 


therefore clear from 
ion inelastic scattering is the 
predominant process in these experiments. 

If B(E2)/ B(E2)sp 


a plot intermediate between Figs. 22 and 23 would be 


gs. 22a 


had been chosen as the abscissa, 


obtained, as the abscissas in such a plot are obtained 
by dividing the 


portant 


A‘. The im- 
tion remains, however, that 


abscissas of Fig. 22 by 
result of this se 
the re is a very strong corre lation between CTOSS Set tions 
for direct interaction inelastic scattering aad the degree 


h a level is collective. 
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F. Search for 5-Mev Peaks of Yntema 
and Zeidman 


In a low-resolution survey of inelastic deuteron 


scattering at 21.6 Mev,’ large peaks were reported at 
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Fic. 23. da/dQ at 60° for exciting levels | 
da’ /d®, the cross section for exciting these san 


excitation according to standard formulas.” 


about 4-5-Mev excitation energy in the from 


Rh, Ag, and Sn. Since photographic plate 


spectra 
spectra are 

obscured in this region by protons from d,p reactions, 
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The isotopic composition of low-energy helium nuclei in the primary cosmic radiation has been determined 
by using the “constant sagitta” scattering method on tracks of helium nuclei stopping in a nuclear-emulsion 
stack flown at a geomagnetic latitude \=55°N and at a mean atmospheric depth of 8.5 g/cm?; tracks with 
zenith angles less than 30° were accepted. The ratio of He*/(He*+He') for the same energy per nucleon 
(between 200 and 400 Mev) is found to be 0.41+0.09 at flight altitude. The correction for production of 


secondary He’ in the residual atmosphere is calculated to be 4% 


If one assumes that no He? nuclei are 


present at the source, the observed ratio corresponds to a traversal of 14+3 g of interstellar matter by the 
low-energy helium nuclei. The value of He*/(He*+ He) corresponding to the same magnetic rigidity (be 
tween 1.3 and 1.6 Bv) is found to be 0.36+0.11 which corresponds to a traversal of 12.2+3.5 g of inter- 
stellar matter. The observed ratio may indicate the presence of He’ at the source of cosmic rays, or may be 


a reflection of local production within the solar system 


1. INTRODUCTION 


HE chemical composition of cosmic radiation as 

observed at the earth gives us information about 
the relative abundance of elements at the source to- 
gether with the history of the traversal of cosmic radia- 
tion through interstellar space. In particular, as has 
been pointed out by: Bradt and Peters,' the abundance 
of the elements Li, Be, and B is of importan e. These 
elements have a negligibly low abundance in the uni- 
verse compared to other elements’; as such, any cosmic- 
ray source will presumably have a low abundance of 
Li, Be, and B and any amount of these elements ob- 
served at the earth should be residues from collisions of 
elements of higher charge with the hydrogen of the 
interstellar space. Thus, a knowledge of the abundance 
of the light elements Li, Be, and B in the cosmic 
radiation, together with a knowledge of the probabilities 
of production of these residues in collisions of elements 
of higher charge with protons, gives a measure of the 
average amount of interstellar matter traversed by 
cosmic rays since their injection into the interstellar 
medium. 

Many experiments have been performed to determine 
the abundance of Li, Be, B in comparison with the 
elements C, N, O, and F. However, due to the long time 
of exposure of the apparatus needed to observe sufficient 
numbers of these nuclei, and due to inherent limita- 
tions of balloon techniques, one is fore ed to observe 
these elements under a finite amount of residual atmos- 
phere. Thus, besides the low statistical accura¢ i of 
these measurements and the difficulties in identification 
of the charge, one has the problem of correcting these 
observations for the finite production of the light 
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elements in collisions of elements of higher charge with 
nuclei of the residual atmosphere. After a controversy 
over the past 10 years, during which time values of the 
ratio of Li, Be, and B to C, N, O, F at the top of 
the atmosphere varying from 0 to 1 were claimed, 
experimenters at present seem to be converging to a 
ratio of 0.25 (at the geomagnetic latitude \=41°) with 
an uncertainty of about 0.1. In view of these difficulties, 
one seeks other ways of determining the amount of inter- 
stellar matter traversed by cosmic rays, where one is 
not beset with the above problems. 
Several authors'® have suggested the measurement 
of the abundance of helium 3 nuclei as compared to 
helium 4 nuclei. Present astronomical knowledge about 
the presence or absence of He’ in the atmosphere of 
stars and in interstellar matter is extremely meager, 
although present opinion is that it is probably present 
in negligible quantities in most stars. (This point will 
be discussed later.) assume that He*® does not 
exist at the source of cosmic rays, as with the Li, Be, 


lf we 


and B, the determination of the abundance of He’ gives 
us again a measure of the interstellar matter traversed 
by cosmic rays. It will be shown later that this measure- 
ment has the advantage that the correction for sec- 
ondary production of He’ in collisions of He* and other 
heavy nuclei with the nuclei of the residual atmosphere 
is negligible. However, the observation of He’ in cosmic 
rays is inte resting by itself. 


2. EXPERIMENTAL DETAILS 


(i) The cosmic ray stack. The nuclear-emulsion stack 
used in this experiment was exposed to cosmic rays by 
means of a stratospheric balloon launched from Minne- 
apolis, Minnesota latitude 55°N) on 


July 30, 1957. This stack is the same in which the energy 
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spectra of helium® and nuclei of higher charges’ have 
been determined. The ratio of (Li,Be,B)/(C,N,O,F) 
with energies greater than 1 Bev/nucleon has also been 
determined in reference 7. The flight curve is given in 
reference 6. The plane of the emulsions was held hori- 
zontal until after the balloon had reached its floating 
altitude and then rotated through 90° such that it be- 
came vertical. The effective collection time for cosmic- 
ray tracks was 8 hr, 51 min, with the average amount of 
air above the stack being 8.5 g/cm*. To this must be 
added approximately 0.3 g/cm? for the packing material 
and the }-in. Fiberglas dome in which the emulsions and 
the rotating mechanism where housed. The trajectory of 
the balloon was almost straight west from Minneapolis 
and deviated from the latitude of the launch site by less 
than half a degree. 

The emulsion stack consisted of 150 Ilford G5 nuclear 
emulsions, 30 cmX25 cm and 400-u thick. They were 
exposed with the 25-cm edge horizontal. They were 
developed in the usual way. 

(ii) Scanning procedure. A line scan was performed 
in each plate one cm from the top edge and the scan was 
adjusted such that a track with the accepted zenith 
angle of 30° had a potential range of 30 cm. Tracks with 
grain density of 5.4 times minimum and having a 
length >5 mm in the scanned plate are accepted. The 
grain density of 5.4 times minimum corresponds to that 
of He‘ nuclei with a residual range ~30 cm. Only 
tracks with range >4.5 cm were used in this experiment. 

(iii) Method of identification. All the stopping tracks 
obtained in the scan were first grain counted in the 
scan plate. The grain densities are plotted against the 
residual range; this graph is displayed in Fig. 1. As can 
be seen, the doubly charged particles group at upper 
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Fic. 2. Plot of the scattering parameter De vs nu 
cosmic-ray alpha particles 


right are clearly differentiated from the singly charged 
particles. The solid line corresponds to a triton; a triton 
would fall closest on such a plot to the doubly-charged 
group. 

The stopping doubly charged particles are subjected 
to the constant sagitta-scattering method.’ The 
ing scheme was made to obtain an average second 
difference D.=0.75 » for He*, assuming a scattering 
constant K = 27.0° and using the range-energy curves of 
Willis and Stableford’ and Atkinson and Willis."' This 
corresponds to D.=0.85 u for He’ as obtained from the 
usual formula,” 


D,=0.00348K R--8Z-9.16f 


scatter- 


where K is the scattering constant, R is the residual 
range, Z is the charge, M the mass, and / the cell length. 
This formula assumes the nonrelativistic approximation 
p8=2E; if we use the correct relativistic relation, for 
the present scattering scheme, D.=0.88 u for He®. The 
D. for measured tracks is obtained first by computing 
the average third difference D;, during all Ds 
values greater than 4D; are replaced by 4D;, and then 
reducing D; by the usual factor of (3)! and 
“adjustment factor’ of 0.94. 

(iv) The machine stack. For calibration purposes, a 
stack of 25 pellicles of G-5 emulsions 20 cmX10 cm 
X600 u was exposed to the 925-Mev alpha particles 
(He*) accelerated by the synchrocy Berkeley, 
California," with the 20 cm side to the beam. 
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These particles have a range of 13.1 cm, so that all of 
them which did not interact stopped in the stack. 

The scanning procedure in this stack consisted in 
picking up a track at 1 cm from the entering edge and 
following it until it stopped or interacted. The tracks 
which stopped were used for calibration of the constant 
sagitta method. Tracks with the range of 13.1 cm are 
due to Het of 925 Mev and we call these “normal 
tracks.” 

An area scan was also performed for interactions 
produced by He‘ particles of the incident beam and in 
which there was a track of nearly the same grain 
density as the incoming particle and which made 
an angle less than 20°. This outgoing particle was 
followed until it stopped. These interactions are the 
(He nucleus-in)-(He nucleus-out) type of interactions 
observed earlier.!® In the present experiment, only 
those interactions with range of the outgoing helium 
nucleus track greater than 3cm, the range necessary 
for the application of the scattering method, are used. 


3. RESULTS 


The D, distribution, obtained by the application of 
the constant sagitta method to 84 stopping cosmic-ray 
helium nuclei is displayed in Fig. 2; about 110 cells were 
obtained for each track. It is seen from Fig. 4 that 
there is a separation of the particles into two groups. 
In order to make sure of the separation, the constant- 
sagitta scattering method has been applied to 50 
stopping tracks in the ‘machine stack’ having the 
normal range of 13.1cm. The D. distribution is given 
in Fig. 3. It is seen that only three particles occur with 
D, beyond 0.85 pw. These could be due to contamination 
in the beam. 

To confirm the separation further, the outgoing 
tracks in the (He nucleus-in)-(He nucleus-out) inter- 
actions are used. It was shown earlier!’ that the out- 
going He nucleus from a (He nucleus-in)—(He nucleus- 
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lic. 3. Plot of the scattering parameter D, vs number 
for machine-accelerated He‘ nuclei. 
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Fic. 4. Plot of the scattering parameter D2 vs number for 
outgoing He nuclei tracks from (He nucleus-in)-(He nucleus-out) 
interactions 


out) interaction is most probably a He’ at energies 
greater than 6 Bev/nucleon. However, at the energies 
dealt with here, 150-200 Mev/nucleon, there may be 
some He? in the outgoing He nuclei tracks. 

The D, distribution obtained by the application of 
the constant method to 60 He nuclei tracks 
coming out of (He nucleus-in)-(He nucleus-out) inter- 
actions is displayed in Fig. 4. This distribution clearly 
shows the separation between the groups and these 
can be intrepreted as due to He‘ and He’. 


sagitta 


The Dz distribution of the “normal tracks” which are 
tracks due to He! particles, and the D, distribution of 
the “He nucleus-out” tracks, which are a mixture of 
He‘ and He’ particles, show that tracks with Dz less 
than 0.85 » are those due to He‘ particles and those 
with D. greater than 0.85, are those due to He? 
particles. Thus with the cutoff at 0.85 yw, out of the 84 
particles there are 46 He‘ and 38 He’ particles. 

The average of the D» of the group of tracks below 
0.85 uw is 0.76 uw with an error on the average of +0.15, 
and the average Dz» of these tracks above 0.85 pw is 0.92 
with an error on the average of +0.18. The mean D, 
for He* tracks agrees very well with the expected Ds of 
0.75. However, the average for He* tracks seems to be 
about 2 standard away from the value 
expected. This fact of course does not affect our analysis, 
because we have a direct calibration from the ‘machine 
stack’. 

However, we have to remember now that we pick 
up tracks at a certain grain density, and follow the 
tracks into the stack until they stop. This corresponds 
to picking up the helium nuclei at the same velocities, 
which correspond to different total energies for Het 
and He*. With the same energy/nucleon, He* has a 
shorter range than He‘; but the stack has fixed di- 
mensions. Thus, there is bias against He‘, 


deviations 


if one con- 
siders energy/nucleon as the criterion, and one has to 
remove those He* corresponding to He* which do not 
stop in the stack in order to get a ratio for the same 
energy /nucleon. We remove two He’ with zenith angles 
larger than 30°, which were included in the histogram 
of D, distribution. The distribution of the particles is 
given in Table I. Thus, the ratio He*/He‘ (correspond- 





M . 


ras_e I. Breakdown of Het and He’ data into two 
energy-per-nucleon ranges (see text). 
Energy /nucleon 


in Mev No. of Het No. of He? 
200-400 44 31 
400-480 will 


emu 


not stop in the 7 
lsion stack) 


ing to 200-400 Mev/nucleon at the top of the atmos- 
phere) is 31/44, and the ratio 


He’ (He’+ He* 0.41+0.09. 


If one considers the total magnetic rigidity as the 
criterion, our selection at the same grain density for all 
helium nuclei corresponds to different rigidities for He* 
and He’. In fact, we have a bias against He’ at the high- 
rigidity end due to finite dimensions of the stack 
and we have a bias against He‘ at the low-energy end, 


the 


since we use only those tracks with total range greater 
than 4.5 cm. 
g 


This corresponds to a total rigidity of 
for He*.) The breaking up of particles with 
different magnetic rigidity ranges is shown in Table II. 
The ratio He He’+ He for 
rigidity (between 1.3 and i.6 Bv 
to be 0.36+0.11. 
The total flux of helium nuclei and the energy spectra 
as observed in this stack may be found in reference 6. 
For obtaining the ratio at the top of the atmosphere, 
we have to secondary production of 
He’ in the residual atmosphere. The interaction mean 
free paths for He* and medium nuclei (C,N,O,F) in 
air are well known and are Aye“? =45 g/cm? and 
26.5 g/cm?, respectively. The probability of 


.25 By 


same magnetic 
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the 


calculate the 


An 
production of He’ in a single collision of He* and an air 
nucleus P, is estimated to be 0.1 and the corre- 
sponding value for medium nuclei is Py_;‘*)=0.5 
see Appendix). The contribution of nuclei with Z>10 
to the secondary produc tion of He is negligible 
following section). With th 
to the ratio He’, (He*+He*) due to secondary produc- 
tion of He* within the atmosphere is calculated to be 
less than 4%. [ 
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APPA RAO 
energy/nucleon and the ratio for the same magnetic 
rigidity range is 0.36+0.11. 


Calculation of the Interstellar 
Matter Traversal 


We assume that there are no He’ nuclei at the source 
of cosmic rays. We also assume that the abundance of 
medium nuclei at of the abundance 
of @ nuclei.?'® The mean free path of He‘ nuclei and 
medium nuclei in hydrogen are Ane 14.6 g/cm? and 
Au‘? =6 g/cm? (see Appendix). We also have to know 
the probabilities of production of He’ in collisions of Het 
nuclei and medium nuclei with hydrogen. However, 


the source is 8% 


in these collisions, tritons are also produced; and since 
the lifetime of tritons is only 12.3 years, we assume that 
Thus, it is 
sufficient if we know the combined probability of pro- 
duction of H* and He’ in collisions of He* and 
nuclei with hydrogen. There is no direct 
our knowledge to determine these 
production of H* and He’ in coll He* with 
protons P, , and we obtain this from an experiment 
in which He? is bombarded with neutrons. The 
ness of our estimate is seen from otl 
(see Appendix). The values of Ps 
taken to be 0.4 and 0.2, respe 
the contribution due to H-nuclei 
abundance is a third of M 
With the values of 
fragmentation probabilities, al 
He’/ (He*®+He') for different values of the 
interstellar matter traversed, are calculated using the 
usual solution of the one-dimensional di 
Figure 5 gives the plot of the ratio He 
the number of grams of | 
energy helium nuclei. The the curve 
obtained from the estimation of Hayakawa, Ito, and 
Terashima.'* The number of grams corresponding to 
the ratio 0.41+0.09 is seen from Fig. 5 to be 1443 ¢ 
and the number of grams corresponding he ratio 
for the same magnetic rigidity is seen to be 12.2+3.5 g 
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Discussion 


We do not know at present whether the value of the 
amount of matter traversed corresponding to the same 
energy/nucleon is significant or the value corresponding 
to the same magnetic rigidity is significant, though the 
expectation is that the latter most probably is. Both 
the values obtained in this experiment are seen to be 
much higher than usually expected ; however, one must 
remember that this corresponds to ve ry low energies 
(200-400 Mev/nucleon). It may be remarked here that 


there was no unusual solar activity at the time our 
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Fic. 5. The growth of the ratio He?/(He?+He*) with the 
number of grams of interstellar matter traversed by cosmic 
rays. Curve (i) is the estimation of Hayakawa et al.!® Curve (ii) 
refers to present calculation. 


emulsion stack was exposed to cosmic rays." In contrast 
to the high value of interstellar matter traversal ob- 
tained above, one has the value of 3+1 g obtained from 
the (Li,Be,B)/(C,N,O,F) ratio corresponding to an 
average energy of 3 Bev/nucleon. [The uncertainty as 
given above is due to the controversy in the extrapola- 
tion of the observed values of the ratio (Li,Be,B) 

C,N,O,F) to the top of the atmosphere. ] From the 
above data, one can make the following remarks under 
the assumption that our observations do not represent 
a strongly time-dependent phenomenon (similar ob- 
servations are underway on a different exposure at a 
different time 


i) The source of cosmic rays may contain a finite 
abundance of He’. 

(ii) Low-energy nuclei travel through a larger amount 
of matter than high-energy nuclei. 

iii) Helium nuclei travel through a larger amount 
of matter than nuclei of higher charges (C, N, O, and F). 


We will discuss these three remarks below. 
i) The observation by Greenstein'* shows that He 
exists, if at all, with low abundance in the sun (<5%) 


On the other hand, the possibility of a high abundance 
is arrived at by Burbidge and Burbidge” from the spec- 
troscopic observations of the magnetic star Aquilae 21; 


results are somewhat uncertain because it is 
difficult to estimate the extent of the effect of Stark 
effect on the isotopic shift observed. Observations thus 


these 


being meager, the opinion of the astronomers at present 
is that He*® most probably does not occur in stars. If 
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the cosmic rays observed at the earth represent an 
average of the cosmic rays produced by various sources, 
then, even conceding Burbidge and Burbidge’s results, 
the type of stars named above are not numerous enough 
to produce the bulk of cosmic rays. 

If one assumes that all cosmic rays (H, He, C, N, O, F, 
etc.) travel through the same amount of interstellar 
matter, 3+1 g/cm’, as obtained from the Li, Be, B 
results, then the present observation of the He’ 
(He’+ He’) ratio indicates that the abundance of He’ at 
the source is about one-half of the abundance of Het 
nuclei. 

(ii) This remark seems unlikely, since this would lead 
to serious consequences regarding the abundance at 
injection and propagation of nuclei Z> 10. However, an 
estimate of the ratio of (Li,Be,B)/(C,N,O,F) at low 
energies can be made from the data of Tamai® who 
performed his experiment at the geomagnetic latitude 
A=55°N. From the histogram of the charge spectrum 
given in his paper, one obtains a ratio of (Li,Be,B) 
(C,N,O,F 
trapolation to the top of 


1.12 under 8.5 g/cm? of atmosphere. Ex- 
he atomsphere using the 
fragmentation probabilities of Kaplon ef al.*' yields a 
ratio of (Li,Be,B)/(C,N,O,F)~1. This corresponds to 
about 10 ¢ of interstellar matter traversal by cosmic 
rays. Thus, it is possible that low-energy nuclei travel 
a larger amount of matter than high-energy nuclei; it 
may be remarked that if this proposition is accepted 
seriously, the amount of material traversed seems to be 
approximately proportional to the inverse of the total 
momentum. 

(iii) This observation seems unlikely in the light of 
present beliefs, since this would require different sources 
for helium and medium nuclei. However, if one looks 
at the low-energy end of the energy spectra of helium 
and nuclei of higher charges, one finds that: the maxi- 
mum occurs at about the same energy/nucleon.” The 
occurrence of this maximum is tentatively explained 
as a magnetic effect,” even though it is not fully under- 
stood. If we interpret this effect as due to ‘ionization 
loss’ the occurrence of the maximum at the same energy/ 
nucleon for helium and medium nuclei shows that they 
must have traveled different amounts of 
matter.*! A similar explanation may be proposed for the 
dissimilarity of helium and proton spectra below 1 Bv. 

However, all the three possibilities mentioned above 


through 


may operate at the same time to different degrees. 


Conclusions 
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(between 200 and 400 Mev) is 0.41+0.09 on July 30, 
1957. If we assume that no He’ exists at the source of 
cosmic rays, and that our observations represent a 
steady-state situation, this tells us that low-energy 
helium nuclei travel through 14+3 g/cm? of inter- 
stellar matter. The same ratio for the same magnetic 
rigidity is 0.36+0.11 and it corresponds to 12.2+3.5 
g/cm? of interstellar matter. 

However, in order to draw more definitive conclusions, 
(i) the abundance of Li, Be, and B should be determined 
at low energies; (ii) the isotopic composition of helium 
nuclei should be determined at higher energies; (iii) the 
abundance of He’ in stars should be known; (iv) the 
abundance of tritons in cosmic radiation should be 
determined to obtain the amount of interstellar matter 
traversed in the immediate vicinity of the earth and to 
investigate whether the observed abundance is a “‘local”’ 
phenomenon. 
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APPENDIX 


Our information on the fragmentation probabilities 


comes mainly from Bailey*® and Innes.”* 

Innes bombarded neutrons of energy 300 Mev 
approximately the same energy in the center of mass 
on He‘ in a cloud 
fragments from various 
e cross sections for various 
wo processes in which we are 
interested, viz., n(He‘,pn)H* and n(He',nn)He’, form a 
part. We invoke charge symmetry, and the two processes 


above correspond to p(He',zp)He’® and p(He',pp)H’, 


corresponding to our a partic les 
chamber. He identifies the 
interactions and obtains th 
processes of which the 


alifornia Radiation Laboratory 
unpublished). 
lia Radiation Laboratory 


inpublished 


L. E. Bailey, University of ( 
Report UCRL-3334, Novem! 

26 W. H. Innes, U 

Report UCRL-8040 


niversity 


March, 


1956 


APPA 


RAO 


and then we obtain for the probability for production 
of He® and H' in collisions of He* with hydrogen, 
P4_3:°}=0.4. An upper limit for this probability can 
be obtained from the paper by Kozodev et al.” who 
bombarded 600-Mev protons on He? in a cloud chamber. 
However, their data are not explicit enough, so that 
we could only get an upper limit of Ps_3;°}=0.5. A 
lower limit can also be set from (a-in)—(a-out) interac- 
tions in nuclear emulsions,”:?’ from which P, 0.1. If 
we give an equal value for P4;, we have P4_3,=0.2. 
This is a lower limit, since emulsions contain heavier 
nuclei. 

Bailey bombarded various elements (C, Al, etc.) with 
protons of energy 190 Mev. He uses a magnetic deflec- 
tion technique to obtain the mass distribution of the 
fragments from the target nuclei. He gives cross sec- 
tions for production of He* when protons are bombarded 
by carbon and aluminum. We calculate the total 
cross section in these interactions using the formula 
ary?(A,;3+A.')?, where A, and A>» are the 
numbers of the target and _ incident 
rp=1.2K10-" cm. Using the two sections, we 
obtain Py_3:°”)=0.2 and Px 0.15. In contrast, 
one has the values for the probability of production 
of Het‘ in collisions of M nuclei and H nuclei with hy- 
drogen, Py_4°”)=0.43 and Py_4‘”) =0.78. 

The probabilities Pyy_3°*" and P, 
from observations in nuclear emulsions.'2.?* The value of 
Py 3°") =0.1. The value of Pyy_.*"" is found from the 
values given by Rajopadhye and Waddington”? and 
Kaplon ef al.” to be 1.0. If we assume He’ and He‘ are 
equally probable, we obtain Py 0.5. This value 
is large compared to Py_3;‘”’, but can be understood if 
we recognize that the destruction of a M nucleus is more 
complete in a collision with an air nucleus as compared 
to a collision with a proton. However, a variation in 


atomic 
nuclei, with 


cTOSS 


are obtained 


these probabilities by a factor of two increases the cor- 
rection in the secondary pre duction of He in the atmos- 
phere to only 6%. The variation in Py affects the 
matter traversed to a recognizable extent: an increase 
of Px 

The probabilities used in our analysis are 


3‘? from 0.2 to 0.5 changes this by about 1 g. 


P, 4? 0.4, Py 7 obey H-3e7 
P, 
27M. S. Kozodev et al., J Ex 
511 (1960). 
28 C. J. Waddington, Phil. Mag. 1, 105 (1956 
*®V. Y. Rajopadhye and C. J. Waddingto1 
(1956). 
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Positive-pion scattering at 990+30 Mev has been examined in a 6X3X2 in. hydr 


ogen bubble cham! 


2 


without a magnetic field. The cross sections for elastic and inelastic scattering were found to be 15.341.5 mb 
and 12.6+3.3 mb, respectively. The inelastic scattering cross section includes 0.19 0.09 mb of Zt— K" 
production and 0.78+0.14 mb of r*x+tx~p production. A simple pion-pion model which predicts the branch 


ing ratios for double pion production in x~—> collisions is found 


to be inconsistent with the double pion 


production observed in this experiment. The relation of the experiment to x — p experiments in the region of 


the second and third resonances is discussed. 


INTRODUCTION 


HERE recently has been a renewed intensity of 
interest in pion-nucleon scattering for pion ener- 
gies between 550 and 950 Mev. A strong impetus for 
this was provided by the counter experiment of Burrowes 
et al.,' which succeeded in resolving the “bump” of the 
™~ — p total cross section into two distinct peaks. Other 
experimenters have since corroborated the existence of 
these maxima and established their locations at 600 
and 900 Mev.?* 

Detailed experimental investigation of the pion- 
nucleon partial cross sections in the energy interval in- 
cluding the two new peaks has not been very extensive. 
Photoproduction experiments** have indicated that the 
600-Mev peak is consistent with a resonance in a state 
having isotopic spin T= 3, angular momentum J 


9 ; 


t 


and odd parity. Hydrogen bubble chamber experiments 


mesons at 950 Mev and 1.0 Bev" have demon- 
strated what appears to be the very strong influence of 
the T=3, J 


dy 


with 


> isobar on single pion production at these 
energies. 

Theoretical discussion of the two peaks has either 

* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

t This paper is based on a dissertation to be submitted by one 
of us (JKK) to Harvard University in partial fulfillment of the 
requirements for the Ph.D. degree 

'H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, D 
M. Ritson, R. A. Schluter, and M. S. Wahlig, Phys. Rev. Letters 2, 
l 19 1959) 

2]. C. Brisson, J. Detoef, P. Falk Vairant, L. van Rossum, G 
Valladas, and L. C. L. Yuan, Phys. Rev. Letters 3, 561 (1959) 

3 T. J. Devlin, B. C. Barish, W. N. Hess, V. Perez-Mendez, and 
J. Solomon, Phys. Rev. Letters 4, 242 (1960) 

*P. C. Stein, Phys. Rev. Letters 2, 473 (1959). 

P. L. Connolly and R. Weill, Bull. Am. Phys. Soc. 4, 23 (1959). 
6M. Heinberg, W. M. McClelland, F. Turkot, W. M. Wood 
ward, R. R. Wilson, and D. M. Zipoy, Phys. Rev. 110, 1211 (1958) 

7 J. W. DeWire, H. E. Jackson, and R. Littauer, Phys. Rev. 119, 
1208 (1958). 

’P. C. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958 

*V. Alles-Borelli, S. Bergia, E. Perez Ferreira, and P. Walo 
schek, Nuovo cimento 14, 211 (1959), 

I. Derado and N. Schmitz, Phys. Rev. 118, 309 (1960). 


been in terms of the T=$, J=3 isobar" or in terms of 


models combining this isobar with a strong pion-pion 


interaction.—® Present experimental knowledge does 
not lend overwhelming support to any particular model. 

Experiments with #~— interactions have not yet 
thoroughly covered the energy range of interest. Be- 
cause they are chiefly derived from data designed for 
studying strange particles, their energy locations have 
not been optimum for studying the new peaks. Their 
interpretation has been further complicated by the 
absence of corresponding 7 
data on the T= 3 component of the r-— p scattering. 

It is the purpose of this paper to report data on r+— p 
990 Mev 
relate these results to the 
performed. 


- p experiments to provide 


interactions at and, where it is possible, to 


- p experiments previously 


PROCEDURE AND ANALYSIS 


The experiment was performed at the Brookhaven 
Cosmotron in a 6X3 X2 in. hydrogen bubble chamber 
without a magnetic field.'® The beam arrangement and 
measuring procedure are described in a previous report.!? 

While the strange particle production events were 
easily recognized, analysis and enumeration of almost 
all the other events was complicated by the presence of 
protons in the beam. As the kinematics charts (Fig. 1) 
show, it becomes difficult to separate r—p and p—p 


] 


elastic scatterings for small pion angles and to separate 
m—p scatterings for large pion angles from deuteron 
productions by protons. Further, it was not generally 
possible to determine whether a given two-prong, in- 


elastic event was caused by a proton or pion. Hence, it 
M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 109, 

1958) 

Bonsignori and F. Selleri, Nuovo cimento 15, 165 

Carruthers, Phys. Rev. Letters 4, 303 (1960 

. Carruthers and H. A. Bethe, Phys. Rev. 


1960). 
Letters 4, 536 
F. Pe ierls, Phys Rev. 118, 325 (1960 


B. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 
R. Erwin and J. K. Kopp, Phys. Rev. 109, 1364 (1958). 
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Fic ['wo-body kinematics for x— p and p—/ collisions in the 
momentum range of this experiment. The laboratory scattering 

| e heavier particle is plotted on the ordinate vs the 
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correspor 


was necessary to use statistical methods to divide such 
events between pions and protons. 

Two-prong events were classified largely on the basis 
of whether they were coplanar and fitted kinematics 
requirements. The categories used were (a) elastic p— p 
or r—p scatterings above 26°, which could be classified 
unambiguously (1154 events), (b) deuteron productions 
two-prong inelastic events 
of necessarily unknown parentage (655 events), and (d) 


by protons (159 events), (« 


small-angle elastic scattering (1409 events), again of 


unknown parentage. The four-prong and strange particle 


events (27 events) were ascribed to the pions. Large- 


ngle —p scatters which could be confused with 


deuteron production events were possible only in a 


negligible amount of solid angle in the r—p center-of- 
mass system and thus were not classified separately. 

It was necessary to determine how many of the group 

d) were r—p events so as to extend the differential 
cross section to as small an angle as possible. It was also 
necessary to divide the events (c) in a similar manner 
so as to determine the total number of r—/ events in 
our sample. Given that number, absolute cross sections 
could be calculated from the known x*— > total cross 
section. The following separation scheme was employed. 

First, all elastic events with scattering planes less than 
30° from the horizontal were rejected. These events 
were seen “edge on” by the cameras, and in recon- 
structing them in space measurement errors were greatly 
magnified. The observed azimuthal distributions of the 
remaining elastic events suggested that no scanning-loss 
corrections were necessary for the sample except in the 
most forward interval, as mentioned below. 

Next those events accepted above which comprised 
group 
into groups corresponding to pion scattering angles with 

center-of-mass) cosine of 0.6-0.7, 0.7-0.8, 0.8-0.9, 0.9 
0.95. and 0.95 


d) were sorted by the smaller scattering angle 


1.0. The last group was rejec ted because 
of the large scanning losses 


was, in effect, plotted as 


to be expected. Each event 
a point on the kinematics 


chart, on which the coordinate axes represented the two 


scattering angles. The point was, therefore, a certain 


“distance” x from the p—p elastic kinematics curve, 
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measured in degrees. For each group of events, a fre- 
quency histogram in x was made. In the limit of small 
angular intervals, one would expect the number of 
events, V(x), to approximate two superposed normal 
distributions, of the form 


N (x)= {[or exp(—2°/207) 


+ Ao exp(— (x—s)?/20 |/ (2x 
where the first, centered on zero, corresponds to the 
p—p elastic events clustered about the p— p kinematics 
curve. The second, s degrees from zero, represents the 
m—p elastic events grouped about their kinematics 
curve. The standard 
be ~1°. 


Figure 2 shows one of the histograms fitted to the 


deviations would in our case 


distribution (1 3 the objec t being to determine the rela- 
tive areas of the pion and proton contributions, given 
by the parameter A. Of the four groups analyzed, only 
those with cosine 0.6-0.7 and 0.7-0.8 gave results that 
significant. For the other two 


( ould be ( onsidered 


groups, the pion and proton parts were too close to- 
The criterion of a 
significant fit was largely the sensitivity of the x 


gether, and probably too nongaussian 


parameter and the appearance of the fitted curve to 


variations in A. The errors assigned to the number of 


events in the two groups for which the method was 


| 


satisfactory were computed in such a way that they 
tend to overestimate the actual uncertainty involved. 
The above separation also yields the number .\ of 
p—> elastic scatterings, free of pion contamination, up 
to a center-of-mass cosine of 0.8. Using the known o— 2 
total cTOSss section, partial inelastic cross sec tions, and 
differential cross sections,'* we then calculate from .\ ,, 
how many two-prong inelastic events would result from 
the protons in our beam, .V,,;. Subtracting V,,; from 


the total of two-prong inelastic events gives the number 


50 
EVENTS 


40-- 


-7<COS 052.8 
30-44 
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Only the two histogr 


One histogram of the 


distributions 
center-of-mass cos, < 0.8 were used 
in the text 


*W.N. Hess, Revs. Modern Ph 
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TABLE I. Partial cross sections determined in this experiment. 
Absolute values were obtained by normalizing to total cross 
sections of footnote 3. Errors shown are statistical only. 


Event Cross section (mb) 
Elastic 2* -p 

Total inelastic *— p 
rt+p—>rt+K* 


pP— a's TF TP 


15.3 +1.5 
12.6 +3.3 

0.19_9. 977?- 
0.78+0.14 


of such events caused by incident pions, though with 
rather large statistical error. The two-prong inelastic 
events were first corrected for scanning losses by 7%. 
This figure, somewhat arbitrary, was a compromise be- 
tween two calculations of possible scanning losses for 
inelastic events. One, 11%, was based on the observed 
losses of small-angle elastic scatterings as a function of 
their azimuthal orientation. It assumed that scanning 
loss depended on the smaller of the two projected scat- 
tering angles presented to the scanner. The second 
figure, 3%, was obtained by comparing the laboratory 
angular distribution of our inelastic events with one 
obtained by reasonably extrapolating some lower energy 
p—p data.” In the latter estimate it was assumed that 
all losses were among inelastic p—p events since they 
are much more confined to forward directions by energy 
considerations than the corresponding r— pp events. 

In order to extend the differential cross section to zero 
degrees use was made of the optical theorem and the 
vanishing real part of the forward scattering amplitude 
predicted by the dispersion relations.” The manner of 
extrapolating the cross section of course affected the 
total number of r— p events and hence the absolute 
scale of the differential curve. A few trials, however, 
gave a consistent fit to the expected differential cross 
section at zero degrees, indicating that the normaliza- 
tion is not very sensitive to the manner in which the 
extrapolation is carried out. 


ENERGY OF THE BEAM 
Analysis of seven strange-particle production events 
indicated that the beam had a spread in momentum of 
about +30 Mev, centered about 990+10 Mev. Calcula- 
tions of the momentum from the kinematics of a large 
p and r—p events 
were in substantial agreement. The sample used was 


sample of definitely indentified p- 


selected so as to minimize the effects of measuring errors 
or possible systematic errors in the stero paramenters. 
Since the chain of calculations described in the previ- 
ous section made frequent use of p—p and *—p cross 
sections obtained by other groups, it is conceivable that 
the results could depend critically on the beam mo- 
mentum. To test this possibility the calculations were 
repeated assuming the two limiting energies 960 and 
1020 Mev. The results were: 
lr. H. Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B 
Sutton, Phys. Rev. 109, 1713 (1958 


” See R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 
1956) for dispersion relations by R. M. Sternheimer. 


990 ME\ 303 


960 Mev, a(elastic) 
990, Mev, a (elastic) 


1020 Mev, a(elastic 


13.4 mb, o(inelastic)= 13.4 mb; 
o (inelastic) = 12.6 mb; 


11.0 mb. 


15.3 mb, 


17.6 mb, o(inelastic 


One can thus conclude that a systematic error of this 
type is certainly no larger than the statistical errors 
quoted for the cross sections in Table I. 


CROSS SECTIONS 


Table I summarizes the partial cross sections obtained 
in this experiment. All values are normalized to a total 
a*— p cross section of 27.9 mb, and the errors given do 
not include the uncertainty in this number. The total 
elastic and total inelastic cross sections were computed 
from a sample of data containing, after scanning correc- 
tions, approximately 3200 p—p events and 900 r+—p 
events. Since the four-prong events do not require de- 
tailed kinematical analysis, the cross section for these 
events was based on a somewhat larger sample of data 
containing approximately 8300 7—p and p—p scat- 
terings. The =* production cross section was obtained 
using a sample of data described in a previous paper”! 
and has been adjusted here to the total #+—p cross 
section of 27.9 mb. 

Figure 3 is a histogram of the r*— p elastic scattering 
in the center-of-mass system. The point marked on the 
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Fic. 3. Center-of-mass differentia 


scattering vs the cosine of the pion 


for r*— p elastic 
scattering angle in the center- 
Che point marked on the axis at cosé,=1.0 was 
from the total z b cr using the optical 


ot-mass system 
obtained 
theorem 


oss section 


21 A. R. Erwin, J. K. Kopp, and A. M. Shapiro, Phys. Rev. 115, 
669 (1959). 
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axis at cos#,= 1.0 was computed from the optical theo- 


rem using a total cross section of 27.9 mb and does not 


represent data obtained in this experiment. 


ISOBAR MODEL 


Perhaps the most useful number which one might 
—p data is the parame- 
Sternheimer and 


hope to extract from the 7 
ter p used in the isobar 
Lindenbaum": 


model of 


The partial cross sections o* and o~ refer to the single 
pion production in *+—p and w-—p scattering, re- 
spectively. By consulting the curve sketched in Fig. 4, 
it is possible to find an upper limit to o* and thereby fix 
an upper limit for p in any experiment which determines 
o~. At present no experiment has completely determined 
o~ because of the experimental difficulties associated 
the 


with separating three prevalent charge exchange 


processes : 


(2 —> 


{ —s >> 
It is possible, however, to set a lower limit ono 
experiments by assuming the 


a vanishing cross section. 


On), elastic charge exchange; 


0On), single pion production; 


0002), double pion production. 


in some 
Se¢ ond proc ess above has 


@ PRESENT EXPERIMENT 

() REFERENCE 29, HYDROGEN DATA 
O REFERENCE 28 PROPANE DATA 
K REFERENCE 27, 77 —D OaTA 


x 


° REFERENCE 30 HYDROGEN DATA 


IN MILLIBARNS 


INELASTIC CROSS SECTION 


IN Mev 


Fic. 4. Plot of available total inelastic cross sections in 
— p scattering vs energy of the incident pion in the laboratory 
The tl lo ner points were normalized to total 

t footnote 2. The three high 
the work 


system 
cross sections o 
energy points we total cross sections of 


( ited in footnote 
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Of particular interest is the r~— p experiment of Alles- 
Borelli ef al.° at 960 Mev. Normalizing their data to the 
total cross sections of Devlin ef al.,> we find ¢ ‘16.3 
+0.6 mb. By using the curve in Fig. 4, 
12.34+3.0 mb for the total r+— p inelastic cross section. 
About 0.9+0.2 mb of this is due to 
(+p) — (++-—p) and (+p) — (2+Kt 
the present experiment, leaving of <$11.44 
Thus, 


one obtains 
: . 
the reactions 
identified in 
3.0 mb. 


p=oat/2o~$,0.35+0.09. 

It is of interest to note that these authors obtain their 
best fit to the Sternheimer-Lindenbaum with 
p=0.1, corresponding to o* They point out 


model 
6.3 mb. 


that reasonable agreement can still be obtained for o* 
} h j 


S Still easl in agree- 


1 
1i¢ 


as high as 10 mb, a value which 1 | 
ment with our upper limit of 11.4 mb. 


PION-PION SCATTERING 


In an effort to make a more prec ise estimate of a* we 
have studied the branching ratic ‘ined by Alles- 
Borelli e¢ al.2 for double pion prod An under- 


TABLE IT. Branching for dout ion pt! t + 
collisions. Columr ist <perimental r t 060 Mev 
Columns 3, 4, and 5 list t ve number of events predicted by 
the model in Fig. 5 provided the ittering ta u 
for T=0, T=1, 2 t 


Final charge 
state 
+ On 
OO— p) 
OOOn ) 


standing of these ratios might make possible the 
our measured cross section for (+p)— (+4 

infer the total amount of double production in our 
present experiment. Subtracting this from tl 
inelastic cross section would yield an improved estimate 
for o*. 

The branching ratios obtained by A 
are given in Table II. These can be 
counted for by the model diagrammed in Fig. 5.” It 
the i 


es-Borelli ef al. 
most 


< mply ac- 


may be described by saying that 1coming proton 
emits a 3, 3 isobar, 7, and a pion. The pion interacts 


. . ‘ 
tne 1 ‘ aqaecays in 


with the incident pion, and to 
another pion plus a nucleon, .V. 

the pion-pion interaction occurs 
exclusively in a single state of isotopi spin, r=0, 7=1, 
or T=72, ‘lebsch 
coefficients at predict the x 
branching ratios listed in Table II. A similar set of 
branching ratios for r*— p is also listed in Table III. It 


By assuming that 


Gordon 
-p 


it is possible to calculate ¢ 


each vertex. These 


SF, Rev. 120, 599 (1960). 
5 in calculating the 


ilisions at 


Salzman and G. Salzman, Phys 
These authors have used the diagram of Fig 
ratio of single to double pion production in x D 
energies above 5 Bev. 
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is evident that a T=0 pion-pion interaction agrees very 
well with the #~—p experimental data, whereas the 
other two possibilities show little promise. 

The prospect of a T=0, r—7 interaction is not at all 
surprising since several authors have already called 
attention to experimental evidence for such a process. 
Carruthers and Bethe" have suggested that a T=0, 
S-wave interaction could most easily account for the 
quantum numbers assigned to the 600-Mev maximum. 
Rodberg”® has shown that the unexpectedly large cross 
section™ for (—p)—> (+—mn) near threshold can be 
simply described by using a T=0 and T=2 S-wave, 
7 —7 interaction in an impulse approximation. More re- 
cently Abashian, Booth, and Crowe*® have measured 
what could be interpreted as the mass of the r—7 pair 
in the reaction p+d— He*+-2+7 and found it to be 
about 310 Mev for a bump in the He* momentum 
spectrum. These three cases have in common a low 
relative energy for the pion-pion pair. Similarly, for 


ras_e III. Branching ratios for double pion produc tioninz t 
collisions as pre dicted by the model in Fig. 5. Columns 2. 3, and 4 
list the relative number of events provided the r—7z 
takes place only for 7=0, T7=1, or 7 


scattering 


=2, respective ly : 


Final charge 


state fro Relative numbers 


T=1 
| 
36 
18 


double pion production at 960 Mev the energy available 
after producing an isobar in the r—p center of mass 
system is so low that the two scattered pions must be 
predominantly S-wave with respect to each other. 

If one now applies the diagram of Fig. (5) to r*—p 
0 for the r—7 vertex, the 
results are rather disappointing. Used in this way, the 


collisions, assuming only 7 


model predic ts a cross section ratio 
oL(+p) > (++—p)]oL(—p 


The actual ratio is more nearly 1:1. Hence, it does not 
appear possible to reconcile such a simple model with 
the experimental data at this energy. 


> (——+p) J=9:1. 


INELASTIC SCATTERING 


Using photoproduction results, Peierls has attributed 
the 900 Mev x~— p maximum to F-wave scattering with 
total angular momentum J=}3.'° The inelastic m—p 
scattering results also tend to support his choice of F's 
rather than Dy. To see this it is only necessary to 
compute the absorption cross section for the T } wave 

K.S. Rodberg, Phys. Rev. Letters 3, 58 (1959) 

W. A. Perkins, J. C. Caris, R. W. Kenney, FE. A. Knapp, and 
V. Perez-Mendez, Phys. Rev. Letters 3, 56 (1959). 

\. Abashian, N. E. Booth, and K. M. Crowe, Phys 
Letters 5, 258 (1960). 
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RING AT 990 MEV 


Fic. 5. Diagram of a simple model for double pion production 
in low-energy +—p collisions. 7 refers to the T=}, 
isobar. 


at 960 Mev using 


/ / 4 \ 2 T° 1 
Cal? —P) loa(t ed) ig ;0a(1 =5). 


The x-—p absorption, o.(m-—p), does not include 
elastic charge exchange. Taking our x+— p data from the 
curve of Fig. (4) and our s-— p data from the work 
cited in footnote 17, the total 
sections of Devlin ef al.,> we find 


normalized to cross 
2.3 mb, 
5 mb, 
.6 mb. 
large exchange has been 
fit of Alles-Borelli et al.9 


The amount of 7-— p el: 


estimated using results from the 
to the isobar model. 


The I 


the form 


=} absorption is also given by an expression of 


Tr 


oAlT [> (2J+1)(A— | ny 
2 J=l+4 


: ae 
J=([—} 


2I+1)(1—I|ny ny 


Thus, it is possible to account for the observed absorp- 
tion by completely absorbing D2, Fx, Fé D;, and Ds 
Or A? = 31.2 mb. Since such a 
situation seems very unlikely, one is forced to assume 


waves to obtain o,(T 


that F-wave scattering plays a very prominent role at 
this energy. This conclusion was pointed out earlier by 
Walker®® using preliminary results from the present 
experiment. 

ACKNOWLEDGMENTS 


We would like to thank Dr. R. K. Adair and Dr. L. B. 
Leipuner for running their 6-in. hydrogen chamber for 
this experiment and for the use of their scanning and 
measuring facilities. 


R. Crittenden, J H. Scandrett, W 
and J. Ballam, Phys. Rev. Letters 
Kenney, Phys Rev. 104, 784 (1956 
8 1). A. Glaser and L. O. Roellig Rev 
2 W. J. Willis, Phys. Rev. 116, 753 (1959) 
#® M.E. Blevins, M. M. Block Leitner, Phys. Rev. 132, 
1287 (1958) 


D. Shephard, W. D. 
Vy. 2,121 (1959) 

¥.P 

116, 1001 (1959). 





306 BOF? ., 

We are also indebted to Dr. R. P. Shutt and the 
Brookhaven Bubble Chamber Group for the use of their 
computer in our data reduction as well as other kind and 
valuable assistance. 


VOLUME 


SHAPIRO, 


AND ERWIN 

The cooperation and assistance of Dr. George Collins 
and the Cosmotron staff was freely offered during the 
entire experiment and contributed greatly to the con- 
clusion of this work. 


NUMBER 1 


Nucleon-Antinucleon Mechanism for Pion-Pion Scattering Resonances 


Jouan G. BELINFANTE* 
Palmer Physical Laboratory, Princeton, New Jersey 


(Received February 27, 1961) 


The Chew-Mandelstam N/D equations for pion-pion scattering were modified to includ 


untinucleon intermediate state, which was estimated in perturbatio 


unitarity alone 


It was found that the Frazer resonance could not 


n, starting from S-wave dominant solutions 


N investigation was made as to whether or not 

the nucleon-antinucleon intermediate state might 
provide a simple for the Frazer T=1 
Ice proposed to explain the 


tromagnetic structure data.' Our philosophy 


mech 
P-wave pion-pion resona 
leon ele 
ceed by iteration, starting with the subtraction 
onstant A as a first approximation, and retaining only 
S and P waves. In the 
and Mandelstam? starting from 
S-wave dominant solutions. We would expect that, if 
ism is properly cl 


uld appear it 


elastic approximation of Chew 
this corresponds to 


1, the P-wave dominant 


10Se! 


] 


steat 


tion together with the dispersion 


f integral equations, 


We have also made use of crossing symmetry here. The 
solution of this equation is carried out by transforming 
to a set of .V/D equations in the standard way. 

The contribution the 
channel was estimated first on the basis of a pole 
approximation for the VNzxr amplitude which one 
encounters in the unitarity condition, symbolically, 


CS ae fu. i wt [Me vn M .3,NN. 


Predoctoral 
V Letters 2. 


from nucleon-antinucleon 


1959 
467, 478 


365 


119 


Re V 


This procedure leads to a resonance in z-7 scattering, 
but the method is not justifiable because of unitarity 
limitations. The unitarity condition the 


right-hand cut, 


(ImM 7,(: 


implies, 


on 


This condition is so 
approximation that proposals to 
the left-hand 
rigorously apply, must be treated with some suspicion. 
What we have done is to look at the limitation imposed 
by unitarity. Thus we replace the inequality by 
equality. We 


severely violated the pole 
ignore tl mitation 
on cut, where the mitation 


cdot Ss not 


an 
have furthermore 
left-hand cut by two poles to be 
pion-pion  self-coupling, and tl! 
pair contribution on the left. 

the /=/=1 state: 


approximated the 


—[ImS(v) ]’= —22(5d?/ 92) 5 (v t y+ M 


The residues were fixed 
Thus 


thre shold. 


r=[S(0 


Our numerical results are as follows. 
tribution on the right is 


[S(0) Iwn® ~1/(4rM 

On the left we have many terms, one for eacl 
momentum. The contributions from the J’ 

is 


CSO Iwrur L~] 
while the contribution from J’ 


(S(O) ww rarer’ —1/ (169M 


The but within our 
approximations the left-hand contributions are nu- 
merically less important than the right-hand contri- 


butions. The left-hand contributions aré 


contributions are increasing, 


represented 
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by the constant [ which we cannot accurately fix. We 
therefore allow a certain range, say 


—1/300<¢ T<+1/300. 


By using the \/D procedure, we calculated the scat- 
tering length and effective range for the P-wave pion- 
pion scattering channel. These parameters were defined 


by the equation, 
. 
tanh"! 
i X\p+1 


1 2 v 
( 
v+1 
(5\2/9x)—T, 


Re— _ 
M(v) 


We found that 
as 
and 


ra? = — (52/9) + (21 /M?). 


If we restrict \ to avoid bound states, say, 
—0.3<A<0.3, 


then this defines a region bounded by parabolas in the 
1/a,r/2) plane which lies well away from low-energy 
resonances. See Fig. i. 
\ more exhaustive discussion of the above methods 
is given elsewhere.® 
In conclusion, there is no simple explanation of the 
Frazer the effect of the nucleon-anti- 
nucleon intermediate state. It is the author’s opinion 
that if a mechanism is to be found which can be used 
in conjunction with an iterative approach to obtain 


resonance 


as 


J. G. Belinfante, Ph.D. thesis (unpublished). 
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mediate state. 


the P-wave dominant solutions, 
four-pion intermediate state. 


one must look to the 
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Long-Range Interaction in K-Nucleon and K-Nucleon Elastic Amplitudes* 


Fapio Ferrari,t GRAHAM Frve,t AND Mopesto Pusterta$ 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received November 4, 1960) 


A method of calct 
of a pion pair and 
force can be late 


relations between A 


I. INTRODUCTION 


N order to understand the dynamic nature of the 

K-nucleon interaction, it is important to establish 
whether or not a long-range force exists. In a previous 
note we argued that the low-energy (S-wave) behavior 
of the K-proton and K-proton scattering may indicate 
such a force.! The criterion for establishing its existence 

in the absence of detailed experimental information 
is that it shall correlate the 
various related processes. 
and 


about any single channel 
energy dependence of 
Relevant are A-nucleon and KA-nucleon elastic 


( harge -excl inge 


scattering, as well as hyperon pro- 


duction processes. In this paper we formulate a method 
i long-range interaction arising from 


of calculating the 
the exchange of a pion pair or a possible three-pion 
bound state for these processes.’ 
The calculation is made on the basis of partial-wave 
preliminary step of this 


e determination of the analytic struc- 


dispersion relations.’ The 
approach, i.e., tl 


ture of the 


various transition amplitudes, has already 
been performed.‘ In general, the partial-wave ampli- 
tudes are analytic in the cut W plane (W is the total 
energy of the K-nucleon system) with 
ch cuts beginning at the thresholds of the 
intermediate states and extending to 


barycentric 

physical bran 

lowest energy 

infinity. In addi 
] 


associated with 


are unphysical singularities 
The 


wave amplitudes, i.e., 


‘“‘crossed”’ reactions. 
spectra! functions of the partial 
the dis« » unphysical cuts and the 


residues of poles, represent the 


ontinuities across 
or are defined to be 


‘Interaction.’ 


l Energv Con 
of Science F.F.) 

Air Force Office 
pment Command 
Padova, Padova, 


of Washingtor 
di Napoli 


| | r 
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stam, P 112, 1344 (1958 
{. Pusterla, Universit 
Report UCRL-8985 (unpub 
issertation, Corne 
Nauenberg, and M 
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ll 
I 


ilating, for the K-nucleon interaction, the long-range force arising from the exchange 
of ‘a possible three-pion resonant state is formulated. It is shown that the long-range 
! with the electromagnetic structure parameters of the nucleon and K meson. Finally, 
nucleon and K-nucleon elastic amplitudes are discussed. 


The long-range interaction is described by the 
spectral functions for the singularities that lie close to 
the physical region.’ These occur only in the elastic 
K-nucleon and K-nucleon amplitudes and depend on 
the matrix elements for the reactions r+*— K+K 
and z+7— N+N. A good deal is known about the 
latter matrix element, but the former is as yet totally 
unmeasured. In order to estimate the P-wave part, we 
introduce a charge structure hypothesis for the K 
force that 


a resonant two pion 


meson.® This allows a rough guess as to the 
would arise from the exchange of 
state. 

It is important to emphasize 
contributions to the K-nucleon force substan- 
tially longer range than the Yukawa interac \VIK 
and VAK). The latter may control hyperon production 
and presumably play an important role for the short- 
range interaction. Even if the coupling constants gy 


ly small, 


: 
that pion exchange 
have a 


LIONS | 


and gysx are relative 
may be enhanced by the presence 
force. 


Il. AMPLITUDES FOR THE K-NUCLEON 
SCATTERING 


The elastic K-nucleon and K-nucleon interactions 
are both represented by a general diagram with four 
external lines—two A meso ma and 
nucleons (mass M). 

Let the four-momenta of the initial and final K 
mesons be g; and ge, respectively, those of the incident 
and outgoing nucleons being #; and po. If different 
pairs of the momenta are regarded as the variables of 


two 


the incoming particles, the diagram describes three 
distinct processes: 


K+N—- K4 (IL.1a 


IT.1b) 


and 


K+K > N+4N, 11.1 


The most striking feature of the problem is that even 
at threshold the A-nucleon system initi hyperon 
production, 


>The A-nuc leon threshol 
5 The (rr| KA) matrix 


Frye, thesis, University of Califor 


elemer 


308 





K-NUCLEON AND 
where Y denotes either A or D. It is therefore necessary 
to use a many-channel S-matrix formalism. The 
unitarity of S establishes a host of conditions among 
the amplitudes for the above reactions and also relates 
them to the amplitudes for pion-hyperon processes, 


m+V¥—r+F". (11.3) 
All the preceding reactions, as well as those obtained 
by applying the substitution rule to Eqs. (II.2) and 
(11.3), enter into the determination of the amplitude 
for any one of them. 

The primary concern of this paper is the amplitude 
for processes (II.la-c), but for emphasis and future 
applications it is convenient to proceed with the 
many-channel formalism. The S matrix is defined in 
the same way as that for pion-nucleon scattering,’ 


Of 1( 2a O(g; ef ee — py) 


MM, 
x( 
$e jw E;Ey 


where M;(M,) is the mass of the initial (final) baryon, 
E is the total energy of the baryon, and w that of the 
meson. For the case of even (2-A) parity and pseudo- 
scalar K meson,* the decomposition into spin-inde- 


pendent amplitudes is 


(11.4 


2° (qitq;)B lui, 


where A and B are matrices in channel the 
indic es hav ing been suppressed. 
The relations between A and B and the barycentric 


differential cross section is established as follows: 


(o-q,)(o-q;) : 
folt , (ERS) 
qi) * | 4y 


indicates the appropriate sum and average 


space, 


where 2 
over spin states and @ is the three-vector of 2-by-2 
Pauli spin matrices. The channel matrices f; and fo 
are related to the previous amplitudes by 


fi= 1/8W)(E+M)!CA+ (W-—M)B](E+M)}, 


(II.7) 


and 
(1/89W)(E—M)'[—A+(W+M)B](E—M)}, 


where M and £ are diagonal matrices with components 
equal to the baryon mass and the c.m. total baryon 
energy, respectively, and 


M,; =1(Mi+M)). (11.8) 


Each element of the matrix f; 2 is a function of the 


barycentric total energy W and the appropriate scat- 
7G. F. Chew, M. L. Goldberger, F. E 


Rev. 106, 1337 (1957). 
* Formulas for the case of odd (Z-A) parity are given in reference 


Low, and Y. Nambu, 
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css. DES 
tering or production angle 6. A straightforward method 
for performing the decomposition into partial waves is 
available in the work of Jacob and Wick.’ One easily 
shows that 


(11.9) 


(11.10) 


fi, (W) (i 


The latter amplitudes are useful for the application of 
tions because they satisfy 
For 


partial-wave dispersion ré 
a simple unitarity condition. a given isotopic 
spin, total angular momentum, and parity state, the 


condition is 


Imfizfi=> (11.12) 


where &; is the magnitude of the barycentric three- 


momentum of the intermediate state 7, and where 


W ;, final y; is the threshold energy of the state 4. It 
follows from Eq. (11.12) that 
Im(f (11.13) 


first pointed out 
1.7 1.8), 


Another interesting property of 
by MacDowell, 
(11.11). It is 


follows from Eqs. and 


(Hi fi.(—i (11.14) 


+1 


In the sequel, therefore, we need consider only fis, 
and not /;_. Finally, if each element of 1 and B satisfies 


the Mandelstam represt nt tion, it follows that . has 


the following “threshold” dependence: 
(Wi (11.15) 


; also 


for W=M,4+m,, M;—m,, M 


(Hi Rik ; (11.16) 


—M4+m, —M;4+m,, 
M (M+) 


e initial (final) baryon and meson. 


——55 VW T mM } | =, My; 


are the respec tive 


for Hi 
—m;, where and m,;(m 
masses of th 
Let us now go on to discuss the analytic properties of 
fis (W). remove the 
branch points that arise from the ‘‘kinematic factors” 
(E4M)! in Eqs. (11.7) and (11.8). At the same time, 
let us take into account the above-mentioned threshold 


behavior. To this end we define the matrix G,, where 


First of all, it is necessary to 


Wick, A 


» Professor S 
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10 We are indebted t 
clarifying this point. 
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for discussions 


116, 774 


1959 





310 > i rR VE, 


as follows: 
(E+M 
BE.s). CERSh 


J=143, 


fi(W)=(1/W R'Gs(W)R'(E+M)}. (11.17) 


Using Eqs. and (II.11), one easily shows 


that 


d cos6P;(cos@ A(W, cosé@). 


f 


l 


(11.19) 


d cos@P; cos@) B( W, cosé ‘ 


The modified amplitudes G;(W) were defined by 
Eq. (i1.18) to be analytic in the W plane except for 
the singularities of 4; and B;. Their location and nature 
have been studied on the basis of the Mandelstam 
representation.‘"' Let us continue the discussion by 
treating only the amplitudes for elastic K-nucleon 
scattering. Then, assuming J and ryx-7g as the basis 
for the isotopic spin the decomposition into 


isotopic-spin-independent functions is 


space, 


A {)] ‘TRA (11.20) 


with a similar relation for B. 
The amplitudes for states of definite isotopic spin are 
therefore 


A A (11.21a) 


A A (II.21b) 


Similar equations apply for the other amplitudes: 
B®, fi, , and Gy 

The amplitudes A 
of the invariants 


and B™ are scalar functions 


(II.22a) 


(II.22b) 


git Pi ion W?2, 


and 
(11.22 ) 


which in turn are related to the A-nucleon barycentri 
variables by 


— 2k 1—cos#), (11.23) 


[s—(mx+M)* |[s—(mx—M)*], (11.24) 


E= (W?+ M?—mx’)/2W. (11.25) 


The location of the singularities of Gy is discussed in 
reference 4. The singularities of the dynamically coupled 
G,;** elements also influence the behavior of G,. It is 
clear that the dynamic singularities arising from the 
exchange of two and three pions [the cut due to the 
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two-pion exchange extends to W,,= (M°—m,”)*+ (mr’ 
—m,*)'] are closer to the physical region than all 
others and may be expected strongest 
energy dependence of the physical amplitudes and, in 
fact, to dominate those of sufficiently high /. The 
discontinuity across this part of the cut ImG,;(W) is 
defined to be the “long-range interaction.’’ A general 
expression for the discontinuity follows from Eqs. 
(11.18) and (11.19). Changing the variable of integration 
from cos@ to /, one finds 


to pri duce the 


2 


fan(05) 
2k 


e(W)e(W2—r 


ImG,;‘“ (W)= 


32rk 


xX} ImA& (1, 1+ ) 
2k 
+(W—M) ImB (1 14+ — )| 
(E—M)*e(W)e( W222 . l 
+ J dtP A(? i ) 
32rk?"*4 2k 
l 
x| -Im. : (1, 1+ ) 
2k 


+(W+M) ImB (W,14 )I IT. 


and ImB 
for real 


where r=M—m, and ¢(z)=2/\s.. ImA 
contribute to the spectral function ImG,(V 


W, in the interval 


(M?—m,2)'— (mx2—mZ)'< |W 
<(M*—m-? (11.27) 


Ill. TWO- AND THREE-PION INTERACTIONS 


The strength of the long-range interaction depends 
upon the imaginary part of the invariant amplitudes 
A‘ and B® when they are evaluated in the region 
of variables ~[ (M?—4m,*)'+(mx?—4m, S5<Wee 
and 0<i<—4k*. This region of the invariants has a 
terms of the barycentric 
Let g and p 
nomenta of the K 
and let @3 be the 


simple interpretation in 

variables of the reaction K+K — V+N. 
be the magnitudes of 
meson and the nucleons, respectively, 
production angle: 


the thr 


COS#3= Pi Gi/ Pi Gi 


all in the KA barycentric system. These variables ar¢ 
related to the invariants by 


ees da 


u —f- iho 2pq cosé : 


(III.1a) 
IIT.ib) 


12g cosé 
“Pq ; 


$(¢° VM III.1c) 


oF mK 
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Now, for 4m.?<t<4mx?, Eq. (11.27) may be rewritten 
as 
— (p—q)?<s<—(p+q)’, 
(111.2) 


—1<cosé;<1, 


and B™ are to be 
evaluated for physical values of the production angle. 
On the other hand, the total energy y/¢ has unphysical 
values corresponding to the two-pion intermediate 
state. The imaginary parts of A™ and B thus 
obtained are the so-called ‘‘absorptive parts” for the 
process K LK —> N+N and are denoted by Ay (hs) 
and Byry*(t,s). 

The amplitude for the production process is obtained 
by applying the substitution rule to the S-matrix 
element of K-nucleon scattering Eq. (II.4). Frazer and 
Fulco have shown that the helicity amplitudes /(A,A) 
of Wick and Jacob provide" a simple way of expressing 
the result." From their work one easily finds that, for 
each value of the isotopic spin index (+), 


2r 2 - 
( ) N,ACV.N)! T! (K,K) 
: 2e\ (pgiM 
= ( ) T(A,A), 
i 8xrt? 


M A Tq 


showing that the amplitudes 4 


f(A,A 


(111.3) 


—(p cosé,B, (111.4) 


and 


(II1.5) 


T 4 (Eq/M) siné;Be'* 


The absorptive parts An and By are then expressed, 
for physical values of {>4M?, in terms of the 7 ampli- 


tudes 


fii 


(111.6) 
pe 


M 


Bin (111.7) 


gE sin@; 2i 


The central physical condition upon which the 
calculation is based, is the unitarity of the S matrix for 
the production channel. It is expressed in terms of the 
amplitudes of Jacob and Wick by 


I ~ 
(A,A(VN)| T-— Ti 


X doy! (OMA A(NN)| TY! n(n! Tt | (KR)), (118) 
where the first summation extends over all the energeti 
cally accessible intermediate states that connect a AA 


pair of a VN pair. The dy,’ are the wave functions for 


2W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960) 
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a symmetrical top and w~=A—A. Finally, the matrix 
elements appearing under the double sum are the 
amplitudes for the production of a state (”) by NN or 
KK systems of definite total angular momentum J. 
Both sides of Eq. (III.8) may be expressed in terms of 
analytic functions and the equation may be continued 
to unphysical values of /, where only the two-pion state 
contributes. The interesting feature of the present 
application is that Eq. (III.8) relates the absorptive 
parts to other amplitudes which (in principle) may be 
calculated independently. Let us now discuss the two- 
pion intermediate state. The absorptive parts then 
depend only upon the matrix elements for the reactions 
r+nx—K+K and »>N+N. The Jacob-Wick 
amplitudes for the latter are expressed in terms of the 
Frazer-Fulco amplitudes f./ 


N.A(NN)| T! | (a3) 


on 


as follows: 


(qxp/2m)5 (AX) 


(111.9) 


where g, is the magnitude of the pion three-momentum 
in the barycentric system, 


F..7(t)=(4r pbrv/l)(p 


' Jf Js) 
P=) ’ \E)) 


(III.10) 
and 
5,7 (t)= (24/p)(pq5)7 f_7 (0). (111.11) 


The amplitudes f,/ were defined so that they are real 
analytic functions in the cut ¢ plane, with a physical 
branch extending from 4m,? to =-+ *, and a left-hand 
cut whose discontinuity is purely dynamical. The 
corresponding expression for the process 7-+7 — K+K 
1S 


((KR)| T! | (xr) (111.12) 


where the fy have the same analytic structure as the 
f,7. Their relation to the invariant amplitudes of 2-K 
scattering will be given in the following section. 
Expressions for the absorptive parts are finally obtained 
by substituting Eqs. (III.3) and (III.8) into Eqs. 
(111.6) and (III.7). Using Eqs. (III.9) through (III.12), 


we have 


Ain 


M> 5 


X get (pq (111.14) 
where cos@; is related to s and ¢ by Eqs. (III.1a) and 
(III.1c). The symmetry of the two-pion state implies 
that terms with even J contribute only to By and 
Ayn, while those of odd J contribute only to Bry 

and Ayr Taking into account Eqs. (III.13) and 
(III.14) we have the following symmetry properties 





for the two-pion approximation to the absorptive parts: 


am: Any ts + Ay '* (i,m), (111.15) 
and 
TT : Buy F By (i,u). (111.16) 
A convenient parametrization of the three-pion state 
is not yet available. However, if there is a J=1, J=0 
three-pion bound state (mass ma), it gives rise to poles 
in the invariant amplitudes A™ and B® which, in 
rinciple, can be handled. If there is no bound state 
yut a sharp resonance, the pole approximation is still 
reasonable. Note that this three-pion state has to give 
a substantial contribution to the scalar charge structure 
of the nucleon, whereas the magnitude of the scalar 
part of the anomalous magnetic moment is experi- 
mentally small. Now the pole in the A amplitude is 
proportional to the nucleon three-pion matrix element 
present in the ous magnetic moment; 
thus it is plausible to neglect the three-pion contribution 
to A‘ and to regard only the pole in the B™ amplitude 
as important for the /=0, J=1 three-pion contribution 
to the K-nucleon force. The consequent 


scalar anomal 


long-range 
absorptive part is 
Bin B16 


(111.17) 


[— Mp"). 


IV. (x=! KK) MATRIX ELEMENT 


imate the strength of the 
matrix element for the process r+" — K+K. Let —4: 
the outgoing K and K 

IL.1 while the four 
indices of the pions are 
decomposition of the S§ 
is then 


In this section, we shall est 


] } ++ 
and ge be the momenta 
mesons, respectively Lsee Eq. 
nd 


a oe ee ; 
momenta a isotopic 


~~ 1, @) and 42,0 
» SCalar a 


mplitudes A 


167° 


(IV.1 

energies. The A“ are 

he Mandelstam representation as 
invariants / 


¢ pion 


ependent 


The ki 


== (a 
qi 


itter is related to the 


12 ‘ae he 
‘centric production angle @’ and magnitudes of the 
ind K-meson three-momenta by 1 P 


? 
x 


a ( 
introduced analytic al 


defined in terms of the 


9’. The 
wave amplitudes /;'*’ are 


by 


1 
f 1 cos@’ P(cos@’)A tcosé’). (1V.2) 


The symmetry of two-pion state implies that 
f,(+)—() for odd /. and 0 for even 1. 

Dispersion theory in its present form does not 
attempt to establish the magnitude of A’, but only 
provides a way of relating them to n-K scattering. 


previously 


iant amplitudes 


the 
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Even in the absence of experimental information, such 
an analysis does lead to some restrictions on the 
parameters, providing there are no z-K bound states 
and that “ghosts’’ are avoided in the calculable part of 
the unphysical region.'* A similar treatment the 
m-nucleon interaction, of course, provides a determi- 
nation of the r+x— V+N amplitudes f,/‘* (¢). 

In order to estimate the probable physical values of 
fi, we assume that a K meson emits pion pairs 
with essentially the same strength as does a nucleon. 
This approach is based on the hypothesis that it is 
characteristic of strong interactions always to 
“about as strong as is consistent with the requirements 
of unitarity.’’'4 The most easily treated two-pion state 
is that which contributes to the electromagnetic struc- 
ture (i.e., J=1, J=1). The S-matrix element for the 
production of a K—K pair by a virtual photon (four- 
momentum g,) is 


of 


be 


roe! 


{F* 


(SiCw1w 


d Fx! 
ir and vector parts 


Following a suggestion 


where 3 is the photon energy and Fx°* an 
the form factors for the isotopic scali 
of the K-meson charge structure. 
made by Chew,'® we assume that Fx' 
unsubtracted dispersion relation'®: 


are 


satisfies an 


F K } 


where the spectral function g 
form factors are normalized so that 


FxS"(0 3 


IV.3 


The expression corresponding to Eq. 
production of a pion pair is 


(G91, @; Gr2, p h, q 


ue 


LV.6 


(R5Cw 1 


where F, is the pion form factor. The S-matrix elements 


Eqs. (IV.1), (IV.2), and (IV.6) are 


unitarity condition. Keeping only 


related by the 
the two pion inter- 
mediate-state (the so-called ‘‘two-pion approximation’’), 
ion g follows: 


the expression for the spectral funct 


(g(t) |. [V./) 
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K-NUCLEON AND 
The question arises as to what value is obtained for 
Fx‘ (O) if the integral in Eq. (IV.4) is evaluated in the 
two-pion approximation. To avoid ambiguity arising 
from the unknown behavior of g(t) for large value of (, 
we define fx” to be the value of 2Fx"(0), obtained 
when the integral is cut off at the arbitrary value 
t=30m,". For this limited-energy interval we use the 
following approximation for /;~ (v). 

According to the unitarity condition /; 
same phase as F,(/) for 4m,°</<16m,?. Thus the 
function f;°?(t)/F,(t) is analytic in the cut ¢ plane 
with the right-hand cut extending from 16m,’ to 
t=+. We will approximate this function by its 
average value over the interval 4m,?<t<30m,°. Then, 
using the Frazer and Fulco expression for F, in order 
to evaluate the integral, one obtains for fi 


(t) has the 


fi (1)= F(t) fx' <i. (IV.8) 


V. RELATION OF THE LONG-RANGE INTERACTION 
TO ELECTROMAGNETIC STRUCTURE 

Two possible sources of the long-range interaction 
are treated in detail. Each arises from the exchange of 
a system of pions which are in a definite symmetry 
state. They are (A) the J=1, J=1 two-pion state, 
denoted by mr(—), and (B) a possible 7=0, J=1 
three-pion bound state. 


A. xx(—) Exchange 


Let the spectral functions for the nucleon charge 
and anomalous magnetic moment form factors be 
denoted by g: and go. The two-pion approximation for 


these then gives 


(V.2) 


92°F *()f2OW) 


[2M (24)57, 


are the J 
duced in Eq (III.13) of Frazer and Fulco 
Simple expressions for the absorptive parts Ani 
and By; are obtained by reéxpressing the partial- 
wave amplitudes f,! and fi in terms of the 
electromagnetic structure quantities gi2 and fx. 
Substituting Eqs. (IV.7), (IV.8), and (V.1) into Eqs. 

(111.13) and (111.14), one easily obtains 


where /[,/ 1 nucleon amplitudes intro- 


19 
IZ 


Ayn (ts) = —2a(s+3l—mx?— M?) fx" go(t), (V.3)a 
and 

Bin (t,s) for M fx! (£2 + £1 2M). (V.4) 
The interaction due to the mm(— ) exchange contribution 
to the several K-nucleon amplitudes, is obtained by 


substituting Eqs. (V.3) and (V.4) into Eq. (II.26). 
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According to Eqs. (II.21a) and (II.21b), the rr(—) 
contributions to the 7=0 and / 


ratio —3. 


1 states are in the 


B. Bound-State Exchange 


IV, the bound- 
or resonant-state exchange contributes only to the 
absorptive part Byy;‘*’. An explicit expression for the 
consequent spectral function ImG,@ is obtained by 
substituting Eq. (III.17) into Eq. (II.26). The result is 


According to the arguments of Sec. 


[Imqy " (W) 


= —B6(—mp?—4k 


where 


The parameter @ is given in terms of the scalar charge 
fractions {x* for the K meson and /y* for the nucleon, 
due to the three-pion bound state, by the equation: 


B= 4 “mp4 fk (QO) fy? (O \ Mp) 2 (V.6) 
where 
\Y a B ) 16 nt p sae Ps ;e* nr t)/ ( thw p 4, 


e and 7 are the polarization vectors for the photon and 
for the B particle; furthermore 


FxS(t) fr s——[,s 


FyS() fr \ i, S 


— Mp 
[— mp) 


where F'«* is defined by Eqs. (IV.3) and (IV.5); Fy 
by Eqs. (II.7) and (IV.3) of reference 11. 

We emphasize here that the constant \(m,*) enters 
in photoproduction processes’ 


and in 7° decay'® and, 


therefore, may be calculated independently. 


VI. RELATION BETWEEN THE K-NUCLEON AND 
K-NUCLEON LONG-RANGE INTERACTIONS 


} 


In Sec. long-range 


actions on 


III, dependence of the inter- 
the matrix element for the production 
process A+ K — N+WN has been discussed. It is then 
easy to see that the K-nucleon and K-nucleon inter- 
actions, as far as the long-range potentials are con- 
cerned, are related by charge conjugation on the KK 
state (crossing relation). 

To be more specific, let us consider for the K-nucleon 
elastic scattering the Jacob-Wick matrix element 7;;: 
T;=- 


(9M /8rW)r (VI.1) 


is defined by Eq. (II.4), M is the nucleon 
mass, and g is the center-of-mass momentum of the 


where 7 
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K-nucleon system. T;; is related to the phase shifts by 


T!(E) |X, 


Xe xp(Ai—Ay)dasay? (8), (VI.2) 


and 
(+|77(E)| +)=e* (VI.3) 


+ sind), +e sind (74.1) 


T,;; is given in terms of the invariant amplitudes A 
and B which, in the region ‘>4m,? and s<5o, so being 
the physical threshold, are defined by Eqs. (III.4) and 
(III.5). 

Let us consider now the A-nucleon elastic scattering. 
The process is described by the same diagram inverting 
the arrows on the meson line, i.e., exchanging K > K 
in the matrix element (VN|T| KK), Eq. (III.3). This 
implies that the long-range part of the K-nucleon and 
K-nucleon potentials are related by charge conjugation 
on the KK system. 

These relations lead to interesting consequences if 
we analyze the intermediate states () [see Eq. (III.8) ] 
in terms of even or odd numbers of pions. We have: 
a) The K-nucleon and K-nucleon interactions exhibit 
equal or opposite contributions according to the 
isotopic spin J=0 or J=1 of the intermediate state (7) 
with even number of pions; (b) The A-nucleon and 
K-nucleon interactions exhibit equal or opposite 
contributions according to the isotopic spin 7=1 or 
I=0 of the intermediate state (mz) with odd number of 
pions. 

In particular, the /=1, 7=1 two-pion and the J/=1, 
J] =0 three-pion systems give opposite contributions to 
the K-nucleon and K-nucleon interactions. 

Finally, it is of interest to point out that these results 
depend mainly on the bosonic character of the K meson. 
In fact an intermediate state with even (odd) number 
of pions gives the same (opposite) contribution to the 
nucleon-nucleon and nucleon-antinucleon potential. 
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APPENDIX A. ISOTOPIC STATES FOR 
THE K-K SYSTEM 


We consider the K~K°® system as described by the 
field operator 


ARI, FRYE 


AND PUSTERLA 


where 


and a,', a_t, b,', b_t are creation operators for K°, K 
K+, K°, respectively. 
The isotopic spin states for the 


KK system are 


[| K°K*), 
(1/v2)[ | K-K* 
AR”), 
(1/v2)[| K-K+)4 


a 1 


—|K°K 


Pat 


(A.2) 


T=0: K°R°)] 


From these definitions, and assuming for the VN 
system those given by Cziffra," the projection operators 
for the KK — VN amplitudes are 

Po=4 


Po=A4R- ty. 


APPENDIX B. CHOICE OF PHASES FOR ELASTIC 
AND ABSORPTION AMPLITUDES 


_ The discontinuity across the left cut for the elastic 
K-nucleon process was obtained by using the unitarity 
condition for the side reaction of the diagram, K+-K > 
N+N, inserting the contributions of the K+-K — r+ 
and r+x— V+N processes. Defining the VN states 
as Cziffra, and using his helicity spinors, Eqs. (III.2), 
(I1I.3), and (111.4) of Frazer-Fulco” may be written as 


p/M)A4 (A.4) 


; > 
7 COS? RB, 
1 


(E/M)qB sind’, 
where 
cos@’ Pe" qe p 


We assumed analogous formulas for the reactions 
K,+K:.— N,N2. Equations (III.4), (III.5), (A.4), 
and (A.5) establish a corresponde nce between the KK 
state and the two-pion state. From this convention, 


we have for the electromagnetic vertex functions: 


A.7 


Here Fx" (0)=3, F,(0)=1, 
charge [note the different 


(A.7) }. 


and e is the elementary 


in Eqs. (A.6) and 


sign 
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proton and K*t-proton S-wave scattering is analyzed by using a relativistic effective-range 


formula derived by studying the analytic properties of partial-wave scattering amplitudes. The influence 
of the pion-pion interaction on the elastic scattering and reaction cross sections is discussed 


I. INTRODUCTION 


N interesting analysis of the low-energy A~ elastic 

scattering and reaction processes on protons, has 
been worked out by using an effective-range expansion 
for S-state interactions. Jackson, Ravenhall, and Wyld 
have shown that in order to describe these processes, 
only two complex phase shifts are needed.' In particular, 
extensive calculations carried out by Dalitz and Tuan 
on the basis of zero-range formulas, and considering 
explicitly the K°—K- mass difference, have succeeded 
in reproducing all the gross features of the elastic and 
reaction cross sections.’ 

Unfortunately, although these phenomenological 
approaches give a reasonable fit to the experimental 
data, they are deficient from a theoretical point of view 
inasmuch as there are no clear relations between the 
phenomenological parameters and the dynamics of the 
interaction. On the hand, more fundamental 
theoretical attempts based on conventional field theory 


other 


have so far been meaningless because of the difficulties 
of handling strong interactions. The model, 
although tractable, is inadequate for the A-nucleon 
problem. 


static 


The aim of this paper is to discuss the A-nucleon 
interaction in terms of relativistic effective-range 
formulas, derived by studying the analytic properties 
of partial-wave scattering amplitudes. This new way 
of looking at strong-interaction theory, originated by 
the works of Chew-Mandelstam and 
marked an important step forward with respect to 
previous theoretical attempts. The fundamental princi- 
ple of the theory is that the “interactions” are associ- 
ated with singularities of the scattering amplitudes in 


Chew-Low,? 


the unphysical region. The location of these singularities 
is determined by the masses of the physical systems 
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involved, whereas their strengths are related to physical 
cross sections and restricted by the unitarity condition.‘ 
It follows that the “long-range forces,’ due to the 
exchange of one or two particles, are associated with 
“nearby” singularities. At the present 


possible to calculate the “long-range forces,”’ 


stage, it is 
while the 
due to the exchange of three or 


more particles, have still 


logic ally. 


“short-range forces,” 


to be treated phenomeno- 


Returning to the A-nucleon interaction, we would 
like to emphasize the fact that, as a consequence of the 
to the K 
the singularity associated with the exchange of a two- 
pion system is very close to the A-nucleon physical 
threshold and, more important, may be considered as 
the only “nearby” 


small mass of the pion with respect meson, 


singularity.’ From this point of 
of the A-nucleon inter- 
action should, in principle, give clearer information on 


the pion-pion interaction than that 


view, the “long-range part” 


obtained by 
studying the nucleon-nucleon and pion-nucleon prob- 
lems. It is unfortunate that, due to the complexity of 
the A-nucleon force, other strongly interacting particles 
tend to confuse the situation with major contributions 
to the S-wave phase shifts. Nevertheless, the presence 
of a strong pion-pion interaction should affect in a 
detectable way the energy dependence of the low-energy 
K -proton elastic and reaction cross sections. 

In a previous note,® we have analyzed the elastic 
and charge exchange A~-proton cross sections on the 
basis of a model in which there is a strong plon-pion 
interaction in the J=1, J=1 state. It has been found 
that a sharp resonance, such as suggested by Frazer 
and Fulco,’ is consistent with the present experimental 
data. Here we will discuss the influence of the pion-pion 
interaction on hyperon production. 

Finally, the relation between the “long-range force’ 
of the K-nucleon and K-nucleon systems is pointed 
out,* which follows from charge conjugation symmetry. 
There is no simple relation for the short-range forces 
that involve exchange of partic les other than pions. 
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316 FERRARI, 
II. RELATIVISTIC EFFECTIVE RANGE FORMULAS 
FOR THE K-NUCLEON INTERACTION 


Let us consider the K-nucleon interaction under the 
assumption of charge independence and neglecting 
mass corrections. The partial-wave scattering ampli- 
tudes for the processes 


K+N—-A+N, A+N—Y+r, Yor 
can be written in terms of two matrices T“/ 


are the isotopic spin 


(11.1) 


Yr,¥r 


For [=0, T°y,,y, and 7°y,,Kn are 1-by-1 matrices, 
whereas for 7=1, T'y,,y, and T'gy,y, are 2-by-2 and 
1-by-2 submatrices referring to =¢ and Am channels. 
As pointed out in FNP and FFP, it is convenient to 
express the analytic behavior of the 7” matrix in 
terms of a matrix G” defined by 


GU 


where G‘” is of the form, 


A, and B, are the partial-wave projections of the 
amplitudes A and B satisfy the Mandelstam 
representation; g, £, and M are diagonal matrices with 
components equal to the center-of-mass momentum, 
baryon energy, and baryon mass, respectively; M, 

}(M:4+M 


defined so as to contain, 


which 


and 4/s is the total energy. G has been 
in the cut »/s plane, only 
Mandelstam repre- 


singularities connected with the 
will suppress, for 


sentation. In what fol 

simpli: ity, the isotopic spin index. 
From Eq. (II.2), it hat the unitarity con- 

dition requires: 


ImG (11.4 


diagonal matrix of step functions, 
0 1 for V <5 


Wirvs, (11.5 


0 for 


W,; being the 

The locat 
Ferrari ef al.® 
cuts, except that 
the threshold for the Aw channel (s,,~ 80m,?). 


threshold energy of the ith channel. 
ion of the singularities of G is discussed by 
The main point is that all the dynamic 
arising from the AKK-rm interaction, 


lie below 


Therefore, restricting our discussion to energies close 


+F. Ferrari, M. Nauenberg, ar M. Pusterla, University of 
California Radiation Laborator Report UCRL-8985 (unpub 


lished 


AND PUSTERLA 

to the K-nucleon physical threshold (p),,<250 Mev/c, 
i.e., 104m,?<s<¢113m,*), the single baryon poles, the 
cuts associated with the absorptive part of the processes 
a+x—Y+Y, the crossed K-nucleon and z-hyperon 
cuts, should affect weakly the energy dependence of 
the scattering amplitudes. Moreover, only some of the 
discontinuities across these cuts may be considered as 
known functions (for example, the single-baryon terms 
containing the baryon masses, the A-nucleon and the 
m-hyperon coupling constants). Thus, it is plausible to 
describe the effect of these singularities by phenomeno- 
logical constants or by “faraway” poles." The intro- 
duction of phenomenological parameters makes it 
immaterial, for S-wave processes, to work in the cut 
\/s plane; for simplicity, we shall use the cut s plane 
later on (see Appendix A). 

The dynamic singularity due to the AK-zr7 inter- 
action instead extends to s My*—m, 
—m,*)'? and should produce the strongest 
dependence in the physical amplitudes. The discon- 
tinuity across this cut, i.e., [ImG(s 
matrix elements for the reactions r+”—> A+A and 
rt+x— N+N.$ Extensive calculations are required to 
determine the influence the long-rangs 
physical processes. To simplify the problem, we will 
represent the distributed spectrum [ImG by the 
function Ré(s—a,). This approximation is 
rate for a narrow pion-pion resonance of the 
introduced by Frazer and Fulco in the /=1, /=1 state. 
In particular, if the two-pion system interacts preva- 
lently in this state, the long-range contribut the 
1=0 and J=1 K-nucleon states are in t] 

Let us now go on 
tudes. We define" 


mMrK- 
energy 


rx, depends on the 


force has on the 


accu- 
type 


to calculate 


G D(s)N 11.6 


where the matrix \V(s) has only the left-hand cuts and 
the matrix D(s) has only the unitarity cuts starting 
from the physical thresholds so for the different K- 
nucleon and z-hyperon processes. Applying Cauchy’s 
theorem in the complex s plane, we have for 


set of poles on the dynamical cuts: 


a given 


1 R;D(a 
< 


Ihe importance of the sing 
behavior of pion-nucleon scattering 
Chew and Low. By analogy, it 
position of the “‘faraway”’ poles 
terms and regard the residues 
parameters 

Technique introduced b 
pion-pion problem. Extension of the n 
case requires some caution in order to ¢ 
scattering amplitudes below physical thre 
are anomalous thresholds and superpositio 


SEC also J Bjorken, Phys. Rev. Lett 





K PROTON AND K*t-PROTON CROSS SECTIONS 317 


where D(s) is normalized by setting D(w)=1. R; are they may be regarded as complex constants if we 
matrices in channel space. In particular, Ri refers to neglect the energy dependence of gz, and qa, with 
the wm interaction and has only the (1,1) element respect to gvx (Appendix B). 
Rxx.rx different from zero. Finally, by considering the unitarity condition we 
A two-pole approximation to the left-hand cuts leads have the following relations between the constants 
to the following expressions for the elastic scattering 20, 21, no, m1, and »: 
and reaction amplitudes: gzx|no|2= —Im(1/z0), (11.11) 
1 gar| ¥o|2-+asx!no|2= —Im(1/2:). (11.12) 
A Ry .Rn(S) G' Ry. RN(S) : 
+M)v/s It is easy to see that the elastic scattering amplitudes, 
1 “q. (11.8), reduce to the two complex scattering lengths 
f JRW if the KK, rm interaction is disregarded, 1.e., 
if fr(s)~O0. Note that the energy dependence of L(s) 
is negligible in the approximation gy,~ constant. 
The generalization of Eqs. (11.8), (II.9), and (II.10) 
for any finite number of poles on the left-hand cuts is 


qzxM ) Z straightforward. 


+M)y SL 


Qn RMy 


gaxM 4 Z1V1 , 
AM Ey ar(S)= d .RN(S), The kinematic effects which result from the mass 
gvnRMy/ a+ fils difference between A® and A~ mesons have been 
discussed in detail by Jackson and Wyld.” Owing to 
a, a, ImG the mass differen e the isotopic spin is not strictly 
I(s) ! ' conserved in reactions involving both A® and K- 
(s’—s)(s’— ay) (s’— a2) mesons. It is then necessary to transform the matrix 


III. EFFECT OF K’K~ MASS DIFFERENCE ON 
THE SCATTERING AMPLITUDES 


where 


ia G(s), defined by Eq. (II.6), from the isotopic spin 
fr(s) : representation to a charge representation. In this new 
m(s—a;)(1+8RexK,x1) representation, we have to deal with a 5-by-5 matrix 
and in which the rows and columns refer to the elastic and 
-a _ ImG charge exchange process K~p — K~p, K~p — K°n and 
ds 
a ( 


; to the reac ye K~p— (27); in the two isotopic spin 
5 -6iris 


1 . , Sig 
state 7=0,1 and K~p— Az, respectively. If we indi- 
Zo, 21, No, m1, and », depend on the parameters (Rjj)2 cate a g;,° and g;; the elements of the matrix 
and a2 of the second pole and on the center-of-mass g!7~'q) for the two isotopic spin states 0,1 we have 
momenta gs, and ga, for the pion-hyperon systems; explicitly: 
lisa $ (gis'—gir°) (1/v2 giz 
1 \ ses." 
a(gu°t+gi1)—tqkn 
(1 v2)g19° . 
(1/v2)¢10! 
(1/vV2)g13! 
where g’ is the momentum in the A°v channel. By inverting the matrix M and recalling Eq. (II.2), the elastic 
reaction and scattering amplitudes are given by 
tT a'ey.RN(1—iggn’a’RKn RN) TaR KN TKN @EN,RO A, (111.2) 


(111.3) 


— @'RN,RN) 


(111.4) 


A, 
(1—igRy'a’RN RN ; 
ma'KN.RN : (III.5) 
A 
(1—igRy’a’RN RN 
ao KN.RN 3 (111.6) 
A 


V2 “)(= 
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iw = a. 0 j _ = sie ——— _ _ 
A 1—31(qR v+qRn )(@°RN RN t+a'R v,KN)—QRNQEN ad Rv,RN@RN,R Ny 


and 


T 


The two elastic amplitudes A°gy zy and A'gy,Rn, as 
well as the parameters 0, 71, and », are defined in 
Sec. II. 

Sufficiently above the threshold for the charge 
exchange scattering these formulas reduce to those 
given by Eqs. (II.8), (11.9), and (II.10). 


IV. TOTAL ELASTIC AND REACTION 
CROSS SECTIONS 


The available experimental data on the A--proton 
elastic and reaction cross sections are too crude in 
order to get any reliable information on the pion-pion 
forces.'* However, we think it important to recognize 
that a strong pion-pion interaction, like that discussed 
by Frazer and Fulco in their analysis of the nucleon 
electromagnetic structure, is consistent with both the 
K~--proton and A*-proton data (see also Sec. V) 

As an example of the effects the pion-pion forces 
may have on the K-nucleon S-wave scattering, we have 


calculated the 


1 


harge exchange and hyperon 
production cross sections according to Eqs. (II.8-12) 
and (III.2-6). Assuming a pion-pion interaction in the 
[=1, J=1 state, 
F, WR 


elastic, « 


with a resonant energy wr~3.6m, 


function [ImG(s) ],. 
ulated in terms of the parameter 


and *~16, the spectral 
fx de- 
scribing the charge structure of the K meson’ (Fig. 1 

. 1g f tion RU KK _ S— dy is given 


ge 
> correspondin tun 


Rrx.er™—2.8fKM* fermi, a;93m,’. 


astic and charge exchange cross set tions are 
in Fig. 2; the =+m and S~7t production cross 


3. The dotted curves refer 


, 


ns are given in Fig. 


Dalitz and Tuan solution (a+ 


[tm Gis)i ge in Me 
on @ < 
P 's) 


> 





h 
ee * 





ing the pion form 


nd | F,(wr)|?~16 


3 Data of A. H 
Ross, reported by 
tional Conference 

unpublished). 


Rosenfeld, F. Solmitz, R. O. Tripp, and R. R. 
L. W. Alvarez at the Ninth Annual Interna 
on High-Energy Nuclear Physics, Kiev, 1959 


rvA TREN.RN), 


T=0, 1. 


Inspection of Figs. 2 and 3 exhibits some interesting 
features related to the long-range contributions to the 
K-nucleon interaction. 
worthwhile to note: (a) the leveling off of the 
energy (pp~150 Mev/c) A--proton elastic scattering 
cross section; and (b) the different form of the cusps 


S-wave In particular, it is 


low- 


for the +m and X~x* production cross sections. 

These results are extremely sensitive 
between the long-range contributions in the two J/=0 
and J=1 K-nucleon isotopic spin states if the 
two pion pair interacts in the /=1, 1 state only, 
Since the curves plotted in the figures 
obtained with the ratio R 
have a feeble indication in favor of a strong pion-pion 
interaction in the /=1, J=1 state. 


ratio 


to the 


which, 


is —3. are 


KK. RY eK «r™ - 3.8, we 





section (mb) 


Cross 











120 160 200 
P, lab Mev/c 
Fic. 2. Cross section for elastic ar rroton 
scattering. The 
Mev/c. The parameters used art 

+720.20 1M x? fermi; a2=55m,? 


cross sections are nor 1 at =172 


2.01 


If the last conclusion the 
picture that seems to be 
K-nucleon system the long-range force is repulsive in 
the isotopic spin J and for J= 4, 
whereas the net A--proton short-range interaction is 


attractive. The same experimental fit requires fx~1.5. 


is qualitatively 


correct, 
for the 


emerging 1s that 


0 state attractive 


V. RELATIVISTIC EFFECTIVE RANGE FORMULA 
FOR THE K*‘-PROTON INTERACTION 


In this section we shall discuss briefly the A+-proton 
nature 
(a) The dynamical singularity closest 
KK, xr 
interaction; (b) the long-range forces, arising from the 


interaction. Two considerations determine the 
of our results: 


to the physical threshold is again due to the 


exchange of a pion pair, give opposite contributions to 
the A-nucleon and K-nucleon systems.* 
Using the same technique as outlined in Sec. II, a 


two-pole approximation to the left-hand cuts leads to 
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Fic. 3. Cross section for 2-x* Ytx- production. The 
cross sections are normalized at px =172 Mev/c. The phase 
difference between the 7=0 and /=i =z production amplitudes 


is —112 


the following expression for the elastic (A*+p|Ktp) 
amplitude: 


l(s)-4 


(E+M)V/s fi4(s)+24 


QNK 
—j ~. ( 
(E+M)y/s 


RY cK, 2s 
(s—a,)(1 +3 RO Pe ee 


and z, is a real constant depending on the parameters 
R, and a» of the second pole. As the A* proton is a 
pure J=1 state the distributed spectrum [ImG(s) ], 
will be described by the function Ro xxK 


W he re 


rx0(S—d}) 


RO eK ee —0.72 {KM fermi, a;93m,’. 


Very few experimental data are yet available for the 
low-energy A 


K+-proton scattering. The cross section 


increases slightly with increasing K* momentum and 
is of the order of 15 mb at 250-300 Mev/c. Using Eq. 
V.1) and normalizing the cross section at 250 Mev/c, 
we get a smoothly varying monotonic cross section 
ranging between 10 mb for fisn,=0 and 15 mb for 
Pian = 250 Mev/c. It is gratifying that the long-range 
forces here do not produce sharp variations in the 
cross section, in contrast to the A~-proton results 
described above. 

Vole 
R(1+) 


added in proof. A sign error for the residue 
was kindly pointed out by Professor R. Dalitz. 
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APPENDIX A 


It is known that, in order to avoid kinematic singu- 
larities, the boson-baryon partial wave amplitudes 
should be given as functions of W=~/s. 

We define the scattering amplitude as 

fo= (1/W)(E+M)'G(E+M)!, 


where 


L—Ay + ( W +M)By} 
q 


shows the proper threshold behavior at W=IWo and 


W=—Wo. 
Following the method outlined in Sec. II, we have 


1 n u] 
E +-M W TV a 


VW) 
W-\~ ay 


W—v/a, 
-g')(E'+M)N(W’) 


W+, ad 


(W'—w)(W’—W) 
g' (E'+M)N(W’) 
(W'—w)(W'—W) 


The threshold behavior at W=—Wp is violated with 
this choice of V(W); however, V (IW) now satisfies the 
symmetry relation (E+M)\V(W)=—(E-M)N(—W) 
which makes the present expression for D(W) reduce to 
that in Eq. (II.7). The alternative sets of parameters 
are related by 

R:D;/2nM, 


and the factor E+M in Eq. (II.4 


placed by 2M. 


is correc tly re- 


APPENDIX B 


In this appendix we give the relations between the Zo, 
31, No, M1, and v; and the parameters of the second pole." 
We use the abbreviations 


and 


b,;! {R'[1 T akR.! 


ady— dy f ds’ ImG~"(s") 
, , t’ 
wT J. (i$ —@1)($ —Ge)}* 


The isotopic spin index of } 


where 


will be omitted in the 
we also remind the reader that a and /(s) are 
diagonal matrices in channel space. 


following ; 


4 We are indebted to Dr. E. Pagiola for calling our attention to 
some errors in this appendix. 
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nucleon total cross sections 
ymentum range 0.98-3.98 
)btained by deuterium-hydrogen 
for screening effects. There is evi- 

dence for structure i nucleon state in the momentum 
range 0.98-2.0 Bev his structure is absent in the T7=1 state 


In addition, a measurement was made at 1.95 Bev/c of the angular 


tions vere 


I. INTRODUCTION 


EVERAL measurements of the K~—p total cross 
section at different energies have been made previ- 
ously by means of bubble chambers, counters, and 
nuclear emulsions.! These in general have rather large 
errors and are too widely spaced to allow much more 
than the general trend of the cross section with energy 
to be inferred. At energies less than a few hundred Mev, 
the data suggest a 1/v dependence, and the higher- 
energy points are consistent with a smoothly falling 
curve, the slope diminishing as the energy increases. The 
object of the experiment presented here was to de- 
termine to a precision of a few percent both the K-—p 
and K~—~n total cross sections in the high-energy region 
px21 Bev/c). The upper limit in momentum (px=4 
Bev/c) was the highest at which a convenient flux of K~ 
mesons could still be obtained at the Bevatron. In 
addition, the cross section for the charge-exchange 


d references see, for eX 


a ar 
id R. G. Baender, Phys. Rev 


pilation of dat 


ia, L. T. Kerth, a 


distribution of the A p elastic 

forward-scattering amplitude obtair 

of real part to imaginary part 0.5 

ratio for r~ mesons at this momentun 
Measurements of the K~— p “ 

cross section which falls from al 

a few mb at 4 Bev/c. 


reaction 

K-+p » K°+n, 
was measured at four different values of incident mo- 
mentum. The angular distribution for 
K-—p scattering (@i1,»530 deg), 


labS 


small-angle 
and the forward- 
scattering cross section, were measured at a single K-- 
meson momentum of 1.95 Bev/c. 


II. THE K- BEAM 


A. Beam Layout 


Figure 1 shows the arrangement of counters and 
magnets used to obtain a variable-energy A~-meson 
beam. The primary target was of stainless steel, 5X}X 4 
in., placed in the magnet gap of the Bevatron. Negative 
particles, produced within about 5 deg to the direction 
of the circulating 6.2-Bev proton beam, entered the 
channel through a 0.020-in. aluminum window in ‘the 
vacuum tank at the beginning of the west straight 
section. The first bending magnet M; was used to cor- 
rect for variation in apparent target position with 
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selected momentum. The exact definition of operating 
momentum was by means of the two bending magnets 
M, and M3, both of which were calibrated in advance 
by the floating-wire technique. The first quadrupole 
doublet Q; produced an image of the internal target be- 
tween the beam scintillation counters S$; and S». 

The dimensions and location of S; and S2 with respect 
to bending magnet M, determined the upper and lower 
limits of momentum selected; the full width of this 
interval varied between 6.8% and 10.5%, depending on 
the energy. This image of the target was in turn focused 
by the quadrupole lens triplet Q2 at the transmission 
counter T behind the hydrogen target. The intervening 
bending magnet M; served to reject degraded particles 
and correct the dispersion of M,. Polyethylene bags 
filled with helium were used in the collimator, magnet, 
and quadrupole lens apertures to reduce the effect of 
multiple Coulomb scattering. 

The two gas Cerenkov counters C; and C», together 
with the two time-of-flight counter pairs S)-S; and 
S»-S4, selected the K~ mesons in the beam and rejected 
m7 mesons, #~ mesons, electrons, and antiprotons. C, 
and C, were placed together at the first image so that 
multiple Coulomb scattering in the high-pressure gas 
and aluminum end windows of the counters did not lead 
to any aberration in the final image, although it pro- 
duced some loss in intensity. 

The hydrogen target was 48 in. long and 6 in. in 
diameter, with 0.005-in. stainless steel walls and end 
windows, and could be filled with either hydrogen or 
deuterium, 


B. Gas Cerenkov Counters C, and C2: 
Selection of K Mesons 


Selection of K mesons and rejection of other particles 
was made mainly by the two gas Cerenkov counters C; 
and C2, which could be filled with gaseous methane to a 
maximum pressure of 2000 psi. Figure 2 shows a 
simplified cross-sectional view of one counter. The 
radiating volume of gas is approximately 24 in. long by 
5 in. in diameter. A particle of velocity 8c traveling 
parallel to the axis produces a cone of Cerenkov light of 
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half-angle 0, given by cos#=1/n8, where m is the re- 
fractive index of the gas. Some of this light strikes the 
two 45 deg mirrors directly, the rest after one reflection 
at the cylindrical reflector lining the inside of the barrel. 
After the light is deflected into the side arms of the 
counter, ring foci of angular radius 6 are produced by 
the two Lucite lenses shown. If the angular radius of the 
ring focus is less than 6.7 deg, all light at the image is 
brought through a conical light pipe to a centrally 
located 2-in. RCA 6810A photomultiplier. If the angular 
radius exceeds 7.4 deg, however, no light strikes the 
central multiplier, but instead is brought via four flared 
light pipes to the photocathodes of four interconnected 
2-in. RCA 6810A photomultipliers placed in a ring; two 
of these can be seen in the cross sectional view. The 
dichotomy in the range of @ selected by inner or outer 
photomultipliers is ensured by a narrow steel annular 
stop which also serves as a support for the quartz pres- 
sure window. 

The Cerenkov counters were operated in either of 
two ways, mode A or B, depending upon whether the 
K-meson momentum was greater or less than 1.5 Bev/c. 
In mode A operation, the gas pressure was set so that for 
the momentum chosen a K meson produced Cerenkov 


of the methane Cerenkov counters. 


ross section of one 
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radiation at an angle 6=6 deg and would give a signal 
in the central photomultiplier in each arm. In the range 
of energies under investigation, and wu mesons and 
electrons always produced Cerenkov light at a large 
enough angle to give a signal in the outer ring of 
photomultipliers. Thus, signals from the inner photo- 
multipliers Cinner Were used for positive identification of 
K mesons, and signals from the outer photomultipliers 
Couter Were used to reject, by anticoincidence, unwanted 
lighter particles. During the experiment the Cinner and 
Couter Signals from both arms of a counter were, re- 
spectively, connected in parallel. To minimize the acci- 
dental counting rate, coincidence-anticoincidence com- 
binations of the two types (C i+Si+S3— (Couter)1 
and (Cinner)2+Se+tSi— (Couter)2 were formed, and the 


outputs from these two combinations finally put into 


coincidence. The time-of-flight system gave some dis- 
crimination against antiprotons, particularly at the low 
momenta. 

Figure 3 shows a delay curve obtained when delay 
was varied between the Cerenkov counter outputs and 
and S,. When the 
counters are “on time,’’ A mesons are counted (central 
a rate corresponding to about 0.1% of the z- 
meson rate. If the timing is off by a large amount, say 
50 musec, then the K mesons selected at the Cerenkov 
counters are never counted in the downstream scintil- 
lators, and the steady background level of A~/M,~2 
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X10-* is due to off-time light-meson accidentals. If, 
however, the delay is only about +10-20 musec, then 
the off-time 
particle results in a reduction of the accidental rate of 
some two orders of at least. 
measuring cross sections, for example, 


the anticoincidence pulse produced by 
Thus, in 
high resolution is 
not required for the transmission counter coincidence 
circuits, as the background accidental rate is negligible 
for times of +20 musec about the arrival time of a K 
meson. 


magnitude, 


At each value of operating momentum, the rejection 
efficiency of the Cerenkov counters was checked and the 
best value of working pressure obtained by plotting the 
apparent A-meson counting rate as a function of the 
pressure in the counters. A typical pressure curve ob- 
tained for px=2 Bev/c is shown in Fig. 4+ (mode A) 

In the range of pressures 100-400 psi, the counting 
rate is very high and almost equal to that in the scintil- 
lators S,;+S2+53+.S;, since the refractive index of the 
gas at these pressures is such that 7 and yw mesons pro- 
duc e Cerenkov light with 6<6.7 deg, and so are counted 
by the inner photomultipliers. As the pressure is driven 
higher, the angle of the Cerenkov cone grows larger and 
light shifts to the outer ring , resulting 
in a sharp falloff (approx 10~*) in counting rate. Above 
about 700 psi the threshold for A mesons is crossed, and 
the K-counting rate reaches a maximum at about 1000 
psi (6x ~6 deg), and then falls off again at 


antl oing idence 


higher pres- 
sures as light due to A mesons is driven into the outer 
anticoincidence ring. At this momentum the shape of 
the curve shown indicates an operating pressure of 1030 
psi and guarantees a AK-meson beam with a contami- 
nation of less than one part in 10°, Contamination at all 
momenta was also estimated to be less than 10 


Fic. 4. Pressure curve for the 


coincidence arrangement for px= 
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For momenta below 1.5 Bev/c, there were two dis- 
advantages in mode A operation: The momentum 
bandwidth of the counters became narrower than that 
set by the geometry of the beam-defining scintillators, 
and the operating pressures became inconveniently 
large. Instead, then, mode B operation was used, in 
which the positive signal Cinnor Was not required and 
each counter was employed purely as an anticoincidence 
device. Mode B in Fig. 4 shows the type of pressure 
curve obtained under these circumstances. At low pres- 
sures no particles are rejected, but as the pressure is 
raised beyond about 400 psi, and uw mesons begin to 
give Couter Signals, and a long plateau corresponding to 
the counting of A mesons and antiprotons extends up to 
about 1050 psi, beyond which only antiprotons can be 
counted, In operating on this plateau, no difficulty 
arises from the presence of the antiprotons; they can be 
eliminated by the time-of-flight system, since the flight- 
time difference between A~ and p exceeds 4 musec for 
p<1.5 Bev/c. In mode B, the two counters were in fact 
operated at different pressures. In C;, the pressure was 
set so that the light produc ed by w mesons of the correct 
momentum was focused centrally in the outer annulus; 
this pressure was usually about 700-800 psi. In Co, in 
which the side arms of the counter were lined with a 
cylindrical reflector, the operating pressure was set very 
much higher (approx 1500-1700 psi), so that light from 
18 deg) struck 
the anticoincidence photomultipliers only after reflec- 


x mesons of the selected momentum (6- 


tion at the wall. But now 7 mesons of very much lower 
momentum could give anticoincidence pulses, provided 
they produced Cerenkov light with @>7.4 deg. This 
arrangement allowed rejection of x mesons of the central 
momentum with maximum efficiency in C,, and rejec- 
tion of both degraded and undegraded zm mesons in C2. 


C. Yield of K~ Mesons 


During typical operation, the number of particles 
passing down the beam channel was between 1 and 
4X 10° per Bevatron pulse (about 1.5X 10" protons). At 
2 or 3 Bev/c the number of A mesons counted in the 
system per pulse was about 600. At high momenta, the 
yield diminished rapidly because of the decreased pro- 
duction at the target; at low momenta the yield was 
also low, largely because of serious attenuation due to 


TABLE I. Summary of the main characteristics of the secor 
Column 1 gives the momentum of the beam at 


Emission 
angle 
(rad) 


Momentum 

Momentum, { spread, Ap/; 
Bev/c) (% (msr) 

1 7 0.030 
1.5 5 0.045 
2.0 0.021 
3.0 8 0.012 
4.0 10.0 0.022 


1.07 
0.79 
0.71 
0.79 
0.66 


ed correct within a factor of 
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Fic. 5. The ratio of K mesons to x mesons actually recorded: 
and B refer, respectively, to 


Curves A f mode A and mode B 
operation of the gas Cerenkov counters. Curve T shows the K/z 
ratio at the internal Bevatron target after the decay-in-flight 
corrections have been made 

decay in flight along the beam (about 100 ft long). 
Figure 5 shows the A/z ratio actually recorded for 
operation in modes A and B (see also Table I). The 
yield using mode A was poorer, since a A meson, in 
order to be counted efficiently in this mode, had to 
travel rather closely parallel to the axis of C; and Co. 
Even then, fluctuations in photon number from the 
Cerenkov light could lead to further inefficiency. Also, 
the momentum width accepted was less in mode A than 
in mode B. The upper curve shows the A/ production 
ratio at the target, inferred by correcting the mode B 
curve for decay in flight of both w and A mesons. 

At a few momenta, an estimate was made of how 
much the A/z ratio at the internal target depended on 
bevatron beam energy. Excitation curves obtained in 
this way are shown in Fig. 6. Fluctuations in the proton 


beam intensity and uncertainties in corrections for 


decay in flight were large, so that the absolute magni- 
tude of the yield figures are probably correct only to 
about a factor of two. 


III. TOTAL CROSS SECTIONS 


In order to determine the total cross sections in 
hydrogen and deuterium, the hydrogen target was 
alternately filled and emptied several times, and the 
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transmission measured in each case. The transmission 
counter T was a 9-in. diam circular scintillator mounted 
coaxially with the target and a few feet behind it. Its 
longitudinal position was varied depending on the mo- 
mentum studied and was chosen always to minimize 
corrections to the final answer necessitated by Coulomb 
and diffraction scattering, beam divergence, inelastic 
processes, and decay in flight between target and 
counter. As a check on the effect of the forward- 
scattering correction, some measurements were made by 
using a 13-in.-square T counter placed further away. In 
a typical series of runs at a single momentum, a total of 
3X 10° A~ mesons was recorded by the counter T. The 
ratio of the transmission factors (K+T7)/K(full) and 
(K+T)/K(empty) gave the transmission factor for the 
hydrogen or deuterium alone, and therefore the total 
cross section, 
o=(1/nL) Int, 


where m= number of target nuclei per cm*, /=length of 


target, and 

A+T /,KA+T 
The error in ¢ arising from the uncertainty in / is given 
by 

Ao= (1/nL)(At/t). 

Under the pressure and temperature conditions at which 
the target was operated, the mass of hydrogen gas in the 
“empty” target was approx 0.4% of the liquid in the 
“full” target. Thus the atomic concentration m in the 
expression for o refers to the difference in concentrations 
between liquid and gas. 

Before the cross section could be obtained, several 
corrections had to be applied to the observed transmis- 
sion factors. These were all small in this experiment; 
they are described below, and their magnitudes are 
listed in Table IT. 
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(a) Change in decay rate. The transmission factor for 
the empty target essentially measures attenuation due 
to decays in flight. When the target is filled, the loss in 
energy of the particles in the hydrogen modifies the 
decay rate slightly between the target and counter 7. 

(b) Forward scattering. K~ mesons interacting in the 
target can still be counted by 7 if they are scattered 
only through a small angle (< 
forward-scattering cross section is unknown over this 
energy region, except the measurement at 2 
described later (see Sec. V). From the optical theorem,’ 
the imaginary part of the forward-scattering amplitude 
Im f{(0 deg) is given by 


2 deg). The value of the 


Bev ( 


Im {(0 deg)= Ko,/4r, 


where oc; is the total cross section and K the wave 
number. Thus 


(da/dQ)(0 deg) >[Ko./4e 


In making these corrections, f(0 deg 
purely imaginary. Thus, the correction is an underesti- 
mate if Re f(0 deg) is not negligible. 

(c) Rate sensitivity. the 
counting rate in the T counter is not the same for both 
“target empty” and “target full” conditions, because of 
attenuation in the liquid hydrogen. So if equipment 


was assumed 


7 


For a given incident flux, 


efficiency depends on the coun'ting rate, the transmission 
factors “full” and “‘empty” are not directly comparable. 
All data on transmission factors from different runs at 


different energies were analyzed to see if there were any 
ital 
to correlate the 


1 


dependence on counting rate—th« 
chosen as a useful variable with which 
observed transmission factors. No evidence of correla- 
tion was found except for the det 
data, where there was a small but statisti: 
cant effect. Accordingly, a correction 
shown in Table II. 
(d) Light-particle contamination. The ct of the A 

decay products counted in the 7 counter was estimated 


and 


accider rate was 


terium ‘‘target empty” 


ully signifi- 


effe 
and found to be nearly independent of momentum 
negligible in comparison with a, 6, and c. 

The above corrections were all small and applied to 
the cross sections in both hydrogen and deuterium. 

In deducing the free-neutron cross section o,, from the 
difference between oq and a,, a relatively larger correc- 
tion had to be made for the screeni 
the other in the deuteron. This corre 
using Glauber’s formula, 


ng of one nucleon by 
’ 


tion was mad¢ 


by 


where 


The errors quoted in Table II ompounded of 


1932 


242 1055 


10, 40 





K--—-p AND K--—n 


TABLE IT. Total cross sections for A —d, and K 


pk 


CROSS SECTIONS 


—n interactions. The magnitudes of the included corrections 


are listed explicitly; see text for a discussion of how these have been calculated 


roton 

mb) 47.1+1.2 +1.6 
orrection (i 2.4 Rok 1.0 
included 


33.83-0.9 31.2+0.9 
—0.7 
+0.2 +0.3 


K~-deuteron 
aa(mb) 74.3 4 60.7 +-0.5 
Correction : —1.0 
included + +-0.7 
+0.2 


K~--neutron 
on(mb) 
Correction 

included 
(Glauber 


three sources: (1) uncertainty in the corrections (a) to 
(d) listed above, (2) uncertainty in the atomic concen- 
tration » to be inserted in the cross-section formula, and 
(3) statistical errors. 

The exact value of m was uncertain to the extent that 
the pressure and temperature of the gas in the “empty” 
target were not known exactly. The error in 7 is esti- 
mated to be about 0.3%. The statistical part of the error 
was computed internally from the total number of 
counts recorded, and externally by examining fluctua- 
tions of the subdivided data (in groups of about 20 000 
counts each). In general, the group means exhibited a 
wider spread (between 1.1 and 1.3 times) than that 
calculated on the basis of purely random counting. 
Accordingly, the final statistical error was chosen to be 
1.3 times that computed from the total number of 
counts at each momentum—this factor being the maxi- 
mum ratio between externally and internally computed 
errors. It should be noted that the neutron 
sections may be further in error than the amount shown 
in Table II if the Glauber correction is not exact; no 
attempt was made to estimate the probable uncertainty 
due to this cause. 


cToss 


IV. CHARGE-EXCHANGE CROSS SECTION 
A. Apparatus 


For this part of the experiment the target was sur- 
rounded (except for a beam entrance hole) with the 
charged-particle and y-ray detector A illustrated in 
Fig. 7. The wrap consisted of a layer of lead } in. thick, 
outside of which 19 shaped plastic scintillation counters 
were fitted. The lead and scintillators were typically 
about 14 in. distant from the nearest point in the 
hydrogen target. Because of the high counting rate near 
the exit end of the target, a sandwich counter of two 
13-in. scintillators with a }-in. layer of lead between 
them was placed to count with maximum efficiency the 
unscattered beam and y rays emitted in the forward 
direction. 

\ssuming counter efficiency to be unity, measure- 
ment of the cross section for the reaction A~+ p— K°-+n 


20.5 +0.9 
+1.2 


involves counting only the fraction of anticoincidences 
in the counter wrap A per K~ meson entering the target. 
For, of the K® mesons emitted in the charge exchange 
reaction, 50% decaying in the K," mode will, in a first 
approximation, pass through counter A before they 
decay and are recorded as anticoincidences. The re- 
maining 50% decay through the short-lived K,° mode 
close by the target and give rise to charged particles or 
y rays which are detected in A. Any other elastic or 
inelastic interaction of K~ mesons with protons, insofar 
as these are known or can be surmised, also give rise to 
at least two charged particles or two y rays. For ex- 
ample, when the secondary products of the A~ inter- 
action are all neutral, the reactions may be summarized : 


>K°+n, 


> K°+n+(1+2)r°, 


K-+p 


Charge exchange 


> A® or 29+ (14+ 2)2°, rInelastic, for «=0, 


» E04 Kb ye, | etc, 


the short lifetime of both the 
meson ensures that all inelastic 
processes will give a count in A. In a first approxima- 
tion, then, the ratio of counts (K—A)/K is a direct 
measure of one-half the 


tiON Cec. 


and it is clear that 
hyperons and the 7° 


charge-exchange cross sec- 
B. Results 


The charge-exchange cross section was determined by 
means of the usual target-full, target-empty subtraction 








hic. 7. An elevation vic 
surrounding the hydrogen 
charge 


{ the lead and scintillator wraps (A) 
target during the measurement of the 


exchange cross section 
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ase III. The in mb) 


exchange process K*+)p > 


cross section for the “elastic’’ charge- 


+N. 


K 
momentum 
Bev 


Target 


Deut 


Weighted 


erlum mean 


2.6 10.4+1. 
1.9 3.8+0. 
L().3 1.9+0.: 


+0.6 2.5+0.: 


Hydrogen 


9.0+1.9 


1 
1 
: } 


for both hydrogen and deuterium. Since only the proton 
in the deuteron is effective for charge exchange and a 
K~—n interaction leads to at least one charged product, 
the same cross section should be obtained from both 
experiments although the background events may be 
different. The results are presented in Table III. 

The main sources of difficulty were the inefficiency of 
counter wrap A, especially for the detection of y rays, 
and the smallness of the cross section a [for o.~4 
mb, (A—A)/A=0.01]. With the target empty, the 
(K—A)/K rate varied monotonically from 2% at 1 
Bev, c to 0.1% at 4 Bev/c, and was explicable entirely 
in terms of K mesons decaying in the A,» mode, where 
the A counter sometimes failed to detect the single- 
charged decay product. From this, it was estimated that 
the efficiency for detecting just one charged particle in 
A was approx 95‘ target-full minus target- 
smaller at the 


Thus the 


empty difference was relatively low 
momenta. 
In deduc ing the 


K—A)/K rates, 


follows. 


subtracted 


applied as 


cross section from the 
corrections had to be 


(a) Beam attenuation. The probability of charge 
change varied along the target because of beam attenua- 
tion in S,; and in the target material. The 
attenuation appropriate in this case was 
Ta, the absorption cross section (approx 30, 


ttered K an still undergo charge 


CxX- 


counter 
cross section 
, because 
elastically sca mesons ¢ 
ex( mp 


) De i ay .) 


mod e witl in the 


mesons decaying in the K, 
might be recorded 

anticoincidences because of counter inefficiencie s. This 
target- 
at 1 Bev /< 


target 


stimated from the 
) be 11° : of T ox 


correction could be reliably ¢ 
and was found t 


$ Bev 


Char ge-€X¢ hange events. 


— rate, 
and 3 at 


\ on- 


rhe inelastic reactions 


n+’, 


> most likely of all non-charge-exchange reactions 


to lead to an anticoincidence in 


are the 
A because of inefficiency. 
On the basis of minimal esti 


A for charged particles 


mates of a 90% efficiency in 
and 50% for y rays, these 
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reactions had probabilities 0.06 and 0.03, respectively, 
of not being counted, while all other reactions had less 
than 0.01 probability of being missed. If the branching 
ratios found at 1.15 Bev/c for these modes‘ are taken as 
applicable over the whole momentum range, the correc- 
tion tO o@ is about 2.5% 

(d) Loss of K® mesons. Some K: 
in the inner wrap of lead, leading to ch 
production and so failed to anticoinci- 
This effect was estimated to be about 5‘ 7 Also, 
partic les de ay be “ esc aping 
‘his fraction 


particles interacted 
arged particle 
register as an 
dence. 
a small number of Kz 
from the counter wrap and are also missed. ‘ 
was estimated to be about 3% at 1 Bev/« ad about 1% 
at 4 Bev/c. On the other hand, particularly at high 
momentum, some K,° particles failed to decay before 
passing through A sa K,° event. 
At the low momenta the correction was negligible, but 
at 4 Bev/c it amounted to 10% 
Glauber correction. As wit h th 

a correction had to be made to the 
obtain the ection 
formula (see Sec. IIT) and the cross sectior 
were used. 


and so were counted a 


total cross sections, 
deuterium data to 
Glauber’s 
1s of Table 


cross s on a free proton. 


The quoted errors are those derived from the ftluctua- 
tions of data taken in groups, W hich get 
answer about twice that derived from the tot 
statistics alone. 
and deuterium data is not good, parti 
Bev/c, it is possible that the quoted errors are under- 
estimates, perhaps by a factor of about 2. It ld be 
noted that the fundamental assumption in this method 
of measuring ¢¢¢ is the validity of the A,’, Ay 
mixture hypothesis. One previous high-energy 


erally gave an 
tal counting 
tween the hydrogen 


Since agreement be 


ularly at px=4 
shou 


partic le- 
measure- 
ment of a has been reported, viz 1.1 mb at 


pr= 1.15 Bev c.* 


V. SMALL-ANGLE ELASTIC K 
AT px =1.95 Bev/c 


p SCATTERING 


A. Apparatus 
Figure 8 shows the arrangement of the hodoscope used 
in studying the small-angle scattering of A~ mesons in 
30 deg). The 
and Ho, 


each 8-in. | 


first two sets hy counte 
consisted of 19 


igh by 1 in. 


hydrogen (@iab< 
in the hodoscope, H; 
elements, respectively, 
Knowledge of which elements in 1; and H, the scattered 
particle crossed was sufficient to determine the 
scattering to about 1 deg. Sets H; and H» were made up 
of 3X8 X}j-in. mounted scintillators 
overlapping its two neighboring counters by 1 in. in 
horizontal projection, thus providing 1 in. spatial resolu- 
tion (horizontally). 

Were it not for the decay in flight of the 


rs 
and 35 


across. 
angle of 


vertically each 


mesons, 


‘Luis W. 


Alvarez, in Proceedings of the th Annual Intere 
national Confers } 


nce on High-Ene cle Kiev, 1959 
unpublished) ; see also L. W. lvarez niversit ot Cahtornia 
Radiation Laboratory report g 354, igust 11, 1960 
unpublished). 
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the two sets H; and H» would have been sufficient to 
determine the scattering distribution. However, the 
effect of decays in flight, both within and in the neigh- 
borhood of the hydrogen target, was to superimpose on 
the distribution of scattered A mesons a relatively more 
intense distribution of m mesons, u mesons, and electrons 
with a variety of angles and momenta, most of which 
could simulate a small-angle A~—p scattering event. 
About 80% of these secondary decay-in-flight products 
could be rejected by using the magnetic field between 7; 
and Hy» together with information from the third 
set H;. H; comprised fifteen 8X3 X }-in. 
scintillators placed side by side, and had about the same 
angular resolution as sets H; and Hy. When a K~ meson 
was truly scattered by a proton in the target and when 
once the elements through which it passed in H; and H» 
became known, the position where it would strike’H; 
was uniquely determined. If, however, a light particle 
arising from a decay in flight in the target passed 
through the same elements in H; and Hz, in about 80% 
of the cases it struck H; sufficiently far away from the 
appropriate place to allow it to be rejected unambigu- 
ously. The magnetic field was set at 14 kgauss, and the 
angle of bending for particles of momentum 1.95 Bev/< 
was about 12.5 deg. 


hodosc ope 


The remaining 20% or so of decay-in-flight secondary 
particles which could not be rejected by magnetic 
sorting were those emitted forward in the c.m. system 
and having momenta close to that of the AK mesons 
1.95 Bev/c). These, however, always had higher 
0.998 


(pr 
velocities than the scattered A mesons (thus 8, 
0.97, for p 
the anticoincidence Cerenkov counter C3. The pressure 


and 8x 1.95 Bev/c), and were rejected by 
of sulfur hexafluoride gas (250 psi) was chosen, so that 
the velocity threshold was above that for AK mesons but 
below that for those light secondary particles which had 
almost the same magnetic rigidity. A particle with 8=1 
produced a cone of Cerenkov light with 6=10 deg at 
this gas pressure, 

Figures 9(a) and 9(b) show a plan and elevation view 
of the counter C3. The sensitive volume of gas from 


Hg: | 12° 5 48° element 


= 
q 


— 
—} 
t 


: oem 
¢ field 
Fic. 8. Arrangement of the hodoscope magnet and gas Cerenkov 


counter C; used to measure the small-angle elastic A t 
scattering 


CROSS SECTIONS 


(a) Plan of the sulfur 


hexafluoride gas Cerenkov counter 
Elevation view of the | 


sulfur hexafluoride gas Cerenkov 


which Cerenkov radiation was detected efficiently was 
18 in. wide, 10 in. high, and about 17 in. deep. Any 
Cerenkov light produced by particles crossing the device 
horizontally was focused by four 12-in.-square front- 
aluminized glass mirrors (28-in. radius of curvature) 
onto the four 5-in. Lucite windows shown. These Lucite 
windows served partly as field lenses and partly as light 
pipes, and directed the light onto the faces of the four 
RCA 7046 5-in. photomultipliers. The optical axes of the 
mirrors were tilted slightly from the perpendicular to 
the axis of the cylindrical pressure vessel in order to 
[ counter for the 
horizontally divergent beam of particles arising in this 


optimize the angular response of the 


experiment. Finally, a coincidence scintillation counter 
H,, measuring 48X12 in., was placed behind the Cs; 
counter to ensure that only those particles were recorded 
which passed directly through the Cerenkov counter. 
rhe vertical apertures of H, and H, were delimited by 
requiring coincidences in two long scintillation counters, 
placed just behind them to avoid recording particles 
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that passed through H,, H., and H;, but had undergone 
scattering at either the top or bottom pole face of the 
magnet. These ‘vertical stop” counters were 4.5 in. high 
at H,; and 6 in. high at H2, and covered the full hori- 
zontal aperture of each. The vertical aperture of the 
magnet was 7} in. 

The master signal corresponding to a true K-meson 
scattering was a coincidence of the type A+ H4—Cs, the 
signal A being as defined in Sec. II-B. Output signals 
from each of the counters in the hodoscope were put into 
coincidence with this master signal by means of separate 
diode coincidence units, and the outputs of these in turn 
were displayed and photographed in sequence on an 
oscilloscope. As a check on the electronic equipment, 
pulses A, Hy, and C; were also displayed on the trace. 

The range of angles accepted was about 15 deg and 
was determined essentially by the horizontal aperture of 
the magnet 
depended upon the orientation of the magnet with re- 


Absolute values of the scattering angles 


spect to beam direction. The angle between the face of 
the magnet and the beam is shown in Fig. 8 as 85 deg, 
but data were also recorded for settings at 80 and 90 
deg. Running in the 80-deg position involved exactly the 
same procedure as in the 85-deg position. At the 90-deg 
setting, however, the main unscattered beam was 
allowed to pass through H; and C; and the following 
alterations were made. Where the main beam struck H,, 
three adjacent counters were disconnected from the H; 
coincidence chain and then connected to form a separate 
transmission counter 8X9 in. called T'. Directly behind 
the T' counter in the line of the main beam, one of the 
12X 12-in. scintillators normally forming part of H,4 was 
disconnected from the H, output and used to provide a 
separate output H;. Thus the counting-rate ratio 7'/K 
measured attenuation due to the hydrogen target, the H 
counters, and the decay in flight, while the ratio H;/K 
measured in addition the attenuation in the Cerenkov 
counter C3. A total K~—p cross section at px=1.95 
Bev/c deduced from the T'/K rates for full and empty 
targets was found to be in excellent agreement with that 
for the direct-transmission experiment. 


TABLE IV f the dz obtained in measuring small- 
angle K~—p elastic scattering f{ fferent experimental con- 


litions. 


No. of 
apparent 
¢ Dp 
Effectiv angular No. of 
No. of ir ange scope 
cident A's le 


scatterings 
alter 
cutol) 


sweeps 


2.46X 10° 
1.84 10° 


14 967 1062 
11173 107 


1.44 10° 
1.39 10° 


10 666 1111 
8711 250 
90 ful 0.76 10* 
empty 0.64 10° 


11 290 
9649 
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B. Results 


Table IV summarizes data obtained for the various 
target and magnet conditions used in this part of the 
experiment. The effective numbers of incident K 
mesons given in column 3 were normalized to take ac- 
count of the fraction of oscillos« ope sweeps not studied 
(approx 17% lost or unreadable). Information from the 
traces scanned was recorded on IBM punched cards, 
and those events corresponding to the passage of a 
single particle through H,, H., and H; were sorted into 
different angular categories defined by the H; and Hy 
combinations, irrespective of which counter was trig- 
gered in H;. For each of these categories the distribution 
of counters struck in H; was plotted and found in all 
cases to show a sharp peak at the position expec ted for 
a K meson of the right momentum. The target-empty 
the 
background events to be subtracted were also elastically 
scattered K~ mesons. By projecting back the orbits of 
these latter particles, it was found that almost all came 
from scattering in the aluminum end window of the 
target vacuum jac ket and from the counters of H,; close 
by the end of the target. The distribution in points of 
origin of every acceptable event was examined and there 


data showed a similar peaking, indicating that 


contamination of 
events due to decays in Cerenkov 
counter C; had failed to reject the light secondary 
particle. For the selected K~—p scattering events, the 
subtraction ratio (full/empty) was about 10/1. 

Table IV indicates that only a small 
total sweeps scanned was accepted as due 
K~— p scatterings. Rejection of the balance of data was 
possible without ambiguity in almost all cases. Each 
rejected event was examined in detail to see how it could 
have happened. The three major causes 
were the following: 


was no evidence of an appreciable 
t 
i 


light where the 


fraction of the 


to ge nuine 


of rejection 


(a) More than one counter element triggered in H, or H, 
or H; (approx 10%). Most of these events were due to 
inelastic interactions in which more than ons 
charged particle was produced. ases in 
which just a single signal from H; and Hp, respectively, 
and a triple signal from H; were observed was of the 
right order to be explained in terms of 7 decays in flight 
between H, and H3. 

(b) Less than cutoff angle. Because of intrinsic angular 
spread of the beam, and Coulomb scattering in the 
target and hodoscope counters, 1t W to cul 
off traces accepted for data at minimum angle. 
These effects were expected to become serious at 


energeti 


Che number of « 


as nece Say 
ome 
6 is» ~ 3-4 deg, so a minimum accepted angle of @=5 deg 
was adopted. At the 90-deg sé tting of the magnet, W here 
very small scattering angles could be detected, about 


25% of traces were rejected for this reason; at other 
settings the excluded fraction was : ' 
(c) Scattering of the main beam from the magnet. The 


two vertical stop counters at H, and H», described in 





- # 














20 40 60 


Oem. (deg) 


lic. 10. Observed A~—p small-angle differential cross sectiot 
per unit solid angle at 1.95 Bev/c. The solid curve corresponds to 
choosing 1—a=( exp[— p/p?) a 7 


Sec. V-A, were efficient in rejecting events where the 
particle was scattered from either the top or bottom pole 
face of the magnet, but provided no protection against 
scattering from the side portions of the magnet yoke 
close to the median plane. For the 85-deg magnet 
setting, where the main beam grazed the side, and the 
80-deg setting, where it strikes it completely, by far the 
greater number of traces (approx 69%) were caused by 
particles of the main beam scattering from the iron and 
parts of the coils and returning at an angle to pass 
through H, and H;. The coordinates of the trajectory at 
H,, Hs, and H; served to identify such events easily, 
and they were not confused with true K~— p scatterings. 


Results obtained for the three magnet settings are 
shown in Fig. 10, The observed numbers were corrected 
for accidentals (about 5%), i.e., some of the events re- 
jected for reason (a) above were due to genuine scat- 
tering events accompanied by a accidental 
count, and also for a variation of decay-in-flight and 
attenuation losses with scattering angle. Errors on the 
points were largely determined by the counting sta- 
tistics, but include also uncertainties in the corrections 
applied and uncertainties due to the selection of events 
of the right momentum from the distribution in counts 
across the H; set. 

As a check for systematic errors, a subsidiary run was 
taken to measure r~— p diffraction scattering by tuning 
the Cerenkov counters to accept + mesons. The total 
number of incident x mesons used was 1.2 10°, equally 
divided between target-full and target-empty runs. The 
results are shown in Fig. 11. 

Since only a portion of the angular distribution was 
measured, it was not possible to make a phase-shift 
However, distribution in the angular range 
studied was largely dominated by the diffraction peak 
as could be expected from the many inelastic channels 
available for K~-meson absorption—so that an optical- 
model approach was used to fit the data. Because of the 


second 


analysis. 
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number of angular momentum states involved, it was 
found difficult to apply the method of Greider and 
Glassgold® in the absence of information at larger 
scattering angles. A “grey disk” type of analysis was 
found to give a satisfactory fit. Thus, if the fraction of 
the amplitude transmitted by the nucleon for a collision 
impact parameter p is denoted by a, then it was assumed 
that 

1—a=Cg(p), 
where C is complex if there is real potential scattering. 

Then the differential cross section can be written 


dao /dQ= 0, 


(1—49(p?)+ terms involving (p*), (p*), etc.), 


where 
da 


(0 deg)= K?/C}? f s(ododp , 


dQ 


g= momentum transfer= 2K sin(6/2) 


fore(orode. 


In principle, it is possible to fit the data by a power 


’ 


series of this sort in g? and determine the moments of 
g(p) and so the best shape which, in the spirit of this 
model, will explain the results. In practice, the data 
presented here require too many terms to allow the 
coefficients to be well determined. For a grey refracting 
disk (constant attenuation and constant phase shift 
within p<R), too sharp a minimum is predicted to fit 
the observed value. By tapering the edges, a more 
satisfactory fit can be obtained over fairly wide limits. A 
good fit is obtained by setting 

exp(—p*) 


g\p 
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lic. 11, Observed x » small-angle differential cross section 
per unit solid angle at 1.95 Bev/c. The solid curve corresponds to 
the same fitting function as for the A scattering but with 
different values for C and (p? 
5K.R 
(1960). 


Greider and A. E. Glassgold, Ann. Phys. (N. Y.) 10, 100 
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raste V. The parameters obtained by least-squares fits to the 
small-angle A~— scattering data, together with 


P(x*), the probability that the corresponding fit is a “‘good’’ one 
Note that oo, D, and A all refer to the c.m. system. 


and fr 


0.80+0.03 8 
0.78+0.03 55 


0.94+0.09 76 
0.79+0.11 70 


whi h give Ss 


1K? "a 2 p 


do/d2 exp(—3¢° 


Fr \— g exp(—3¢" p ). 


Values of o» and (p*)! obtained by the method of least 
squares are shown in Table V for the K~-meson data and 
for the subsidiary run with w~ mesons. The effect of 
omitting the two points at smallest angles is illustrated 
also. The errors 
tively), and the quoted values are those corresponding 
to the x” probability falling to half the best-fit value. 
hese errors are about 1} times those given by the usual 
two-parameter least-squares fitting formula. Figure 10 
shows the fitted curves. Since one is dealing here with a 
projected distribution, the spatial rms radius is obtained 
from (p*)? by multiplying by ($)'. For the x 
this becomes 1.15 f, and for the K~ meson, 0.96 f. 
We write the forward scattering amplitude as {(0 deg) 

=D+iA, where A= Kor/4r=1.02 f, from the or data 
of Sec. III. Hence for K~ mesons, | D! =0.56+0.10 f. 
D. for the x~ meson is found to be 0.4 2 f, which 
is to be compared with the value of 0.22 f obtained from 
a recent dispersion-relation analysis of available x~ ex- 
perimental results.* The rms radial extension of the pion 
interaction found here 1.15+0.11 f can be « ompared to 
the value of about 1 f resulting from several high-energy 


on oo and (p*) are correlated (posi- 


meson, 


then, 


diffraction scattering experiments. 


VI. DISCUSSION 
A. Total Cross Sections 


At momenta below a few hundred Mev/c the K~—p 
total cross section data are well fitted by a 1/2 law, and 
have been investigated in terms of the S-wave zero- 
range approximation by Dalitz and Tuan,’ and the 
effects of two pion exchange have been included by 
Ferrari ef al.* The change in shape of the K~— p angular 
distributions between K~ momenta of 300 Mev/c and 


§ J. W. Cronin, Phys. Rev. 118, 824 (1960 
7 R. H. Dalitz and S. F. Tuar n. Phys 
* IF. Ferrari, G. Frye, and M 

1960). 


N. Y.) 8, 100 (1959 


Pusterla, Phys. Rev. Letters 4, 615 
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400 Mev/c observed in bubble chamber experiments 
indicates a probable breakdown in the low-energy 
model.* 

The data presented here (see Fig. 12) show that there 
is a rather abrupt change in slope pf the cross-section 
curve at about px=1.25 Bev/c. The in the 
cross section at this momentum is more evident if one 
looks at the imaginary part of the forward scattering 
amplitude given by the optical theorem (Fig. 13). The 
momentum width of the beam (~+3.5‘ 
large as to obscure any fine details of the structure in 
this region. 


structure 


©) may be so 


The K-neutron cross section a, has been measured at 


fewer energies and with less precision, but with in- 
creasing momentum it appears to fall steadily and 
shows no evidence of structure in the 1.25—2.0-Bev/. 
region. Since the K~—n system constitutes a pure T= 1 
state and the K~—p system is a mixture of T=0 and 
T=1 states, the structure in the energy dependence is 
apparently associated only with the 7=0 K-nucleon 
State. 

The structure in the 7=0 state may be attributed to 
one or more of a number of possible effects: (a) a reso- 
nance or resonances in the A-nucleon 7=0 state similar 
to those found in the pion-nucleon system at comparable 
energies, (b) rapid increase in the cascade particle pro- 
duction cross section above threshold, or (c) formation 


of isobaric states of two or three pions or of excited 
states of the nucleon or hyperon.® 

2 Bev/c the 7 0 
cross section is larger than the T=1 cross section by 
about 30%. Hence the theorem of Pomeranchuk, 


predicts equality of the cross sections in 


For momenta higher than about 


which 
different 
isotopic spin states at high energies, is apparently not 
satisfied for the A~-nucleon system up to 4 Bev/c. That 


I IG. 12. The total cross sections fe 
interactions 


or AK 
Unless indicated, the vertical 
the heights of the representative 


*M. Alston, L. Alvarez, P. Eberhard Taz », M. Good, 
H. Ticho, and S. Wojcicki, Phys. Rev. Letter 5 1960). 
“ I. Ja. Pomeranchuk, Zhur. I i Te $23 (1956), 
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Fic. 13. The imaginary part of the forward-scattering amplitude 
for K p scattering as a function of energy. Points are calculated 
from the’measured cross sections by using the optical theorem, and 
the interpolated curve is that used in the dispersion-relation 
calculations of Sec. VI. 


the charge-exchange cross section does not vanish con- 
firms this conclusion. 

A final point in connection with the high-energy de- 
pendence of a, concerns the prediction of Pomeranchuk" 
that with certain plausible assumptions the cross sec- 
tions of particle and antiparticle on the same target 
particle should tend asymptotically with energy to the 
same limit. As far as experimental measurements go, 
this tendency seems to be confirmed for the pion- 
nucleon interaction but not for A+ and K~ at 
energies. For A~ mesons, data from this experiment give 
a value o(K~p)=25 mb, at high energies. The measure- 
ments by Burrowes ef al., who found o(K+p)~13 mb 
and decreasing at px = 2.0 Bev/c,” seem to indicate that 
in this region one is still far from observing asymptoti: 
behavior. More recent data at higher energies and with 
larger errors, reported by von Dardel" up to 8 Bev/c, 
appear, however, to support the idea that o(Kt+p) and 
a(K~p) may approach a limit of approx 25 mb at high 


those 


energies, 


B. Differential Cross Section 


The first feature to be noted in the results of the 
K~—p scattering experiment is the rather large value 
obtained for the rms value of the proton radius arising 
in the K~-meson interaction; this turns out to be only 
slightly less than that the m~—p interaction. 
Secondly, the forward scattering cross section (13.6+ 1.1 


for 


mb /sr) is significantly larger than that expected for pure 
diffraction scattering (10.4 mb/sr based on the total 
cross-section data of Sec. III) and implies the presence 
of a substantial amount of real scattering. 
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veranchuk, Zhur Eksp. i Teoret. Fiz. 34, 

Soviet Physics-JETP 34, 499 (1958) }. 

Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, D. 

, and R. A. Schluter, Phys. Rev. Letters 2, 117 (1959 
Dardel, D. H. Frisch, D. Mermod, R. H. Milburn, 

M. Vivargent, G. Weber, and K. Winter, Phys. Rev. 
1960). 
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Dispersion relations for K-meson-nucleon scattering 
have been written by analogy with the z-nucleon dis- 
persion relations." These dispersion relations are most 
easily evaluated by computing the function f(w) of the 
K-meson laboratory system energy, w(#=c=mx=1): 


y’) 1 o A_(w’) 
da’ + [ dw’, (1) 
: J Re Ieee 


~Ag W TW 


where A ,(w) are the imaginary parts of the K+-proton 
forward scattering amplitudes and w,, is the threshold 
for the reaction K-+p— A+z. 

The dispersion relation then takes the form 


2px 
D* (a) 


where (pX),, is the average contribution from the A and 
> poles, and @ is the average energy of the two poles. 
The function A;,(w) is taken by using the optical 
theorem from the measured total cross sections. The 
values of A,(w) used in the experiment are shown in 
Fig. 13. In the unphysical region, the solution of Dalitz 
and Tuan was used,’ assuming an attractive potential 
for the A~ interaction. Because there is a discrepancy in 
the At data in the region of w=4, 
\nother smooth curve was 
1.13 to w=3, 


a smooth curve was 
drawn between the points. 
drawn for the K 
where no data exist. 

Since the integrals in Eq. (1) be cut off at 
Wmax= 16 (the total cross sections are not known above 
this value), it is necessary to use a subtracted form of 


data in the region w 


must 


the dispersion relation that does not weight the high- 
energy data. One form is 


D(w) D(w ° (2) 


Che convergence of such a form has been considered 
by Amati ef al.!® 
A second more convergent form by Karplus, Kerth, 


Values of the 
the values of 
ulation (in u 


Paste VI 


amplitude anc 


réal part of the forward scattering 
the integrals at various w’s used in the 
nits where R=c=mx=1 


dispersion cal 


D 
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t() 40+0.10 
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0 > 
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D. Amati, M. Fierz, and V. Glaser, Phys Letters 4, 89 
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and Kycia'® is 
woD* (w)— } (w +w)D* (@ )) = } (wo—w)D “(a ). (3) 
Experimental values of D are available at only a few 
values of w. These are listed in Table VI along with 
values of f(w) and f(—w) for each. 
From Table VI, various subtracted forms can be 


made up and the average pole term evaluated. Ex- 
amples are given below for forms like Eq. (2): 


(=+3.640.5 
for D-(4.17)>0, 
0.7+0.5 
for D-(4.17) <0, 


= —1.8+0.5, 


D(—4.17)—D(—1.17),  (pX)av- 


D(1.92)— D(1.46), 
D(—1.285)— D(1.285), 


D(1.92)—D(1.00), 


(px) : 
(pX)av= —0.05+ 0.3, 
pX)av= —1.0+0.2. 
For forms like Eq. (3): 
w= 1.92, 


w= 1.92, 


(pX) y= —0.35+0.4, 


pX) v= —1.5+0.5, 
4+2.1+40.5 
for D-(4.17)>0, 
—0.5+0.5 


for D~ (4.17) <0. 


—4.17, px 


The significant point is that the value of the pole term 
from the various subtractions is different. Neither these 
values nor their quoted errors are statistically inde- 
pendent, since they all use the same total cross-section 
data and several use the same real forward scattering 
amplitudes. One explanation may be that the total 
cross section shows more structure than was assumed in 
—1to 


the regions where no data exist. The region of w= 


®R. Karplus, L. 7 


510 (1959 


Kerth, and T. Kycia, Phys. I 


KEEFE 


’ 


KERTH, WENZEI AND ZIP] 


w= —3 is most important, since the greatest contribu- 
tion to the integrals comes from this region." 

Both the total cross-section and forward-scattering 
data are still too few to allow a firm evaluation of the 
magnitude and sign of (pX),,. Internal consistency of 
the present calculations implies a value of (pX),y in the 
region 0 to —1.0, but does not exclude small positive 
values ; it furthermore strongly suggests that the sign of 
D- at 1.95 Bev/c is negative. Thus the sign of the real 
part of the K~-proton potential at 1.95 Bev/c is oppo- 
site to that found at very low energies.‘ 


C. Charge Exchange Cross Section 


The “elastic” charge-ex¢ hange cross section falls from 
about 10 mb at 1 Bev/c to at most a few mb at 4 Bev/c. 
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The isobaric nucleon model of pion production in nucleon 
nucleon and pion-nucleon collisions has been extended to include 
the effect of the higher resonances in the isotopic spin T=} state 
of the pion-nucleon system, in addition to the effect of the well 
known low-energy T=} resonance which has been previously 
investigated. The higher 7 =} resonances are centered at incident 
pion energies of 600 and 880 Mev, and thus correspond to isobar 
masses m;=1.51 and 1.68 Bev, respectively, as compared to 
m,=1.23 Bev for the T=} resonance. For the inelastic pion 
nucleon interactions, calculations of the various pion and recoil 
nucleon energy spectra have been carried out for incident pion 
energies 7'y, ine=1.0, 1.4, and 2.0 Bev. We have considered both 
single and double pion production by the incident pion, corre 
sponding to two-pion and three-pion final states, respectively. 
General equations for the center-of-mass energy spectra of the 
final-state pions and nucleons have been obtained for all single 
and double pion production reactions from both m~— p and x*—p 
collisions. The results of the present extended isobar model at 
T's, inc=1.0 Bev are in reasonable agreement with the combined 
data from three experiments on #~— interactions in the region 


I. INTRODUCTION 


N previous papers,'~* we have proposed an isobaric 

nucleon model of pion production in nucleon- 
nucleon (V—.\V) and pion-nucleon (r—.) collisions. 
In this model, it is assumed that in the primary (V—1 
or m—.\) interaction the is excited to an 
isobaric V.* which subsequently decays into a 


nucleon 
state 
nucleon and one or several pions. In the previous cal- 
culations, we have considered only the isobaric state 
to the well-known pion-nucleon 
resonance with isotopic spin T= 3 and angular mo- 
mentum J =} at an incident pion energy T7,= 180 Mev. 
The isobar .V;* is assumed to decay into a nucleon and 
a pion. Thus, for r—.\ collisions, we have given a 
treatment of production of one additional pion (i.e., two 
pions in the final state); for V— collisions, we have 
considered both single pion and double pion production. 
This isobar model involving the state N,* only has 
been able to give reasonable agreement with most of 
the dominant features of a number of experiments on 
inelastic V—.V and r—N interactions.‘ 

* Work performed under the auspices of the U. S. 
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of 1.0 Bev 
nucleon and pion-pion pairs have been calculated for single pion 
production at 7’, ine=1.0 Bev. The present extension of the isobar 
used to treat up to four-pion final states in 
x—WN interactions, and up to eight-pion final states in N—N 


incident energy. The Q value distributions for pion- 


model can also be 


interactions 

For pion | nucleon-nucleon collisions, we have 
obtained the branching ratios for all pion production reactions 
which states Ni*, N and N»2*, corre- 
sponding to the 7 =} and 7 =} resonances. General equations for 
the energy spectra of the final-state pions and nucleons have been 
derived for all single- and double-pion production reactions from 
both p—p and n—>p collisions. Calculations of the various pion 
and nucleon energy spectra have been carried out for incident 


nucleon energies of 2.3 and 3.0 Bev. For the processes of pion 


production in 


involve the isobaric 


production in antinucleon-nucleon interactions which do not 
result in annihilation, it has been assumed that an anti-isobar 
N..* can be produced, which is the antiparticle of the isobar N4*. 
Specific results have been obtained for both single and double pion 
production in p collisions 


p—p, p—n, and 7 


It has been recently shown that the cross section 
p scattering [o(m~—p) | has two maxima in 
the region of T,= 500-1000 Mev pion energy.'*~“” These 
two maxima, which are centered at 7,=600 and 880 
Mev, correspond to peaks in the cross section oj for 
interactions in the isotopic spin T=} state of the pion- 
nucleon system. It seems reasonable to assume that 
these two additional peaks correspond to resonances in a 


for 7 
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particular angular momentum state with T=}, or 
possibly in several overlapping states. In this case, we 
can consider the resonant states as additional isobaric 
states of the nucleon, which will be denoted by .Veq* 
and \.,* for the T7,=600 and 880 Mev resonances, 
respectively. The isobar masses m; which correspond to 
these pion kinetic energies are: m;=1.51 and 1.68 Bev, 
respectively, as compared to a mass m;=1.225 Bev 
pertaining to the .V,* isobar (center of the T=J=3 
resonance at 7,= 180 Mev). 

As a natural extension of our previous isobar model, 
which quite generally formulated the possibility of 
other higher-energy isobaric nucleon levels, we assume 
that the pion production can proceed via the T=} 
isobars .Vo,* and .V2,*, in addition to the previously con- 
sidered processes via the T 3 Vi*. We will 
consider together the two states .V.,* and .V.2,*, and we 
will refer to the group of the higher energy T=} states 
as .V,*. The probability P;(m;)dm, for exciting the 
isobar .V.* in the mass range between my; and m;+dmy, 
is obtained from an expression similar to that used in 
I for the formation of the .V,* 


ist ybar 


isobar: 


Px(mr)dmy ‘o;(mr)Fdmr, (1) 


where C is a constant, o;(my) is the total interaction 
cross section for the pion-nucleon system in the T=} 
state, and F is the appropriate two-body phase space 
factor for .V.* and the other (recoil) particle in the 
final state (e.g., V2*+.V or V2*+7). 

It appears reasonable to assume that transitions 
between any two isobaric states can occur by emission 
of a single pion, and that transitions which involve the 
simultaneous emission of two or more pions have a small 
probability. 

It will therefore be assumed that the isobar .V.* can 
decay either directly into a nucleon and a pion, or into 
\,* and a pion (provided that the latter transition is 


energetically possible). Thus we have the reactions: 


In reaction (3 
of .V.*, whereas in reaction 
Thus for rx—.V interactions, in 


we nave the reaction: 


, two pions are produced from the decay 
only one pion is emitted. 
which .V>* is produced, 


a+. +f, (4 


where No* is the initial compound state of the pion- 
nucleon system, which 
mixture of isotopic 


reaction (4), we 


for r +p will obviously be a 
spin T=34 and T=3 For 
he possibility of both two-pion 
and three-pion final states, corresponding to production 


states. 
have t 


of one or two additional pions, respectively.’ 


*® As will be ufter Eq. (27) ], four-pion final 
states which can be obtair by nsidering the additional 


Vx* > N . ill be ted in the 


iscussed 


transitior 


present 


treatment 
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In Sec. II of the present paper, we obtain the general 
equations for pion production in pion-nucleon collisions 
via the isobaric states .V,* and .\,*. In particular, we 
obtain the partial cross sections for all possible two-pion 
and three-pion final states for *~— p and x*— p inter- 
actions. Moreover, the expressions for the momentum 
spectra of the final-state pions will be given in terms of 
certain basic spectra J, 

The procedure of the calculation of the pion spectra 
J,,; and the recoil nucleon spectra Jy is given in 
Sec. III. Calculations have been carried out, for incident 
pion kinetic energies 7,,ine= 1.0, 1.4, and 2.0 Bev. 

In Sec. IV, we give a comparison of the present 
extended isobar model with the results of three recent 
experiments on inelastic s~—/p interactions at T, 
~1.0 Bev. It will be shown that reasonable agreement 
can be obtained with the 
experimental results for the reactions leading to both 
the two-pion and three-pion final states 

In Sec. V, we give the expressions for the Q-value 


the dominant features of 


distributions of the various types of pion-nucleon pairs 
which arise in pion production in pion-nucleon inter- 
actions. The expressions for the probability distribu- 
distri- 
is the 


tions P(Q) are given in terms of certain basi 
butions Pyy,a‘" (QV). In particular, Py QO 
Q-value distribution for a nucleon and pion originating 
from the .V,;* isobar. Thus P-, is essentially given 
by o3(m,)F, where o; is the T tion for the 


CTOSS S€¢ 


m—N system, and F is the two-body phase space factor 
for an isobar of mass m, i] 
Pine 
pion-nucleon pair originating from the decay of the .V.* 


ind the recoil pion. Similarly, 


(QO) denotes the Q-value distribution for the 
isobar. P,y,2"” is essentially given by o;(m2)F. 

In Sec. VI, we obtain the branching ratios for the 
various final states for pion production in nucleon- 
nucleon collisions, spec ific ally p p ind p « ollisions. 
For n—p collisions, the branching ratios involve, in 
some cases, the phase angle ¢o between the matrix 
elements for production in the isotopic spin T=1 and 
T=O0 states. The basic ré f branching 


actions for which 
ratios have been obtained are tl 
a+N— Vit+ty\: 
pr \ >\ ty T 


In Sec. 
spectra of pions and nucleons from 


VII, we give the expressions for the energy 
inelastic p—p and 
n—p interactions leading to single and double pion 
production. These spectra are given in terms of certain 
ITy.;‘) which are 


and [y_;‘*? pe rtaining to 


basic spectra (such as J, and 
analogous to the spectra J, 
pion-nucleon interactions. 
In Sec. VIII, we obtain the basic pion and nucleon 
energy spectra for the reaction: .V+.\ Vo*¥+N at 
the incident nucleon kineti lw in = 2.3 and 
3.0 Bev. In addition, the energy spectra of the pions 
and nucleons from the reaction V+.V — \,*+.\.* 


have been evaluated for Ty 3.0 Bev. The resulting 


energies 





EXTENSION OF 
energy spectra are presented in several figures, together 
with the spectra arising from the reactions: V+.V —> 
Vi*+N and V+N — 2.4%, which have been previously 
obtained in I. In connection with the choice of the 
energies Ty ine= 2.3 and 3.0 Bev, it should be noted that 
the effective thresholds for the reactions V+.V — .\." 
+N and V+N—>Nj*+N.* are Tw ine~1.6 and 
~ 2.6 Bev, respectively. For this reason, calculations for 
V+N — N,*+.V.* were not carried out at 2.3 Bev, 
but only at 3.0 Bev. The threshold values given above 
correspond to formation of the isobars .V,* and .V.* 
with mass values exceeding somewhat (by ~80 Mev) 
the mass pertaining to the peak of the cross section 
o; (m;=1.23 Bev) and the first 
1.51 Bev). Specifically, we 
Bev, m(.V.*)=1.6 Bev. 

In Sec. [X, we consider the process of pion production 


maximum of o; 


(my used: m(.V,*)=1.3 


in antinucleon-nucleon collisions which do not result 
in annihilation. Specifically, we have carried out cal- 
culations for p—p, p—n, and n—p interactions. For 
single-pion production, the basic reactions are as 
follows: 


N+N 


> N*+N — N+N-+2, 
V—>N+N-+2, (6) 


(5) 


where N,* denotes an anti-isobar, i.e., the antiparticle 
of the isobar .V,*. We note that reactions (5) and (6) 
have equal cross sections from charge conjugation 
invariance. For double-pion production, the following 
reaction has been considered : 


N+N — N,*+N,* > N+N+-2¢. 


(7) 
We have obtained the branching ratios for the 
various possible one-pion and two-pion final states 
arising from reactions (5)-(7). In addition, expressions 
for the energy spectra of the pions and nucleons have 
been derived, together with the expressions for the 
Q-value distributions for the pion-nucleon and _ pion- 
antinucleon pairs. The energy spectrum of the nucleons 
from the single-pion production reactions can be 
expressed in terms of the functions Jy; and Jy 2 which 
have been introduced and calculated in I for the case 
of nucleon-nucleon interactions. For the double-pion 
production reaction (7), the nucleon spectrum is given 
by the distribution /y.z obtained in I. Similarly, the 
pion spectrum for reactions (5) and (6) is given by J, 
of reference 1, while the pion spectrum for reaction (7) 
is given by the function /, been 
obtained in reference 1. For single-pion production, the 
Q-value distribution P(Q) is found to be a linear com- 
bination of the functions P\(Q) and P.(Q) which have 
been introduced in I for the case of nucleon-nucleon 
collisions. 

In Sec. X, we outline a procedure for the evaluation 
of certain basic cross sections for pion-nucleon inter- 


which has also 


actions, ger,2, from experimental data on the cross 
sections for the various single- and double-pion pro- 
duction reactions from r+— p and r~— p collisions. The 


[SOBA 
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II and enter into 
the expressions for the energy spectra of the final-state 


cross sections oor. are defined in Sec. 


pions which are given in this section, 

In Sec. XI, a procedure is described for the calculation 
of the basic cross sections for nucleon-nucleon interac- 
tions, o1, a2, -++os, from experimental values of the 
cross sections for the various pion production reactions 
from p—p and n—p collisions. The discussion of Sec. 
XI is very similar to that of Sec. X, except that it 
pertains to nucleon-nucleon rather than pion-nucleon 
interactions. enter into the 
equations for the pion and nucleon energy spectra from 


p—pand n— p collisions, which are obtained in Sec. VII. 


The cross sections O1— OF 


II. GENERAL EQUATIONS FOR PION PRODUCTION 
IN PION-NUCLEON COLLISIONS 


We will now proceed to derive the general equations 
for the energy spectra and branching ratios for the pion 
production in pion-nucleon collisions via the reaction 
r+\V— N,* 


+m. The cross sections and energy dis- 
tributions [ 


are thus from the .V.* 
processes must be added to the corresponding cross 
sections and energy distributions arising from the .V;* 


which obtained 


processes : 7+ \ > .\ Tt, which have been previously 
obtained in II. The approximation in which these 
cross sections can be simply added is that the .V,;* and 
\,* isobars are considered as different particles (having 
appreciably different masses, and also different isotopic 
spin and different decay modes). Therefore, 
sarily assumed that the lifetime of .V,* and .V2* 


it is neces- 
is suff- 
ciently long so that the decay takes place outside the 
range of interaction of the decay products, and inter- 
ference effects due to a possible short lifetime are 
neglec ted. 

We shall first consider pion production in m-—p 
The reactions involved are as follows: 


collisions. basic 


(8) 


(9a) 


(9b) 


of the r—N 


system, which subsequently decays into .\ 


where MNo* is the initial compound state 
es 

The pion production which proceeds directly via .V\* 
involves the following reactions: 


(10) 
(11) 
In analogy to Eq. (21) of II, the partial cross sections 


and energy spectra of the final reaction products from 


(8)—(9b) are determined by: 


Vv. ; Vv. ss Cz 1 ) 


( xp| le» ww e 


- p»? 
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where the superscript (2) indicates that the production 
goes via N,*; V,-_,°)(T=}) and V,-_,* (T=) are 
the wave functions for the final state consisting of V.* 
and a recoil pion, with total isotopic spin T=} and 
T=}3, respectively, and with s component 7,=—} in 
each case ; ps=032/ (2012), where o32 is the inelastic cross 
section pertaining to V.* for the r—N system in the 
T=} state, and oy is the corresponding cross section 
in the T=} state; ge is the phase difference between 
the matrix elements for production of V.*+7 in the 
T=$ and T=} states. 

The wave functions 


VY, 2 (T= +) 


Pp 


are given by 


(14) 


where Az; is the wave function for the .V.* isobar with 

z component of isotopic spin T,(=} or —}), and ér, is 

the wave function of the recoil pion in reaction (8). 
From Eqs. (12)—(14), one obtains 


V,-_p® ‘fina |2— 4A PE 2+ Br_pe?, (15) 


where the constants A, B, and b are defined by 


A= (16) 


2 1 
3 3p2+ 5, 


= } 


3+ 3p.—), (17) 


b= (2v2/3)p.! cos¢o. (18) 


For the direct dec ay of V.* 


into a nucleon and a pion 
[reaction (9a) ], 4; and X 


are equivalent to the fol- 
lowing: 


(19) 
(20) 


where ¢(r. and xr, are wave functions of the decay 


pion and the final nucleon, respectively. On the other 
hand, for the decay of .V,* into .V,* and a pion [Eq. 


(9b) |, Aj and AX i become 


yy + (§)*¥ V1, 


? 
5) ye (22) 


where wr, is the wave function of the .V,* isobar, and 
vr. is the wave function of the pion emitted in the 
transition V,* — \V,*+7. In this process, V,* dec ays 
subsequently into V+, and the appropriate charge 
ratios are obtained from the following equations: 


¥i= HX), (23) 


AND S. 


INDENBAUM 








pL 





¥ 
| 
| 
| 
Y 





— N («K ORx) 


Fic. 1. Schematic diagram showing isobaric states of 
(N,*, Noa*, No*) and initial state f{ »n-nucleon 
(No*). The diagram indicates the notation employed for the wave 
functions of the particles involved, and for the various 
pions [see Eq. (27) ] 


nut leon 


collisions 


types ol 


where pr; and x7, are the wave functions of the decay 
pion and nucleon, respectively, for the process 


\,* > \V+4. 


Figure 1 shows schematically the notation used for 
the various types of pions and the recoil nucleon. The 
transition marked » corresponds to the recoil pion in 
the previously studied process (10 and (11) which goes 
directly via .V,* [see Eq. (15) of IL]. The notations (R), 
(Dz), (Dei), and (D;) will be « xplained below. 

From Eqs. (15) and (19 can now obtain 
the equation for the intensities of the various types of 
final pions and reactions: 

Vv. 2 2) (final) | 2 
=AP.[4(R-D."p.)+3(R-Ds*n 
+BP.[3(R°Ds po)+ }(R°D2n 
+A Pal (1/18) (R-Dot Dr pi) + 3 (R- Day 
+ (2/9)(R-DoyDy"p1)4 1(R-Do Dyn 
+3(R-D2 Dy pi) J+ BP ALA (RD Dyn 
+ §(R°D2Dy- pi) + (2/9) (R°DoY Din 
+ 3(R°D2y-D\p;)+ (1/18) (R°Dey-Di*m,) |, (27) 


26 , we 


dD, Ny) 


where P, is the relative probability that 
into V+ [Eq. (9a) ], giving rise to single pion pro- 
duction, while P, is the relative probability for the 
decay N.*— N,*+- (double pion production). Ob- 
viously, P,+Pa=1. The value of Pz must be deter- 
mined from the requirement that the calculated double- 
pion cross section should agree with the observed cross 
section for double-pion production at the energy con- 
sidered. In Eq. (27), R*° denotes the recoil pion in 
Eq. (8); Do# ° denotes the decay pion from .V.*—.\V-+ 


\ Ps dex avs 


p2 Or m2 denotes a proton or neutron which originates 
from the decay of V.*; Do" 
from N.*— N,*¥+27; D4 


denotes the decay pion 
denotes the decay pion 
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from V,\*— N+ mn, and p; or m is the corresponding 
nucleon. The charge state of the pion is indicated in 
each case as a superscript. We note that R*° corre- 
sponds to pions with wave function £,9-1. De corre- 
sponds to pions with wave function ¢; similarly, De: 
corresponds to v, and D, corresponds to uw. The nucleons 
p2 and mz have the wave function x, while the nucleons 
pi and m, have the wave function x. These relationships 
are indicated in Fig. 1. 

We note that in the preceding discussion we have 
not included the effect of a possible transition between 
the states Vy,* and N2,.* with emission of a pion: 
Nov* — Noa*+2. The main reason for neglecting this 
contribution is that for the centers of the corresponding 
resonances, the isobar mass difference is Am;=1.68 
—1.51=0.17 Bev, which is only 30 Mev in excess of 
the pion mass. Thus, the phase space factor for the 
decay No»* — Now*+7 will be very small compared to 
the phase space for the competing modes of decay; 
Vo* > N+ and No* — N,*+_ [see Eqs. (82) and 
(83) |. However, it may be remarked that if we consider 
the transition from an isobaric state on the high-energy 
side of the center of the Vs,* resonance to a state on the 
low-energy side of the N.,* resonance, the decay 
Voo* — Noa*+7 will not be quite as improbable as for 
the example considered above, on account of the larger 
isobar mass difference Am,. In this connection, we note 
that for an incident w~ energy T,,, inc in the range from 
~0.8 to 1.0 Bev, the isotopic spin T=}3 part of the 
x -—p interaction will probably proceed mainly via 
the V.,* state, which is centered at 7. inc=880 Mev. 
In this case, the initial compound state of the r—.V 
system, Mo*, will have a large component of .V2,*. Thus 
the transition No* — No*+-a of reaction (8) will have 
a contribution from the decay Vo.* — Nea*+7. In the 
present extended isobar model, this contribution is 
automatically included as a part of the pion spectrum 
J 5,3 

The possible reactions for x~— interactions will be 
labeled by (1), (II), and (III) for the two-pion final 
states (single-pion production), and by (A)—(D) for 
the three-pion final states (double-pion production). 
The possible reactions are as follows: 


+e eye te; (1) 
m +p ptr +r’, 
wt +p— n+2r’, 

+p— ptat+2s, 
x +p— pta-+2r’, 
a +p— nt0' +944, (C) 
x +p—n+3n". 


We note that among the reactions leading to 3 pions 
in the final state, (A) leads to formation of 4-prong 
events, while (B) and (C) lead to formation of 2-prong 
events. 


(D) 
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From Eq. (27) of the present paper, and from the 
results of II, one obtains the following expressions for 
the total cross sections for both V,* and N.* processes, 
for the various reactions. The total cross sections will 
be denoted by a, ¢@D, ---a), where the superscript 
indicates the reaction considered. We find: 


26 7 
pit—a 
rs 


ol 


2 5 
ou( + 
3 9 

2 2 
oul + 

3 9 

2 ) 
oul + 

3 9 


45 
17 
pPi— 
45 
2 
ea 
45 


(10 27)Acy a, 


(31) 


(4 27)o12.4 


(32) 


(2 27) 12 


(33) 


(4/27) o12,aB (34) 
where oi, denotes the cross section for producing 
N,*+72 [Eq. (10)] in the state of total isotopic spin 
T=}; o12,, and oy,4 are the parts of the cross section 
a2 Which pertain to single-pion production and double- 
pion production, respectively. o1 defined 
above [after Eq. (12) ] as the cross section for producing 
N.*+7m in the state of total isotopic spin T=}. In 
general, we use the notation o»27.. for the cross section 
for produc ing V,+7 (a=1 or 2) in the state of total 
isotopic spin 7. In Eqs. (28)—(30), pi is defined as: 
p1=031/(201)), 1.€., py: is the same as the ratio p used in 
II. The constant a is defined in the same manner as in 


it: 


has been 


l 


a= 5*)p1! cos¢1, (34a) 
where ¢ is the phase angle between the matrix elements 
for production of .V,*+7 in the T=} and T= states. 
Thus ¢; is the same as the angle ¢ defined in II [see 
Eqs. (20), (21), and (27) of IT]. 

The differential cross sections as a function of center- 
of-mass momentum p, for the pions from the reactions 
(I)-(III) are given by: 


do 
dp 





ERNHEIMER 


Here 
momentum spectra for the .\ 
considered in II. Thus J, 
from reaction (11); Jy.2 de 
e recoil pion from (10). Similarly, for the .V.* 
denotes the spectrum of the recoil pion from 

J,.4 is the spe 


nter-of-mass (c.m.) 
processes previously 
pert ins to the de ay pion 
notes the c.m. spectrum of 
reac- 


trum of the decay pion from 
are normalized to unity, 1.¢ 


he maximum possible value of p, 

35)—(38) are normalized to the corre- 
cross sections ¢ and a" [Eqs. (28) 
mesons from 
the 


’s origi- 


for the x 
normalized to twice 


spectrum (39 

been cTOSS 
|. ; there are two r 
reaction the three-pion events, for 


is give! low, a similar normalization 
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has been used, i.e., for the m~ from reaction (A) and 
the 7° from reaction (B), the expressions for do dp. 
are normalized to 2c‘4) and 20‘®?, respectively, while 
do/dp, for the x° from reaction (D) is normalized to 


3a(P), 


The pion momentum spectra from reactions (A)—(D) 
are given by: 


10 
() ar 
G 
= 
* 


)« 
y« 
ye 
Ge 
)« 
i 
Se 


{o12 @(O.1) -.5+0.9) 5. 


LO 9/7. -+0.1/.. 


(= 
( 


dp, 
Here, as in Eqs. (35)-(39), the parenthesis 
(da dp, indicates the 
momentum spectrum is g 
denotes the c.m. momentum 
emitted in the decay V.*— Vi" 
spectrum of the pion emitted in the 
of V;* (Eq. (9b) | 

We shall now consider the 
collisions. In this case, the 
state V,+_ , 2) (final 


; pion considered 
iven. In E 

pion 
is the 


ient de ay 


subse {\ 


yroduction 


in r*—p 


final 


pion ] 

wave function for the 
is given by: 

Vv. final £1) (49 

From Eqs. (19), (21) 


W ,+__ (2) (final) | 2 
P.[§(R*D,"p2)- 
+ P.{(1/18)(R*+Dort Dip 
+ (2/9)(R*D2"D)"pi)4 Y(R*+DoDytn 
L(R+*Doy-Dy* py 


For the x+—p interactions, the two-pion final states 


will be labelled (IV) and (V), while 


the three-pion final 
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states will be labelled (E), (F), and (G). The possible 
reactions are as follows: 
<p p+ 
"Tp nsTZ 
+ p—> p-+2 
a'+p— p+n°4 (F) 


(IV) 
(V) 
(BE) 


la oe ee ay (G) 


rhe total cross sections for these reactions are given by 


The following expressions for the c.m. momentum 
spectra are normalized to x,o, where m, is the number 
of pions of the charge state considered, and @ is the 
total cross section as given by Eqs. (51)—(54). This 
normalization is similar to that 
spectra from x~— p interactions. 
From Eq. (50), one obtains 


used above for the 


and oy2,4 are parts of oy. which pertain to 
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single-pion production and double-pion production, 
respectively, 

In connection with the total cross sections of Eqs. 
(28)—(34), we note that for the two-pion final states, 
we obtain 


I 


oD4tgill 


This result was to be expected, since the cross section 
for any process (via .V;* or .V2*) arising from m—p 
interactions is equal to [30(T=3)+ 40(T=}3) ], where 
o(T=3) and o(T=3) are the corresponding cross 
sections for the T=43 and T 

Similarly, for the three-pion final states, 


* isotopic spin states. 
we have 


2,d(1+-p2) 


301 at 1G » ds (65) 


From one obtains for r+— p inter- 
actions: 


(66) 
(67) 


In connection with the inelastic #~— p interactions 
discussed in IT, we have defined the ratio R of the cross 


and (II): R=oa@/o™, With 


processes, one obtains from 


sections for reactions (I 
the inclusion of the .V." 
Eqs. (28) and (29): 


10 T 17p = 25 
(68) 
25-4 26p14 35a 
where the constant 7 is defined by 
T Til. (69) 
For o12 0 (r=0), Eq. (68) reduces to Eq. (37) of II, 
as is expected. For o1;=0 (r= ~ ), corresponding to the 
the expression for R 


presence of \.* processes only, 


becomes 
I+ B/A. 


(70) 


It may be noted that the ratio R depends on the five 
and r, so that R will be most 
useful in determining any of these 


parame LerTS Pi, C1, P2, 2, 
when it 
One 


constants, 
is combined with information from other sources. 


such possibility is the measurement of o''), and hence 
: * HE 


s 


the determination of the ratio S=oa"!!!/o 
(30) |. If it is assumed that the .\ 


see Eq. 
processes are neg- 
ligible, so that r~0, then R depends only on p; and ¢1, 
as has been discussed in II. Information on the con- 
stants ps, go, and 7 can be obtained from a measurement 
of the partial cross sections for the three-pion events 
[ Eqs. (31)—(34) ]. 

In II, we have introduced the ratio & of the intensity 
of fast x*+ to slow r+ mesons from the reaction (1) [see 
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Eq. (42) of IL]. The intensity of fast r+ was taken as 
the coefficient of J,.. in Eq. (36) (J,,.=spectrum of 
recoil pions), while the intensity of slow x* was assumed 
to be given by the coefficient of J,,; (decay pions). With 
the inclusion of .V.* reactions, we have in addition a 
term proportional to J, (decay pions from .V¥;* — 
V+). As will be shown below, the J,,4 spectrum 
consists predominantly of fast pions, so that the coef- 
ficient of J,,4 can be combined with that of J,,2 in Eq. 
(36), in order to obtain the ratio & including the .V.* 
processes. We thus find 
£= (45+ 36p, + 90a+ 607A )/(5+16p:—20a). (71) 
Of course, for r=0, Eq. (71) reduces to Eq. (42) of II. 
The shape of the x* spectrum from reaction (I), which 
determines the experimental value of £ can thus be 
used as an additional restriction on the parameters pi, 
¢i, and r, besides the values of R and S defined above. 
For —p interactions, the situation is very 
much simpler, since one is dealing with a pure T=} 


the a 


state, so that the parameters p; and ¢; do not enter. 
We will define the ratio U’ of the single-pion production 


reactions, as follows: 


o(\n--a' +.) 


where the constant 7 is defined by 


Equation (72) shows that a measurement of LU’ enables 
one to determine directly the ratio », which gives the 
relative strength of the ..* 
single-pion production) and the .V,* reactions. We note 
that for o32,,=0 (n=0), we have LU’ =6.5, as was pointed 
out in II [Eq. (36) ]. On the other hand, for o3,=0 
= 00 ; would obtain 
U’=0.5. For other values of 7, the present isobar model 
predicts that the value of LU’ should be intermediate 
between the extreme values of 0.5 and 6.5. From Eq. 
(72), we obtain the following expression for 7 in terms 
of U: 


processes (leading to 


absence of .V;* reactions), we 


2U)/(A0U —5). (74) 


III. CALCULATION OF THE PION SPECTRA J, ; 
AND THE NUCLEON SPECTRA I, ;‘*) FROM 
PION-NUCLEON INTERACTIONS 


In this section, we will describe the procedure of the 
the recoil 
Calculations were carried out 
1.0, 1.4, and 2.0 Bev. 

The procedure of the calculation of J,., and J,» has 
been described in II. These spectra pertain to the 
decay pion and the recoil pion, respectively, from the 


calculation of the pion spectra J,,; and 
nucleon spectra Jy 


for incident pion energies 7, 
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reactions via .V,* [Eqs. (10) and (11) ].2' The spectra 
J,3and J,.4 which pertain to the V,* reactions (8) and 
(9a) are obtained in essentially the same manner as 
J,, and J... Thus J,,3 represents the spectrum of the 
recoil pions from reaction (8). J,,3 is given by 


J23(T;)= K303(mz2)d,(dm2/dT,)F, (75) 
where K; is a normalization factor; o;(mz) is the total 
T=} pion-nucleon scattering cross section at the in- 
cident pion energy which corresponds to an energy myc* 
in the center-of-mass system of the pion and nucleon 
(rest system of the isobar) ; m2 is the mass of the isobar 
N,* for which the recoil pion has the energy 7, in the 
center-of-mass system of reaction (8) ; F is the two-body 
phase space factor for the recoil pion and .V.*, for the 
appropriate total energy E in the c.m. system of reac- 
tion (8): 
pb» E, (76) 
where E, and Ey2 are the center-of-mass total energies 
of the pion and .V.*, respectively; p, is the c.m. 
momentum of either particle; and E=E,4+Ewno. 
We note that for o; we use the total T=} 
section for all values of m: which are kinematically 
possible. Thus, at an incident energy T;,inc= 1.0 Bev, 
for which E=1.743 Bev, the range of ms extends from 
M2, min=My+m,=1.078 Bev up to me max -E—m, 
= 1,603 Bev, and therefore includes the lower maximum 
of the T=} cross section, which is centered at m.=1.51 
dis- 


cross 


Bev. The choice of the lower limit for me will be 
cussed in more detail below. 

In order to obtain the values of o; 
culations, we employed the experimental values of 
a(m-—p) and o(x*—p) determined by Brisson ef al." 
and Devlin et al.'® 

In the calculations pertaining to Eq. | 
of m2 was divided into equal intervals of 25 Mev. The 
jth interval, centered at mass m.=m 
step function of value g 


used in the cal- 


75), the range 


, gives rise to a 


§3.3= K 30; (mz F wo, (T. ’ 7. 


in the interval from 7, 
is given by 


which represents J, 


Ts‘, Here 7, ‘#4 


PP =T,O+T, 


(78) 
is the value of the recoil pion energy a. 
* with mass myo;. In Eq. 


where 7, 
which pertains to the isobar .\ 
(77), o4(m2;), F,, and @,,; are the values of 04, F, and 
D, pertaining to m, and (8) of II 

The spectrum J,.; momentum 
distribution of the pions from the decay of V.* [Eq. 


[see Eas. ( 7 
L i 


represents the c.m 


We note that a derivation of the factor o;(7 in the ex 
pression for the probability P; for the formation of the 
isobar NV,* with mass m, has al S. Bergi: 
Bonsignori, and A. Stanghellini 1073 
They find that interferen 
isobar are small except at lower 


e ettects due to the finite tet 


sidere d he re 
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(9a) }. Js. is given by 


Falta) = 
a 


Ux 
m2 max 


= K, o;(ms)FG,[1—e(me) \dme, (79) 


“m2,min 


where Ky is a normalization factor, me. min=mn+m, 
1.078 Bev, me,max=E—m,, and F is the appropriate 
two-body phase space factor; /,,, is the corresponding 
cm. energy distribution of the pions. The factor 
[1—e(my) | in the integrand of (79) takes into account 
the possibility that V.* may decay into \\*+7, rather 
than V+. Thus, €(mz) is defined as the probability of 
the decay V.* — N,*+7 for an isobar .V.* of mass my. 
The method of determination of €(mz2) will be described 
below. In Eq. (79), G, is a step function of value: 


G, 1 (Fs max” ae min) for a. ee (80) 


G, 0) for I e%d aie and i ee | ee 


(80a) 


where 75min and Ty max are the minimum and maxi- 
mum values of the c.m. energy of the decay pion from 
the isobar V,* with mass my». In Eqs. (80) and (80a), 
it has been assumed that the isobar .V,* decays iso- 
tropically in its rest system. For simplicity, this 
assumption will be made throughout this paper for 
both .V,* and .V,* decays (see footnote 19 of I). 

In analogy to Eq. (5) of II, the spectrum /,,4 is 
obtained by adding the step functions g;,, defined by 


K go; (m2;) FL 1—e(me;) | 


for A min‘?? oe a (81) 


g;4=0, for Tet Teun’? ont ToeT su”. ta) 


where Fj, Ty max‘, and 7, min‘? are the values of F, 
T e.max, and Ty, min pertaining to my;. 

The probability €(m2) which enters into Eq. (79) is 
determined in the following manner. For a definite 
mass m,‘“ of the isobar V,;* we can obtain the phase 
space for the decay of \V.* (with mass my) into .V;*. 
This phase space will be denoted by Fu(.V.* > \,‘**), 
and is given by 

Fa(N2* — N,@*)= p,*E,*En1*/ma, (82) 
where p,*= pyi* is the momentum of the pion (or .V;*) 
in the rest system of .V,*; £,* and Ey,* are the total 
energies of the pion and of \;* in this system. We have: 
mo= E,*+ Eni". 

In similarity to (82), we can obtain the phase space 
factor Fa(N.*— N) for the decay N2*— N+. We 
have 


Fa(N.* > N) 


where p,“4)*= py* 


= pF EY En*/me, (83) 


is the momentum of the pion (or 
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nucleon) in the rest system of V.*; E,“?* and Ey* are 
the total energies of the pion and nucleon in this rest 
system. 

We assume that the two alternate modes of decay 
(for m.>m,'~-+m,) proceed in proportion to their 
respective phase factors Fy. Thus the probability e is 
obtained from 
"(N>* 


> Vi a)*) 
(84) 


€( Ms) 

F4(No*— N)+FA(No4 
As indicated, € is only a function of the mass my of the 
isobar .V,* (for a fixed choice of m,‘*’). Representative 
1.225 Bev are as follows: 
«(1.365 Bev)=0; e(1.40)=0.120; €(1.50) = 0.246; 
€(1.60)=0.312; €(1.80)=0.381: €(2.00)=0.419. 


The average of e(ms) over the mass distribution of 


N,* is given by 
J a: (my) e(m2)dmy 


fo 


1.078 Bev, and mo mx=E 
1.225 Bev for the calculation 
of e(ms), one obtains the following values of (e(mz2)) 
from Eq. (85): (e(m2))=0.111 at T, 1.0 Bev, 0.192 
at 1.4 Bev, and 0.247 at 2.0 Bev. 

In obtaining the values of €(ms) used in the calcula- 
tion of the spectrum J,,4, we have assumed for sim- 
plicity that the isobar \V,* has the fixed mass my‘ 
=1.225 Bev, corresponding to the center of the 
T= J =3 resonance. The resulting error in J,,4 which is 
introduced by this simplification is expected to be quite 
small, since J,.4 involves the difference 1—e€(me), and 
the effective values of e(m.) are only of order 0.1-0.2. 
On the other hand, as will be discussed below, for the 
spectra J,,; and J,,, pertaining to the three-pion final 
states, which involve e‘*)(my) directly [rather than 
(1—e) ], we have used an appropriate average of the 
spectra J,,5° and J,,«‘* obtained for three mass 
values m,‘® of the isobar .V,*. 

In connection with the pion spectrum J,,4, we note 


values of €(me) for m, 


(€( Mz) ) 


m>)Fdmo 


=mMn+m, 
—m,. If one uses m,‘@ 


where mM» min 


that the preceding calculation is based on Eq. (80), 
which gives the decay pion spectrum for the isobar V2* 
with fixed mass mo, irrespective of the angle of the 
decay pion with respect to the direction of motion of 
\.*. Thus, if the cross section for isobar production is 
not isotropic in the c.m. system, J,,, must be inter- 
preted as the momentum spectrum integrated over all 
of the pion with respect to the incident 
direction (i.e., J;,4*do/dp,). In the special case that 
the isobar production is isotropic, this restriction is not 
necessary, and J,,4 is then proportional to the differ- 
ential cross section d’c/dp,dQ, at all angles 6,. The 
same remark applies for all of the other decay spectra 
obtained in this paper (e.g., J+, J+,s, and J,.6 for 


angles @, 
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The final spectrum J,,5 is given by 


25J, 5 9+0.50/ 1().25/ 


The spectrum J,,, pertains to the decay pions from 
V,\*— N-+2, which follow the decay V2*— .\,* 
Here again the same three values of mj,‘ were used, 
and a spectrum J,.4‘*’ was calculat ach m,. 
In order to obtain J,.6‘%’, w that for a given 
value of mo;, and a given m,‘*, the is > \,* will have 
a uniform distribution of energies between the values 


Ti min S00 Ti wax 


im x * 


“i 
f pions from pion ‘ or 
energy Ts, inc=1.0 Bev Here £,‘** and Pi are ul otal energy and momen 
calculated by including the cot tum of \ ” (in the rest { ) f ‘ for the decay 
cross section. V.* — V,*+7. For each valu | 7, one has in turn 


aes — a step function giving the c.m. energy distribution of 
ossibilitv the so- : . . :; 
p ibility ot other than ISO the final de ay pion from \ > r. In the present 
the isobar production cTOSS 


calculation, five such rectang were added for each 


nas been conside rea mn I. ; value of ms 
The spectrum J,,5 gives the momentum distyibution — j.gbars V,* | 
the decay pions from .V,* — .\,\*+7. For the purpose 


of the present calculation, it was assumed that the mass Ty 1'* S9a 

distribution of | which is given by the scattering pp. p 7 : 80h 
can be effe tively replac ed by ‘ eile 

m 1.15 Bev (weight 7D i,max'? +7 te : 89 


0.5), and my, 1.30 80d 
{ 
1.225 Bev « orresponds 
of th > resonance (incident pion Tis T x) RO 
180 Mev I w of the narrowness of ._.. 
listributio! * it is believed that no his procedure gives tl tribution | irom 
i AISLIIVU Ul iS CLIC ct Lille { A 2 . " 

EE: , a single my;. The 

appre able error is i oaduced ne pres¢ nt procedure f : 
ccicililiasas: la ai values is given by 
Involving € Mm, : ‘ 
partial spectra due 


For each m tl ilculation proceeds in the same : ; 
obtains J, .4‘*. Finall 


manner a . 4 t that the maximum and 
T and T,; ** now 


The spectra J, 
same manner a 


) system of 
1—?d- ; an * are the 
momentum of tl (in th 
for the de 


instead of the factor 
appears in Eq. (79) for J,,4, the inte 
grand for the spectrum J,,; contains the factor e‘* (mz 


since J,,, pertains to the decay V,* — N,*+7 for which 


the probability is e‘* (m-). Thus the integrand of J,.5 is 


T 
t a 
T 
t 


given by > oy(m FG,“ m.), where G,‘™ is obtained 


by means of 7’, ,max‘® and 1 ” as given by Eq. (86). 
We have obtained for each J, " (a=1, 2, 3) the ap- 

, calculated by assuming a 
mass m,‘@ 15, 1.225, or 1.30 Bev) for the isobar NV ,*. 


For each m , one thus obtains a spectrum J,.5°®. 
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notation used for the 
Thus, the spectrum J, 
corresponds to the transition w« following 9; J,,2 cor- 
responds to 7. Similarly, J,,3 is the spectrum for the 
transition €(R); J,,4 corresponds to ¢(D2); J,x,5 cor- 
re¢ sponds to v(Do,); and J,.¢ is the spectrum due to the 
transition u(D,) following v(De;). 

The pion spectra J,,; obtained from the present cal- 
culations for 7, ine=1.0, 1.4, and 2.0 Bev are shown in 
Figs. 2-4, respectively. It should be noted that both 
for the spectra J,,, and J,,2 which involve the 
section o;, and for the spectra J, 
o1, it was assumed that all isobar masses m; which are 
kinematically possible will 
production. Thus, the 
1.078 Bev, 


summarize ag 
may refer to Fig. 


In order t to 
Jes, We 


cTOss 


J... Which involve 


contribute to the 
minimum 
while the 


pion 
equals 
Mass Mz max 
: E—m,, where E is the total energy in the 
c.m. system. Thus, #7 ,max= 1.603, 1.806, and 2.077 Bev 
for I in 1.0, 1.4, and 2.0 Bev, respec tively. 
In the work of II, we have used a cutoff M@,=my+m, 
1.578 Bev for the maximum 


Mrmax Which was used connection 


mass My],, 
mvy-+m, maximum 


is given by 


isobar mass 
with o3(m,) for 
and J,,9 pertaining 
The motivation for 


+0.5 Bev 


the « gp pet of the spectra re 
\,* reactions (10) and (11). 
this procedure was that the .V,* 


to the 
processes are believed 
to be mainly due to the effect of the 7 
180 Mev. The 1 
Bev corresponds to an incident 
Mev. 


in the 


ie ; resonance 
sobar mass M,= 1.578 
pion energy 7,=710 
At energies above this value, and actually already 
T.~ 500-700 Mev, 
values of o; are quite small, and are probably not due 
primarily to the tail of the 7=J=} resonance. Hence 
argued that the values of m;>M), should not be 
included, since they do not re¢ present the effect of the 
low-energy T=J=3 However, in the present 
isobar model, it reasonable to 
include all kinematically 
possible. The values 
mr, > My, may represent the effect of unresolved isobaric 
higher particular, 
the effect of the 7=$ resonance maximum centered at 
a pion energy 7, 1.92 Bev). It should 
be pointed out that the present pro¢ edure of including 
all possible mass values m; for the 7 = 4 states is con- 


centered at 7, 


region of the experimental 


it was 


isobar. 


extended seems more 


mass values my; which are 


cross section o;(m;) for mass 


levels centered at energies, and, 


1.35 Bev (my; 


sistent with the procedure employed for the 7=} states 
calculation of the spectra J 2.0-J 2.6: 


In connection with the lower limit 77. min 


in the 
1.078 Bev, 
which has been used here for the .\ 2" processes (spet tra 
J «.3-J x6), We that the T=} 
quite small and approximately constant for 7°, below 
~ 300 Mev 
neglected a, for incident pion energies 7, 
i.e., for values of the 
Although the 
it has a rather pronounced effect on the 
spectra at T ¢.inc= 10) Bev, 
should be pointed out that the treatment of the low- 
T=} extent 


note cross section o; is 
a,~7 mb). In our previous work,’ we have 
300 Mev, 
1.30 
} cross section is small, 


isobar mass mS Bev. 
low-energy 7 
resultant pion 
as will be shown below. It 
cross section is to some 


energy an open 


ISOBAR 


MODI 


.O Bev 
PECTRA 


4. Center-of 
nucleon interactions at an 


The spectra J,.3 and J,4 ¥ 


tribution of the low-energy + cross sectior 


mass mon ns from pion 


pion energy ‘ =2.0 Bev. 
ulated by including the con- 


and that the 
be regarded 


two possible procedures should 
as alternative possibilities. The 
procedure of including the low-energy o 
the point of view of the 

T=3 and T=3 


» same footing, i.e. 


question, 
present 
is more con- 


sistent from extended isobar 


model, in which the 


treated on the 


cross sections are 
(kinematical) 
». On the other 
hand, one can argue that the low-energy o; corresponds 
predominantly S-wave scattering, 


, the same 
limits for my, are used for both o: and oa 


and therefore the 
allows for low-energy 
S-wave pion produc tion. In this connection, it is possible 


inclusion of this cross ate 
that some selection rule prevents the emission of pions 
to the decay nucleon from the Vo* 
fact S-wave 
mb) is very small compared to the 
section ¢y (~200 mb), which 
pure P state, indicates 
production will be very small 
production at low incident 


in S states relative 


isobar. In any case, the that the cross 


section oa, (~/7 
} 
I 


maximum of the cross 
corresponds essentially to a 
that the S-wave pion 
compared to the P-wave 
energies (mrS1.3 Bev 
For comparison with the results for the pion spectra 
have shown in 
1.0 and 1.4 
Bev, which have been previously obtained* by neglecting 
the low-ene rgy is 1 cross section. 
The spectra J,:-J 5,6 for T, 1.0 Bev are shown 
Fig. 2. It is seen that the principal maximum of the 
from the .\." 
with the 
1 for the V;* 
, the maximum of J, 


obtained by the present procedure, we 
Figs. 5 and 6 the pion spectra for 7, 


recoil spectrum J, processes approxi- 


mately coincides maximum of the decay 
0.25 Bev/c), 
, occurs at about “i 
pe ik of Pe 2. 
it should be pointed out that this close agree- 
for T, ~1.0 Bev. At 
energies, the 
will, in 
will be shown below for 7, 


spectrum J, reactions (p, 
and similarly 
same momentum (0.43 Bev/c) as the 
However, 
ment holds oniy 
incident 


sponding 


appreciably 
maxima of the 


general, 


higher corre- 
spectra be separated. This 
1.4 and 2.0 Bev. 


The second maximum of the J,,3 curve at p,~0.5 


Bev/c is a direct consequence of the inclusion of the 
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Fic. 5. Center-of-mass momentum spectra of pions from pion- 
nucleon interactions at an incident pion energy Ty, inc=1.0 Bev. 
The spectra J,,; and J,, were obtained by neglecting the low 


energy T=} cross section. 


low-energy 7=} cross section. This maximum arises 
from the increase of the phase space factor F with 
increasing momentum j, of the recoil pion, and the 
approximate constancy of o; with energy (for T7,<300 
Mev). On the other hand, the principal maximum of 
J~.3 (at 0.25 Bev/c) is essentially not affected by the 
inclusion of the low-energy oj, as is shown by a com- 
parison of Fig. 2 with Fig. 5. However, it may be noted 
that whereas the spectra J,.:-/,,4 of Fig. 2 all have 
the same maximum momentum p,,n=0.52 Bev/c, the 
spectrum J,; of Fig. 5 has a lower value of py.m 
(0.42 Bev/c) than the other spectra for two pions in 
the final state (J,1,J,2,andJ,4)." 
recoil momentum p,.m for J; 
the omission of the low-energy T 
In both Figs. 2 and 5, t 
spectrum J, 4 occurs at 
Bev/c), as a 
between the isobar .Vo, (m;— my 
= 1.51—0.94=0.57 Bev, taken as the 
center of the 7,=600 Mev resonance). It should be 
noted that the present curve of J, (Fig. 2) has a 
relatively flat region near p,=0.2 Bev/c, whereas the 
spectrum J, of Fig. 5 drops rapidly to zero below 
0.2 Bev/c. 


‘he lower maximum 
of Fig. 5 is caused by 
} cross section. 
he maximum of the decay 
(pe=0.42 
he large difference of 
and the 


high 


momenta 


result of mass 


+ 
A 
* 


nucleon 
where my is 


Thus the present procedure gives a con- 
siderably larger intensity of low-energy decay pions 
than that which would be obtained by neglecting the 
low-energy 7 =} cross section. This change is directly 
attributable to the presence of isobars V.* having low 
mass values, which favors the emission of low-energy 
decay pions. 

The spectra J,,5 and J,.. of Fig. 2 are centered at 
relatively small momenta (p,~0.2 Bev/c), and have a 
low value for the maximum momentum, jiz,m=0.37 
Bev/c. This behavior was to be expected, since these 
spectra correspond to production of two additional 
pions by the incident pion. It may be noted that the 
momentum distributions J,,; and J... are essentially 


unaffected by the low-energy T=} cross section, since 
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the low mass values, m;<1.3 Bev, do not enter into 
the calculation of these spectra. [The minimum mass 
Mrmin is given by: m‘*)-+-m,, which is 1.29 Bev for 
m,“)=1.15 Bev. ] 

Similar results have been obtained for 7, 1.4 Bev 
(see Figs. 3 and 6). The spectra J,,; and J,,2 obtained 
in the present work (Fig. 3) can be compared with 
those previously obtained in II for 7,,ine-=1.37 Bev 
(Fig. 2 of II). The maxima of the spectra from the two 
calculations are in essential agreement, as would be 
expected. However, it may be noted that the present 
spectrum J, (Fig. 3) has a larger high-energy tail 
(from p,~0.5 to pr,m=0.66 Bev/c) than the spectrum 
J,,, of II. This change is a direct consequence of the 
inclusion of o3(my) for isobar masses up tO 11 max = 1.806 
Bev in the present work, whereas a cutoff at M,=1.58 
Bev was used in the previous calculations, as discussed 
above. The presence of isobars with large mass favors 
the emission of high-energy decay pions. It is also seen 
from Fig. 3 that the present spectrum J,,2 extends to 
zero energy, whereas the previous J,,2 (Fig. 2 of II) 
had a cutoff at p,=290 Mev/c. This cutoff was also 
due to the use of the upper limit M,= 1.58 Bev for the 
range of isobar masses my. 


> 


Concerning the curve of /,,; of Fig. 3, we note that 
the somewhat irregular shape of this spectrum (below 
0.5 Bev/c) is directly caused by the presence of the two 
peaks in the T=} 
Eqs. (75) and (77), the recoil spectrum J/,,3 is propor- 
tional to o;(m2)F. Thus the maximum of J,,3 at 
p+=90.38 Bev/c corresponds to the formation of an 
isobar .V2,* at the first (lower-energy) peak of the T=} 
1.51 Bev. On the other 
hand, the region of p~=0.26 Bev/c, where the slope of 
J,,3; has a relative minimum, pertains to a recoil pion 
which is made together with an isobar V»* at the 
second (higher-energy) peak of the 7=} cross section 
(m2= 1.68 Bev). The reason why in this region there is 
no additional maximum, but 1 of the 
slope of Fa ’ is that the phase space factor F decreases 
rapidly with increasing m2, and hence with decreasing 
momentum j, of the recoil pion. We note that p,=0 
corresponds to an isobar with maximum possible mass 
mo, which is 1.806 Bev for 7, 1.4 Bev (E= 1.946 
Bev= moe maxt+m,). The decrease of J,.3 on the high- 
energy side of the maximum at 0.38 Bev/c is due to the 


cross section 74( Mz). As shown by 


cross section, for which mz» 


only a decrease 


decrease of o;(m2) with decreasing mz, i.e., with increas- 
ing momentum p,. In Fig. 3, there is a second maximum 
of the J,,3; curve at high momenta (j, Bev/c) 
which arises from the low-energy 7=4 cross section. 
This maximum is qualitatively similar to the second 
maximum of J,.; for T, 1.0 Bev, which has been 
discussed above. However, Fig. 3 shows that the high- 
energy maximum of p 3 is ( onsiderably le SS pronoun ed 
at 1.4 Bev than at 1.0 Bev. 
fact that the range of isobar masses is appreciably 
larger at 1.4 Bev than at 1.0 Bev (m, 1.806 Bev, 
as compared to 1.603 Bev at 7,,ine=1.0 Bev), so that 


~ {) 65 


This result arises from the 
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the region m;<1.3 Bev which gives rise to the second 
maximum of J/,,3 is relatively less important. 

The decay spectrum J,,4 of Fig. 3 has the same 
general features as the corresponding spectrum J,,4 at 
1.0 Bev (Fig. 2). Thus there is a high-energy maximum 
at p,=0.5 Bev/c, and an almost flat region near 
p+=0.2 Bev/c, which arises from the low-mass T=3 
isobars which are included in the present work. Similarly 
to the behavior of the high-energy maximum of J,,3, 
the increase of the intensity of J,,4 at pr~0.2 Bev/c 
due to the low-energy o; is also somewhat less im- 
portant at 1.4 Bev than at 1.0 Bev. It may be noted 
that aside from the high-energy maximum of J,,; and 
the behavior of /,., at low momenta, the main features 
of J,,; and J,,4 are essentially the same for the two 
alternative procedures concerning the low-energy o; 
(compare Figs. 3 and 6). 

In connection with the approximate coincidence of 
the maxima of J,.,; and J,.3, and also of J,. and J,.4 
at Tein 10 note that at 1.4 Bev these 
maxima are separated by ~0.1 Bev/c. Thus the 
momentum p,™ at which the maximum occurs is 0.27 
Bev/c for J,,, as compared to 0.38 Bev/c for J,,s, and 
similarly, px” =0.57 and 0.50 Bev/c for Jz,2 and J;,4, 
respectively. At 2.0 Bev, the separation of the corre- 
sponding maxima is still larger. In fact, at this energy, 
the two principal maxima of the recoil spectrum J, 
lie in the region of the maximum of the decay spectrum 
J ,.4 (see Fig. 4). Thus J,,; and /,,4 no longer correspond 
to “slow” pions and ‘“‘fast”’ pions, respectively. The 
reason is that with increasing incident energy, the 
momentum p,” of the maximum of the recoil spectrum 
J,.s increases rapidly (from 0.25 Bev/c at 1.0 Bev to 
0.5 Bev/c at 2.0 Bev), whereas the momentum jp,” of 
the maximum of the decay spectrum J, ,4 increases much 
more slowly with 7°, ine, since it is determined primarily 
by the mass difference m;—mvy. 


Bev, we 


The spectra J,,5 and J,,, have their maxima at rela- 
tively low momenta, although the maximum of J,,5 
(p.”=0.28 Bev/c) occurs at a somewhat higher 
momentum than the maximum of J, (pr"=0.21 
Bev/c). This feature more noticeable at 
T ..inc= 2.0 Bev (Fig. 4), where the maxima of /,,; and 
J... occur at 0.35 and 0.22 Bev/c, respectively. Thus, 
while the momentum p,” for which the maximum of 
J. occurs is practically independent of the incident 
energy 7's,inc, the value of p,” for J,,5 increases ap- 
proximately linearly with increasing T,,ine (from 0.22 
Bev/c at 1.0 Bev to 0.35 Bev/c at 2.0 Bev). 

Although the various effects which enter into the 
calculation of J,,, and J,,, are quite complicated, a 
reasonably simple explanation for the different behavior 


becomes 


of J,,,5and J,,, can be given. As Tz, inc is increased, the 
total c.m. energy F increases, which results directly 
in an increase of the kinetic energy of the isobar .V.* 
produced in reaction (8), and an increase of the average 
(m2) of the mass distribution of V.*. Both effects will 
contribute to increase the average energy of the pion 
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Fic. 6. Center-of-mass momentum spectra of pions from pion- 
nucleon interactions at an incident pion energy Ts, inc=1.4 Bev. 


The spectra J,,; and J,,, were obtained by neglecting the low 
energy 


[= 4 cross section 


N2* \Vi*+a [Eq. (9b) ], whose 
momentum spectrum is J,,5. This would explain the 
increase of p,” for J,,5 with increasing 7, inc. On the 
other hand, the effective mass distribution of the isobar 
V,* is essentially independent oF fx i. so that 
would not expect a variation of the spectrum of the 
decay pion from .V,* — \+ 7, except for the influence 
of the increase of the average velocity of .V,* with 
increasing 7’, inc. The latter effect is probably rather 
small. In this connection, we note that the momentum 


from the decay 


one 


px“ of the maximum of the decay spectrum J,,1 varies 
very slowly with incident energy (from 0.24 Bev/c at 
1.0 Bev to 0.29 Bev/c at 2.0 Bev) even though the 
total energy E in the c.m. system increases considerably 
(by 0.474 Bev between 7, ine=1.0 and 2.0 Bev). 

The various pion spectra for 7, 2.0 Bev are 
shown in Fig. 4. Similarly to Figs. 2 and 3, these spectra 
were also obtained with the inclusion of the low-energy 
T=} cross section. However, it is seen that the high- 
energy maximum of J,.3 (at 0.82 Bev/c) which arises 
from this procedure is not very pronounced, thus con- 
tinuing the trend already noted.in going from 1.0 to 1.4 
Bev. The reason is, of course, that the region of mr$1.3 
Bev is quite unimportant compared to the total range 
of isobar masses, which extends up to my,max= 2.077 
sev. We note that J,,; has two prominent maxima at 
lower momenta (0.46 and 0.59 Bev/c), which correspond 
and V»*. It 
would obviously be of interest to confirm the existence 


directly to the two resonant states N 2." 


of these maxima experimentally. 

for 7. ino= 2.0 
Bev with the corresponding maxima for J,,2 for 1.0 and 
1.4 Bev, it is seen that the maximum at 2.0 Bev is 
somewhat narrower than the maxima at the two lower 
energies. The widths at half maximum, as obtained 
from the curves of J,.2, are as follows: 78 Mev/c at 
1.0 Bev, 75 Mev/c at 1.4 Bev, and 64 Mev/c at 2.0 Bev. 
The narrowing which takes place in going from 1.4 to 
2.0 Bev is probably mainly a kinematic effect, as will be 
shown in the following discussion. 


By comparing the maximum of J, 
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1 


For a narrow resonance, the 


Apr, for the momentum spectrum of the recoil particle 


width at half maximum, 


is given by 

Om; Amy, (91) 
half maximum for the cross 
c.m. momentum of the 


. We obtain 


where Am) 1s 
section o(mr), a is the 


recoil partic i¢ pion or nucleon 


(92) 


energy . system, and D 


D=[(E+mr1)?—m,? |[ (E—m1)?—mr (93) 
Equations (92) and (93) give 


Om; 10dD Om, = —m,(E2+mp?— my, 


a m I 


1-— a (96 


For sufficiently large FE, for which the variation of 
the square bracket with £ is small, the width Ape will 


therefore decrease approximately as 1/ pz with increas- 


ing incident energy. 
for incident pions, we have 
115 Mev, mr=0.140 Bev, m;=1.225 Bev, 
1.743, 1.946, and 2.217 Bev for 7, 1.0, 1.4, 
2.0 Bev, respectively ; p,=0.425, 0.570, and 0.755 
at 1.0, 1.4, and 2.0 Bev, respectively. From Eq. 
one obtains Ap; 85, 75, and 65 Mev/c for 1.0, 
d 2.0 Bev, results are in 


torv 


In the present case, 


so, 
E: 


tively. These 
agreement with the widths obtained above 
curves of J, 9, especially at 1.4 and 2.0 Bev. 
4 for T, 2.0 Bev, it may be noted that 
e spectrum J, has a sizable high-energy tail, ex- 
to ps 0.83 Bev/c. This 

jue t 


curve is due primarily to the decay of 


respec 


tending from p,~0.5 Bev 
part of the J,.; 
\,* having a large mass, 

Bev. 


LC... with my between 
wi > 2 For the spectrum 
J 4, we note that there is only a weak indication of the 

lf 1 gion which was found at 1.0 


isobars 


iow-energy 
and 1.4 Bev 
slope dJ ,.3/dj in tl eig! 
(followed by a with steeper slope, from p,0.3 
to 0.4 Bev It was already pointed out that for 1.4 
q 


region of relatively small 


borhood of Dr 0.2 Bev ( 


sev, the flat region is much less conspicuous than at 
1.0 Bev. The result for 2.0 Bev is a continuation of this 
trend. Since the 1.0 Bev arises from the 
low-energy T=} 


decreased effect at 2.0 Bev, since the region of m;<1.3 


shelf found at 


cross section, one expects a much 


Bev becomes quite unimportant compared to the total 


range of possib e isobar masses 
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The spectra J,,,; and /,,. of Fig. 4 were obtained with 


1.225 Bev 


the assumption of a single mass value m 
for the isobar .,*. This assumption is not expected to 
2.0 Bev, since the 

Bev is consider- 
the dec ay VV," >N;* 
+7, which lies at me 1.225 Bev. 
Thus the effects of differences in the probability ¢ and 
the phase space factor FP, which arise from the small 
spread of the effective masses of .V,*, will be quite 
unimportant at 2.0 Bev. We note that for 1.0 and 1.4 
Bev, the procedure involving the three values 
m\% 
described above [ Eqs. (87) and (90 

We have also obtained the c.m. energy spectra of the 
nucleons from reactions (9a), (9b), and (11 
spectra will be denoted by Ivy,” (=1, 2, 3 


used to distinguish thes« 


lead to appreciable errors for T, 
maximum isobar mass Mr max 

ably larger than the threshold for 
1.365 Bev for m, 


2.077 


mass 
was used in obtaining J,.5 and J,.¢, as has been 


These 
Here the 
superscript (7) is spectra, 
corresponding to incident pions fron 
Ty 2, Tx A). and Ty B). which 
nucleons from nucleon-t 
VI). The notation for the /y 
denotes the spectrum of the deca 
reaction (11). Similarly, 7 
from reaction (9a), which is emitted in the 
N,* - The 
nucleon from reaction 


the spectra Ty 
pertall recoil 


1ucleon interactl I Sec. 


cleon 
direct decay: 


> NV+. spectrum pertains to the 


9b), in which .\ decays by 
emission of two pions. 

The calculation of /, 
analogous to the calculation of the ] 
J,., and J,,4. Thus Iy 
except that G, is rep 


for the 


Is ODtained [ror 


similar to (79), 
sponding function Gy energy 

dec ay nucleon. The step functions \ 

81), in which the denominator 


replace ie eee 


are obtained from Eq. 
T mex’ —T, 
_T 

The spectrum Jy; 
similar manner from Eqs. (79 


must be 

pertainil processes 
is obtained in a and 
81), by replacing the factor o 
The spectrum Jy pertainin 
with three pions in t 
tially in the same manner as J, 


bv Co 
reactions 
} 


ie final sta ated essen- 


except 
i 


that it is the nucleon spectrum, rat] the pion 


spectrum from the ; 
being considered. Thus a spectrum /) 


final decay .\ 
lated for each of the three choices of 
the .V,* isobar. The spectra J, 
the same manner as in Eq. (90 


Iy.3 0.25] x +0.50/ 240.257) 97) 


It should be noted 
Ty rl) Ty ~and /, 


to the same value, but 


spectra 
t been normalized 
normalized to the 


quantity 


Rl Ty ,3°*'* cf 
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where C is a constant (independent of m,‘*) and 
€(m2,m,‘~) depends on m,‘*, as indicated. For a given 
mass my of the isobar .V2*, €(m2,m,‘*) decreases with 
increasing m,‘*, as can be seen from Eqs. (82) and (84), 
since the phase space factor Fy(V2* — N,‘**) decreases 
as m,‘™ is increased. It is reasonable to use the nor- 
malization (98) [together with Eq. (97) ], since the 
expression (98) is exactly what is obtained from the 
isobar model: The factor o,(m:)F gives the probability 
of formation of V2*, and the factor € gives the prob- 
ability of the subsequent decay of NV2* into Ni*+7. 
Thus, by virtue of the dependence of e€(m2,m,‘“) on 
m,®, the spectrum Jy,3‘*" pertaining to m,"?=1.15 
Bev has a somewhat greater weight than the spectrum 
Ty; pertaining to m,° =1.30 Bev. This effect is 
important for 7,,ine~1.0 Bev, but decreases rapidly as 
the incident energy is increased, so that the average 
(m2) of the mass distribution of .V.* becomes appreciably 
larger than the threshold for the decay V.* — N\*“’+7, 
which lies at mo min? =1.30+0.14=1.44 Bev. For 
Tx,inc=1.0 and 1.4 Bev, the relative weights of the 
three spectra 7y,;'"* are as follows: Ry2=1.729 and 
R3.=0.412 at T,ine=1.0 Bev; and R,.=1.407 and 
R32.=0.606 at Tx. ine=1.4 Bev, where the ratio Rag is 
defined by 


(99) 


It is seen that the ratios R,» tend rather rapidly towards 
1, as the incident energy Tz, inc is increased above ~ 1.0 
Bev. 

It should be noted that the same normalization as for 
Ty,3°® was also used for the pion spectra J,,5°* and 
J,.6°®, which enter into the expressions for J,,, and J x,¢, 


1 


respectively, [Eqs. (87) and (90) ]. This is, of course, 
required for the sake of consistency, since the same 
quantity o;(m2)Fe(m2,m,‘*’) enters into both the pion 
and nucleon spectra involved in the decay V.*— 

y OIF 

In connection with the notation J and J for the 
nucleon and pion spectra, it may be remarked that / 
energy spectrum, 
denotes a c.m. momentum spectrum. Thus we have 


is ay 
Jy iO =tnIy 


always denotes a c.m. whereas J 


(100) 
(191 


where , and jy are the c.m. velocities of the pion and 
nucleon, respectively ; J,,; isa pion momentum spectrum 
and J,,; the corresponding energy spectrum; and 
similarly, Jy and /y,;‘" are the nucleon momentum 
and energy spectra, respectively, of type 7 (¢=1, 2, 3). 

Figures 7, 8, and 9 show the calculated recoil nucleon 
Ty; for T.ine=1.0, 1.4, and 2.0 Bev, re- 


spectively. We have also shown the energy spectrum 


spectra 


Ty.,° obtained from the Fermi statistical theory,” 
E. Fermi, Progr. Theoret. P 


Phys. (Japan) 5, 570 (1950); Phys. 
92, 452 (1953); ibid. 93, 1 


I 
135 (1954) 
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Fic. 7. Center-of-mass energy spectra of nucleons from pion 
nucleon interactions at an incident pion « Ty, inc=1.0 Bev. 
The solid curves show the spectra obtained from the present 
extended isobar model. The result of the 
Fermi statistical theory. 


nergy 


dashed curve gives the 


which is given by the appropriate three-body phase 
space factor (assuming a two-pion final state). We 
note that, in the same manner as for the pion spectra 
[Eq. (40) ], the nucleon spectra Jy,;'" are 
malized to 1. Thus: 


also nor- 


TN ma 
f vi? dT y=1, (102) 


where T'y max is the maximum possible nucleon energy 
(en 

As was already pointed out in II, 
spectrum Jy, does not differ appreciably from the 
isobar model spectrum Jy; pertaining to the .V,* 
reactions (11). Figures 7~—9 also show that the spectrum 
Ty 2" pertaining to the .\ 
shape to Jy 1°’, except that Ixy 2°" 
mum near the maximum energy T ymax, Whereas I'y 4% 
is essentially flat in this energy region (e.g., from T y60 
to 140 Mev for 7, in-=1.0 Bev). At all three incident 
energies, Jy,,‘* is generally between 
Tx 1 and Ty 


Concerning the spectrum /y 


the statistical 


* processes is quite similar in 


has a broad maxi- 


intermediate 


for the three-pion 
note that the energy 7’y™ at which the 
maximum occurs increases very slowly with incident 
energy (from T'y“ = 25 Mev at 1.0 Bev to Ty”=50 Mev 
at 2.0 Bev). This feature is similar to the behavior of 
the maximum of J,,, which has been discussed above. 


final states, we 


This similarity is to be expected, since /y and Jx,¢ 
pertain to the nucleon and pion originating from the 
same type of N;* decay [ Eq. (9b However, the 
nucleon spectrum Jy has a long high-energy tail, 
maximum possible nucleon energy T'y 
with 7, than the cor- 

Pvmen fot Jog. The 
x With incident energy is probably 


and the 


nax 


increases somewhat faster 


responding maximum pion energy 7’, 
increase of Tx 
caused by the increase of the average veloc ity of N;* 
with increasing 7, 


M. M. Block, Phys. Rev. 101, 796 


1956). 
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Fic. 8. Center-of-mass energy spectra of nucleons from pion 
nucleon interactions at an incident pion energy T'y, ine=1.4 Bev. 
The solid curves show the spectra obtained from the present 
extended isobar model. The dashed curve gives the result of the 


Fermi statistical theory 


It may be noted that in Sec. II we have not given 
the expressions for the nucleon spectra from the various 
reactions arising from -—p and *—p collisions. In 
terms of the spectra /y,;‘*’, these expressions can be 
easily obtained. 

For the single-pion production reactions (I), (II), 
and (III) from #~— ? collisions, the nucleon energy 
spectra are given by the following equations [see Eqs. 

28)—(30) }: 


/ 


do \ 
; ) (n) 
dT x 


Iya 


12,8: 4+2B)I no? (104) 


’ 


? 


a Tx 1°" 

9 
2 

+ -Bo 2,12". 
9g 


(105) 
and (V) from r+— collisions, 


For the reactions (IV 
one obtains from Eqs. (51) and (52 


da/dT x)" (p) = (13/15)oaTy4'" 


I l 


~ 


+4o oelN ’ 
(106) 


(da/dT vy)? (n) = (2/15) oat na" + Fo2,.2 Nn 2°". (107) 


For the double-pion production reactions (A)—(D) 
from x~—p collisions, and (E)-(F) from #+—p col- 


re Ee -S. 
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lisions, the nucleon spectrum is simply proportional to 
Ty,3‘", and is given by 


(da /dT y)® (N) =o] y (108) 


where a‘®) is the total cross section for the reaction (R) 


[=(A), (B), or (F)] as given by Eqs. (31)—(34) 
and (53)—(54). 


IV. COMPARISON OF THE EXTENDED ISOBAR 
MODEL WITH EXPERIMENTS ON INELASTIC 
=~ —p INTERACTIONS AT 17, ;,,.=1.0 Bev 


Recently, three experiments on m~—/p interactions 
have been carried out at incident w~ energies in the 
region of 1.0 Bev: the experiment of Derado and 
Schmitz™ at Géttingen with 1.0-Bevy a-, and the experi- 
ments of Alles-Borelli ef a/.2° at Bologna, and of Pickup, 
Ayer, and Salant®® at Brookhaven, both using 7 
energy Leia O.9O These three 
groups have obtained fits to their data, using the cal- 
culations of our previous isobar model? involving only 
the .V,* isobar. For the Bologna® and Brookhaven” 
experiments, reasonable agreement of the calculations 
with the data was obtained for both and 
(II) [Eqs. (35)—(38) ]. For the Géttingen experiment,” 
good agreement was obtained for the r~ and x* spectra 
from reaction (I). On the other hand, there were appre- 
and the 
mesons from reaction (II). 


mesons of Bev. 


reactions (1 


ciable discrepancies between the calculated 
observed spectra for the 

Aside from the single-pion production reactions 
a +p—att+ao +n and r+p—27-+7°+ ), an ap- 
preciable number of double-pion production events have 
also been observed in the above-mentioned experi- 
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Fic. 9. Center-of-mass energy spectra of nu from pion 
nucleon interactions at an incident pion energ 2.0 Bev 
The solid curves show the btained from the present 
extended isobar model. The dashed curve giv the result of the 
Fermi statistical theory. 
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ments." Thus, both the Géttingen and Bologna 
groups have observed a cross section of ~3 mb for 
production of two additional pions in #~—? collisions 
at ~1.0 Bev. In order to account for these reactions, 
it is necessary to have an appreciable cross section for 
the process r~+ p — r+ N2* (along with a predominant 
amount of the reaction s+p—2+N,*, which has 
been considered previously in II). 

We have obtained an approximate fit to the combined 
pion momentum distributions from the three experi- 
ments, for the reactions (I) and (II). In addition, the 
parameters pertaining to the V.* processes were so 
adjusted as to give agreement with the total cross 
section oa(4~— p) for all types of double-pion production 
events, and with the observed ratio o‘)/o for the 
cross sections for reactions (A) and (C), corresponding 
to the final states: p+at+-+a-+7, and n+2++7°+7, 
respectively [see Eqs. (31) and (33) ]. 

For the three experiments,**** the numbers of 
events of type (I) and (II) were comparable, and we 
have weighted all of the events equally. Thus, for reac- 
tion (1), the numbers of events from the Géttingen, 
Bologna, and Brookhaven experiments are: ng“ = 235, 
npo! = 239, and np, =301, respectively. Our com- 
bined histograms for this reaction are thus normalized 
to 775 events (see Figs. 10 and 11). Similarly, for reac- 
tion (II), we I 118, np,“%=180, and 
NEBr 151, giving a total of 449 events, on which the 
histograms of Figs. 12 and 13 are based. The value of 
R from the R= 449/775 

0.579. 

In order to determine the values of the various cross 


have: nq 
1] 


combined experiments is: 


sections o27,2, we make use of the measured experi- 
mental values of the for elastic and 
inelastic processes. The total inelastic cross sections via 
V,* and .V,* combined will be denoted by o; and @; for 


cross sections 


OF w PER 


NUMBER 


PION C.M.S 


MOMENTUM 


D, (IN Bev/c) 


Fic. 10. Center-of-mass momentum spectrum of the 7 mesons 
from the reaction m~+) — w~+2*-+n at Ty, inc=1.0 Bev. The 
histogram represents the combined experimental data from 
references 24-26. The solid curve was obtained from the present 
extended isobar model. The right-hand ordinate scale gives the 
corresponding differential cross section do/dp, calculated from 
the isobar model. The dashed curve gives the result of the Fermi 
statistical theory. 
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3eoF 
| Ty,iné=!.0 Bev 
320} 1 +por +r'+n 
SPECTRUM OF 1* SOBAR 
MODEL 


o/dp, [mb/(Bev/c)] 


lic. 11. Center-of-mass momentum spectrum of the 7* mesons 
from the reaction r~+) — 2~+2*-+n at Ty, inc=1.0 Bev. The 
histogram represents the combined experimental data from 
references 24-26. The solid curve was obtained from the present 
extended isobar model. The dashed curve gives the result of the 
Fermi statistical theory. 


} and T 


3, respectively. Thus we have: 


01 0117912, 


(109) 
(110) 


03> 0311032. 


As was mentioned above, the ratios Pa \a= :. 
defined by 


2) are 


(111) 


Pa O3a/ (2014). 


In Table I of the paper by Derado and Schmitz,”4 the 
elastic *~— p cross section is given as 22 mb, and the 
charge exchange cross section can be estimated to be 
~3 mb, giving a total of 25 mb. On the other hand, the 
total s~— > cross section is 47 mb, so that the total 
inelastic cross section is: 


Cinelast (#- — p) = 47-25 = 22 mb= (112) 


2 1 
3017 373- 


In an'experiment on r+—p interactions at 1.0 Bev, 
Erwin and Kopp” found that the inelastic *+— p cross 
last (w+ — p)=a3, is ~10 mb. Upon inserting 
this result in Eq. (112), one obtains ¢;=28 mb for the 
T 5 inelastic cross section. 


section, gin: 


For the fit to the experimental data, it was assumed 
that the cross section for the V.* reactions is ;*; of the 
total inelastic cross section for both T=} and T=3. 
A fraction of the order of ;% is required in order to 
account for the observed cross section™!:> of ~3 mb 
for the double pion production at 7, ine=1.0 Bev. Thus 
we obtain: 


oy2=0.3X28=8.4 mb; o3;=28—8.4=19.6 mb; (113) 


(114) 
(115) 


o32=0.3X10=3.0 mb; o 10—3.0=7.0 mb: 


Pipe 10/56=0.179. 


In view of Eqs. (113) and (114), the part of the cross 
section ¢(#~—p) which proceeds via N2* is 


Oo\7 <>) . t 


(3.0) 6.60 mb. (116) 


7 A. Erwin and J. Kopp 


private communication) 
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O 
da /d6,| mb /(Bev/c)} 


spectrum of the x~ mesons 
at Ts, inc=1.0 Bev. The 

bined experimental data from 
urve was obtained from the present 
ashed curve gives the result of the 


Of this 6.60 mb, it is assumed that 3 mb goes into 
ional pions 


that the probabilities Pa and P, [Eq. (27)] have the 


production of two addi 3-pion events), so 


following values: 


P 3/6.60=0.455: 3.60/6.60=0.545. (117) 


The part of oy. which leads to single-pion production 


is therefore given by 


Po y2=0.545X8.4=4.58 mb. (118) 


the value of P, which we must use to 
tion cross section o4(%~— p) 
is appreci: value of 
0.111 which would be deduced from the decay 
[see Eqs. (82)-(85)]. This 

the effect of the transition 
stical weight factors favors 
ited state V,* at the « xpense 


» V+. It should also be noted 


note that 
1 double-pion produ 
than the 


ibly 


irger 


irger cross section for the V.* 
fraction f than ;%5 in Eqs 
he required Pz would have 

a —p)« fP¢. 


been proportionately smaller, since ¢ 
: 


In order to obtain the values of A, B, and the phase 


th tio of the number of 3-pion 
m7) to number of 

“fF }, as observed by 

sponding numbers are: 

gives, in view of Eqs. (31) 


1+p e Eqs. (16) and 
17) |, one « 119) for A and B, with the result: 
{=0.477, B=0.702, Finally, from Eq. (16) or (17 

—(),250, 128.7° from Eq. 


Upon using: A+B 


, 
an soive 


one obtai is b 


18 


whence Mla) 


AND S. 
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From Eqs. (113) and (117), we obtain 


O12,d 0.455 X8.4= 3.82 mb. (120) 


The resulting values of the individual cross sections, as 
obtained from ) =0.68 
o‘B)=0.67 mb, oa =1.26 D) =(),39 
These values are in fair agreement with the experi- 
mental results of Alles-Borelli ef a/.25 Thus the Bologna 
group has identified 23 events of type (A 
type (B), and 43 events of type (C 
240 cases of reaction (1): m+p—n+n++7 
using the experimental value of 10 mb for o 
find 


(31)-(34) are: o mb, 


Eqs. 


mb, and oa mb. 


, 8 events of 
as compared to 
Upon 
, we thus 


23/240) * 10=0.96 mb, 121 


0.33 mb, 


8/240) 10 


(43/240) X 10=1.79 mb. 


The present calculated cross sections are also in reason- 
able agreement with the Derado and 
Schmitz*: o4)=0.6+0.3 mb, and o(®)+e'O)=2.5 
+(0.7 mb. 

With the present values of A and B, thi 
tions of the .\ 2” processes to the single pion production 
reactions (I) and (II 0.971 mb, 
oo!) =1.915 mb. In view of Eas. (28), (29), and (34a 
we obtain 


results of 


contribu- 


are as follows: a 


9.58+ 3.84 cos¢), 124a) 


124b 


where the units are millibarns. From the experimental 
of R=o"%/g6=0.58 from the 3 combined 
experiments, one obtains by means of I 124a) and 
124b): ¢,;=88.2°, so that (with p 79), we find 
a=0.0121. We note that the present fit to the experi- 
ments at 1.0 Bev is somewhat different from that used 


? 


in reference 3. The set of parameters 


value 


sponds to a larger value of 


100 —— 


Tyr,ine® | J bev 
90 wep 9-+n*sp 


SPECTRUM OF 7° 


80 


NUMBER OF 7r® PER 0.05 Bev/c 


Fic. 13. Center-of-mass n 
from the reaction r~+/ 
histogram 
references 24-26. The solid cur 
extended isobar model. The 


represents the 


combir 


Fermi statistical theor 
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of 0.2), and gives better agreement with the cross 
sections for double-pion production culm —p), o A 
oB), and oa“ 

With the present values of a, pi, 011, and ow,, [Eqs. 
(113) and (118) ], Eqs. (35)-(38) give for the mo- 
mentum spectra of the pions from reactions (I) and (II): 


do \" 
= 
do 

wi) 


(1 
I 
(1 
I 
(7 
I 
(1 


40297 «. 


1.107J,.» 


+0.971 5,3 


7.629) ,2 


+0.971J,.4, (126) 


1.487) ¢.:+2.214J «2 


=) I 
dp. 
+0.486J ..3+1.429J ,.4, 
da I 
) °) = 2.2147 ,.14+1.487/ 5,2 

dp. 
+-4.4297, 3;+0.486/,.4, (128) 

where the values are given in units of mb/(Bev/c). The 

corresponding total cross sections are: ¢ 1)—9,71 mb, 

mb. It be noted that the 


spectrum from reaction (I) and the 7° spectrum from 


and o@!)=5.62 may 
reaction (II) are obtained from the corresponding 7 
spectra [Eqs. (125) and (127) ], merely by interchang- 
ing J, with J,.2, and J,,3 with J,,4. This property is 
exhibited explicitly in Eqs. (35)—(38) from which Eqs. 
(125)—(128) are derived. 

The resulting c.m. momentum spectra are shown in 
Figs. 10-13, together with the combined histograms 
at 7, ine= 1.0 Bev. For 
comparison, we have also shown the momentum dis- 
tribution predicted by the Fermi statistical theory.” 
The theoretical the experimental 
histogram are normalized to the same area in each figure. 
+s 8 
(Fig. 10), the isobar model curve fits the data quite 
well and, in particular, is able to reproduce the maxi- 
mum of the histogram at p,0.25 Bev /c. On the other 
hand, the curve obtained from the statistical theory 
deviates considerably from the experimental histogram 
throughout the range of momenta. 


from the three experiments”! 


two curves and 


For the wr mesons from the reaction 


Figure 11 shows the spectrum of r+ mesons from the 
The isobar model curve agrees 
with the data. In particular, the 
momentum at which the peak of the isobar curve occurs 


nw +at++n reaction. 


reasonably well 


p~=0.43 Bev/c) is in good agreement with the position 
of the maximum of the experimental histogram. How- 
ever, the value of the maximum of the isobar curve is 
somewhat too high. On the other hand, the spectrum 
predicted by the statistical theory is in qualitative 
disagreement with the data. One should note that the 
10-13 have not been 
weighted by experimental resolution functions, 


theoretical isobar curves of Figs. 
and 
therefore some of the discrepancies with the data may 
arise from effects of finite momentum resolution. 
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For the x 
(Fig. 12), the agreement of the isobar model curve 
with the data is comparable with that obtained by the 
statistical theory. As was pointed out 


mesons from the m-+7°+ reaction 


above, the 
histogram represents the combined results of the three 
experiments of references 24-26. In this connection, we 
that for the 
Bologna and Brookhaven experiments at T,,ine=0.96 
for reaction (II), the average momentum of the a is 
appreciably higher than that of the x mesons, whereas 
for the Géttingen experiment at 1.0 Bev there is a 
Our 
previous isobar model calculations involving the isobar 


may note (as was done in reference 3), 


preponderance of slow mw and fast 7° mesons. 
\,* only? give very good agreement with the Bologna- 
Brookhaven spectrum of 7 

We can define a fraction 
as the number of m~ with c.m. momenta p, below 300 
Mev/c, divided by the total number of m~ from the 
x +7°+p reaction. The three experiments give some- 
what different values of Thus for the Bologna, 
Brookhaven, and Géttingen experiments, we have: 
fpo=0.357, far=0.455, and fg=0.595, respectively. If 
one combines all of the data, one obtains fexp = 0.452. 
The theoretical value of f as obtained from the isobar 
model curve of Fig. 12 is: ftheor=0.367. It should be 
noted that the experimental value of f has considerable 
uncertainty, since the values of f from the three experi- 
ments vary by as much as 0.24 (from 0.357 to 0.595). 


and 7°. 


f of low-energy m~ mesons 


We also wish to point out that one may expect some 
effects of a possible pion-pion interaction in the 
x +7"+ > reaction, where the formation of the pion- 
nucleon isobar .V;* is not as highly probable as for the 
7 and neutron from the reaction leading to r~+a*-+n 
[reaction (I) ]. The effect of a final-state pion-pion 
interaction?’ has not been included in the present work. 
It has, of course, been our purpose in this work to see 
how in explaining the experimental 
results on pion production in pion-nucleon collisions, 
without invoking the existence of a pion-pion inter- 
action. 

For the 7° 


far one can go 


mesons from m~+7"+ ), Fig. 13 shows 
that the present isobar model gives reasonable agree- 
ment with the experimental data, whereas the Fermi 
theory spectrum shows appreciable deviations from the 
histogram. The isobar model is able to predict correctly 
the peak of the experimental histogram in the region 


of p, between 0.40 and 0.45 Bev/c. 


V. Q-VALUE DISTRIBUTIONS FOR PION-NUCLEON 
AND PION-PION PAIRS FROM 
a*—p INTERACTIONS 


We have obtained the equations for the Q-value 
distribution functions P(Q) for the various types of 


8’ Ff. Bonsignori and I 
I. Derado, ibid. 15, 853 


Selleri, Nuovo cimento 15, 465 (1960); 
1960); L. Landovitz and L. Marshall, 
Phys. Rev. Letters 4, 474 (1960); P. Carruthers and H. A. Bethe, 
ibid. 4, 536 (1960); K. Itabashi, M. Kato, K. Nakagawa, and 
G. Takeda, Institute for Nuclear Studies Report No. 4, University 
of Tokyo, 1960 (uny 
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Paste I. Q-value distributions of pion-nucleon pairs arising from x 


Primary reaction Final state x—WN pair 


p— N;*+2— N+ n+-—) 
DO ) / 
nO0) (nO) 


n+—) (n+) 
n+—) (n—) 
DO ) oo | 


hy) ) (pO) 
nOO) (nO) 


n+Q0 
n+OQO—) 
n+OQO- 
POO — 
bOO — ) 
n0OO 


pion-nucleon pairs arising from inelastic #~—p and 
x*—p interactions. Here the Q value is defined as 
Q=E,y*—(my+m,), where E,y* is the total energy 
of the pion and nucleon considered, in the center-of- 
mass system of the two particles. The functions P(Q) 
are given in terms of certain basic functions Pry ,a‘” (Q) 
which describe the normalized Q-value distributions for 
the nucleon from the decay of an isobar V,* and a 
definite pion, which may be either a recoil pion, or a 
decay pion originating from the same isobar V,*. The 
coefficients Ca, of the various P,y,«‘"(Q) will depend on 
he type of primary reaction (e.g., --+p— V.*+7), 
the and the pion-nucleon pair considered 
reaction (II) |. For an incident 

1.0 Bev, we have calculated the basic 


final state, 
from 
” (Q) for x—.N pairs, which are involved 


Le.g-, (P—® 
energy T, 
functions Pry .a 
for the single-pion production reactions, and the corre- 
sponding functions P,,,4(Q) for the pion-pion pairs for 


single-pion production. 


The the 
Pes.atu 


equations which 


for functions Pyy.a‘"(Q) and 
defined by means of the following 
the possible pion production 


notation 
will be 
show 


reactions: 


(129) 


Tr >| 


In Eqs. (129)—(131), the notations (Vr); and (V7), 
represent the nucleon and pion arising from the decay 
of N,* and N,*, respectively. Similarly [N,*x ],— 
[(.\Vxr),r ]2 represents the two pions which arise from 
the decay of V.* via .V,*. 

For the reaction of Eq. (129 
for the pion-pion pair is denoted by Pies 1- Similarly, 
the Q-value distribution for the pion-nucleon pair 

Vx), which originates from the decay of V,;* is denoted 
by P,w,1°’, whereas the Q value distribution pertaining 
to the recoil pion and the final-state nucleon is denoted 
by Pena” 


, the Q-value distribution 
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— p interactions. 
Q-value distribution P(Q) 


5+ 16p; — 20a) P,“' 50+ 
10+ 32; —40a) P; ]/ (20-4 


52p,+70a) 


340 50a) 


[ (45+ 36p:+90a) P+ 
| (10+ 2p; — 10a) P; + 
iP, +P, ] 


| 


(A+2B) 
(A+2B) 


9? +2BP, - 

2) -+2BP,) 

(4+ Palo ] 

Y4+0.1P 

. *®140.45P +-0.50P 
[(2A+B)0,;@+(2A+9B)P ]/(4A4 
[A(P,@+P©)+5BP™ ]/(2A+5B 
(4A P‘)+9BP,@+BP 44+10B 
[4(1+ 2) }"[ (2A +B) (0: +P) +2BP 
1+p2)“*LAP+4B(P,%+P 
it +p 4p 7] 


10B 


Pp, 
aL 


For the reaction of Eq. (130), the notation is entirely 
analogous to that of Eq. (129), except that the subscript 
1 is replaced by 2. Thus the pion-pion Q-value dis- 
tribution for reaction (130) is denoted by P,.,2, and 
the two pion-nucleon Q distributions are written as 
Pyvyo™ and Pyy 2, where P,. 
ax—N pair from (N72), whereas Pry 
the recoil pion and the final-state nucleon. 

In connection with the double-pion production reac- 
tion of Eq. (131), we have considered only the pion- 


pertains to the 
») pertains to 


nucleon Q-value distributions in the present work (see 
Tables I and II). The Q distribution for the pion- 
nucleon pair from the decay of V,* [i.e., (Vx), ] is 
written as @,yv,1°*. The Q distribution for the final- 
state nucleon and the pion which arises from the decay 
N.* — N\*+m is denoted by Pry Finally Pry“ 
denotes the Q distribution for the final-state nucleon 
and the recoil pion which is made together with V.* in 
the primary reaction. All of the Pen.a”, 
P,..a, and also @,n.,; are normalized to 1 


tions 


rune 


On 


Qm ‘ 
f Piya’? (O)dO f 


where Q,, is the maximum possible value of Q 

The function P,y, the same 
function P, previously introduced in I (see Sec 
Thus P,y,1 is given by 


as the 


. VITT). 


is essentially 


my) F 


where mp=my+m,t+Q, my ,min=mv+m,= 1.078 Bev, 
and my imax=E—m, (E=total ene rgy in the c.m. system 
of the incident pion 
the distribution P,. 
is given by 


Pv (Q) (133) 


mr) Fdmy 


and proton). In a similar manner, 
pertaining to the .\ 


- pro esses 


o,(mr) FL 1—e(m, 


P.x2(Q) 134 


m] 


i mx 
f ai(m,)Fl1—e(my,) \dmr 
mys 
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TABLE IT. Q-value distributions of pion-nucleon pairs arising from 


I‘inal state 


(p+0) 
(p+0) 
(n++) 
(p+0) 
(p+0) 
(n+ +) 
a ae adam 
(p++ 5 
(n+ +0) 
(n++0) 
(p+00) 
(p+00) 


Primary reaction 


rt+p— Ni*+n— N+27 


Since the two-body phase space factor F, and the 
function [1—«(m;,) ] are slowly varying functions of the 
isobar m,, the distributions Pyy.(Q) and 
P,n 2 (Q) will reflect primarily the behavior of the 
total cross sections o; and oj, respectively. Figure 14 
shows the functions Pry,4%)(Q) for Ty,ine=1.0 Bev. 
For P,y‘° (Q), the prominent peak at O;vy=150 Mev 
is directly due to the maximum of o; at the T=J=3 
resonance. For P,y 2° (Q), the full curve shows the 
result of including the low-energy oj, which results in an 
appreciable probability for low Q values. On the other 
hand, the dashed part of the curve represents the 
effect of disregarding the low-energy a, 1.e., taking 
o;(m,)~0 for m;<1.23 Bev (corresponding to incident 
energy 7,<180 Mev). These alternative 
cedures concerning the low-energy o; have been dis- 
cussed in detail in Sec. II. It should be noted that the 
the 
low-energy a; becomes rapidly less important as the 


mass 


two pro- 


region of small Q values which corresponds to 


incident pion energy is raised above ~1 Bev. The 
behavior of this part of the distribution P,y,2 (Q) is 
completely analogous to the behavior of the high-energy 
maximum of the recoil pion spectrum J,,3 
III), since there is a one-to-one « orrespondence between 


(see Sec. 


the recoil momentum j, and the Q value of the 7.V 
pair arising from the decay of .V2*. 

The maximum of P,y 2 at Q=350 Mev is due to 
the maximum of o;(m,) at the first T=} resonance 
corresponding to the state V»,*, with mass m;=1.51 
Bev. This value of m; corresponds to O=m,— (my-+m,) 

430 Mev. The fact that the maximum of P,n.2 
occurs at a somewhat lower Q value (350 Mev) is due 
to the decrease of the two-body phase factor F with 
m;, i.e., decreasing momentum jp, of the 
recoil pion. We note that at 1.0 Bev there is not enough 
energy in the center-of-mass system to excite the isobar 
V»* (with mass m;=1.68 Bev) by the reaction (8). 
1.603 Bev at 7, ine=1.0 Bev). For 
*)(Q) has a single 


increasing 


(We have ML max 
this reason, the distribution P,.y.2 
maximum at large Q values. For higher incident energies 
(Tx,ine2 2 Bev), the curve of Pzy,2° (Q) will have two 
maxima in this region, corresponding to the excitation 
of both N»,* and N»*. 


ISOBARIE NUCLE 


ON MODE! 


h interactions. 


a—WN pair Q-value distribution P(Q) 
(p+) ( 3) P+ (4/13) Py 
(pO) (4/1 9/13)P, 


Po 


P,@ 
sLP2+P,] 
0.450; +0.05P 
01° +-0.9P 
P19 -+1PO+4PC 
[P,%+P 


+0.50P 


The Q-value distribution ?,y,:°° (Q) which is involved 
for the 3-pion final states [Eq. (131) ] is very similar to 
P,n,1°(Q), since both functions pertain to the pion 
and nucleon arising from the decay of the .V;* isobar. 
the weighting Pv (Q), 
instead of being the two-body phase space factor F, 


However, function for 
is given by the following integral &: 


E—m, 
F(m}) o1(ms)F (EB ymz2)e(mom,)dme, (135) 
Feci 


where F(E,m:2) is the two-body phase space factor for 
isobar has mass 
will decay into 
\,*+2 when V;* has mass m, [see Eq. (84) ]. In terms 


) 
Or 3, Ven. 


the formation of N.*+7 when the .\V." 
m2; €(M>s,m) is the probability that .V" 


is given by 


o3(,)F(m})) 
j 


(136) 


1)5(m,)dmy 


1.078 Bev, 
maximum mass of N,* 


where m,=Q+my+m,3 ™1,min=mMnt+m, 


and my, E—2m, is the 


10ns Pex and Pen *) for 
pairs from single pion production in pion-nucleon 

=1.0 Bey rhe function Pex a=1 or 2) 
nucleon and pion originating from the decay of 


Fic. 14. Q-value distribution funct 
pion-nucleor 
collisions at 7, 
pertains to the 
the isobar V,* 
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when two pions are produced besides V,*. Except for 
the decrease of the upper limit 9) ,.n.ax and the replace- 
ment of F by , Eq. (136) is identical with Eq. (133) 
for P,v 1° V). 

The normalized Q-value distributions for the various 
mw pairs, in terms of the Pry,‘ (Q), are given in 
Tables I and II for s~-—) and x*—p interactions, re- 
spectively. In these tables, in labeling the final states, 
we have employed the usual notation: 0 stands for a r°; 
respectively. Thus 

For the sake of 
since we are only referring to the w.V pairs 
in these tables, we have omitted the subscript 2.V from 
Pyyx.a'” and ®ry..°*’, which are written simply as P,"” 
and @,\*’, respectively. 


+ and — represent w* and 
n+O— stands for: n+a++°+-r7 


simplicity, 


Table I) 
we have not listed the Vv distributions P(m+) for the 
final state, nor the distribution P(p0) for 
the prr +7 final state. These distributions can be 
obtained by merely interchanging P, and P, in 
the expressions for P(n—) and P(p—), respectively. 
The results of Tables I and II were obtained in a 
straightforward manner, by considering the 
functions ¥,-_,‘"™) and ¥,+_,“™”) which represent 

[ II, Eqs. (12)—(27) and 


Concerning the reaction +p — \V,*+9r 


RHA +8 


wave 
the various final states | See Sec. 
49)—(50 
The Q value distributions P,,(Q) for rm pairs are not 
included in Tables I and II. In the present isobar 
model, P,,(Q) for single-pion production is given by 


(QO o1P eri tooPex.2)/o, (137 


where ¢ is the total cross section for the particular 


reaction considered, and oa, a2 are the parts of a which 


pertain to formation of \,*+zm and .V,*+z7, respec- 
tively. Thus o=<d017T O02 

In connection with the equations of Tables I and II, 
we note that the angular correlation in the c.m. system, 
(oe 6, : 
by equations which are com 
tions for P,y(Q), the only 
functions P, 
correlat 


for a particular pion-nucleon pair is given 
pletely similar to the equa- 

difference being that the 
» "’(V) must be replaced by basic angular 
ion functions C,» 


.‘"(6,~) for the nucleon from 
the decay of .V,* and a particular pion (decay pion from 
\ . of rn oil pion . Here 6, \ is the angle between the 


pion and nucleon in the c.m. system. As an example, 
for the m~ and proton from the reaction 7 ey etal 4 
+a-+7" via V,*, the angular correlation function is 


given by 
te 


(10+2p,—10a)C,» +- (10+ 32p,—40a)C,% 


20+ 34p;:— 50a 
(138) 


1 


The func tions Ges ,”’ have not been cal ulated in the 


present work. 
We will 


now describe the calculation of the Q-value 


AND 5S. 


LINDENBAUM 
distributions P,y,¢° and P,yz,q at T; 
will first the evaluation of the 
Py2,a(Q) of the Q values for rm pairs. 


1.0 Bev. We 
distribution 
As mentioned 


discuss 


; a is defined as the distribution 
function pertaining to the two pions made via V,*+7. 
In particular, at 1.0 Bev, we expect the function P,,.,1 
to predominate in the expression for P,,(Q), 


above, O-value 


since 
most of the single-pion production proceeds via the 
T =} isobaric state .V,* [see Eq. (137 

For a given mass m; of the isobar, the energy of the 
decay pion in the c.m. system of the 
nucleon is given by 


incident pion and 


Ey a= Fj(Ex*+i jp," 139 


cos#.* 


where 3; is the velocity of the isobar in the c.m. system, 


Y (1—7%,7) a and £,*, px" are the pion tot 
and momentum in the isobar rest 


al energy 
system; 0,* is the 
h re spect to the direc- 
tion of motion of the isobar; @,* is measured in the 
isobar rest system. The component mo- 


angle of emission of the pion wit 


of the c.m. 
tion of motion 


mentum of the decay pion along the dire: 


taken ¢ 


is the x axis 


of the isobar 


cosé,* 


Pr.d,z V3." 140) 


The combined momentum of the 
system is obtained from 

Dex? = (De.d.z—pr 
where p-,, is the c.m. momentum of t] 


Dr.dy=px* sind,* is the transverst 
decay pion. The total c.m. energy of 


e recoil pion, and 
momentum of the 
he mm system is 
given by 


142 
where E,., is the total energy of the recoil pion. 
Since the quantity -°—? is invariant 
Lorentz transformation, we obtain f 
in the center-of-mass system of t] 


E,.*=(Bee—p 


under a 


tal en rey 


where prs and £,, are given by E 
The Q value Q,, is now given by 


We will assume that the isobar de 
in its rest system. Similarly to the « 
(Sec. VIII), we have considered angles @,* 
of 22.5°. These angles will be denoted 
* 


6..1°=0°, 6, .* 


Za, *°*, @, 
solid angle in the isobar rest system 
AQ, .*=sind, .*A0..*, the 


taining to the isobar mass m; is giv 


180 Since 
given 


()-\ ilu 

Pye (Q)=M sind, .*/(O O 
for O 

where OQ; is defined by 


() 





ENSION OF ISOBA 





300 
Qwee (Mev) 
Fic. 15. Q-value distribution functions P,,,; and Py, for 


pion-pion pairs from single pion production in pion-nucleon col 
lisions at T'y, inc=1.0 Bev. 


QO, is the Q value of Eq. (144) pertaining to isobar mass 
m; and decay angle 6,,.*. In Eq. (145), M is a normal- 
ization factor. 

Finally, the weighted distributions P,,,¢ are given by 
the following integrals: 


Pet) Mf P.. )(Q)o;(m;)Fdm,, 


)\F[1—e(m,) |dm;, (148) 


PeikO u.f P., »(OQ)o;(m 


where M, is a normalization factor, o; are the 
appropriate and 
T=% states, respectively, and [1—e(m,;)] gives the 
fraction of \.* 
produc tion, i.e., for which N.* 
and 


and o; 
total w.V cross sections in the T 


decays which result in single-pion 
> N+. In Eqs. (147) 
148), F is the two-body phase space factor for the 
formation of Vq*+7. 

The resulting Q,, distributions are shown in Fig. 15. 
It is seen that the distributions P,,,, and P,,,2 are very 
similar, with P,,,,; being somewhat more peaked at 
large QO values, near the maximum possible (Q, 
Omax=525 Mev (for Ty,ine=1.0 Bev). The weighted 
distributions shown in Fig. 15 reflect the behavior of 
the individual distributions P,,"’’ (Q) for the various m,. 
In all cases (i.e., for all m,), these distributions increase 
with increasing Q,, to a maximum which is reached 
near the maximum possible Q, Qiax,;, for the particular 
m; considered. As an example, for m;=1.30 Bev, 
P,,(Q) increases from 0 at Qmin,;=8 Mev to 0.70 
at 80 Mev, and a maximum of 1.42 at Q2=500 Mev, then 
rapidly decreases to 0 at Qmax,j=525 Mev. 

If in a particular reaction (e.g., 7 +p — mw +7°+ p), 
the pions are made via .V,* with a probability &, and 
via .V,* with a probability (1—£,), then the predicted 
O,, distribution is given by 


PelQ) (149) 


ar os it (1—£,)P; 


CLEON MODEL 


Equation (149) is equivalent to Eq. (137), in which 
(oi ton) = hi 
We shall the Q-value distributions 
P,nv,a‘” which pertain to the recoil pion and the 


nucleon arising from the decay of .V,*. The total energy 


a1 


now obtain 


of the pion-nucleon pair in the c.m. system is given by 


E-E, 4, 


Ey (150) 
where E is the total energy of all particles in the c.m. 
system, and F,.a is the energy of the decay pion [Eq. 
(139) |. The total momentum p,y of the wV system is 
equal to —p,,a, where p,,a is the momentum of the 
decay pion [ Eq. (140) ]. Thus, in analogy to Eq. (143), 
the total energy in the center-of-mass system of the 
pion and nucleon is given by 


E,x* (Epy?—pen t— DN 
[ (E—E,,a)?—pr,a,°— pr 
Finally, the Q value is obtained from 


Ow=Egen 


‘ *—mN—M,. (152) 


The Q-value distribution P,yv“(Q) pertaining to a 
given m; is obtained from an equation similar to (145): 
Pry (Q) 


M sinéy ,* (O —() ) 


x 


for O <O<Q (153) 


where QO is the appropriate value of Q,. from Eq. 
(152), and @y* 


in the isobar rest system. 


is the angle of emission of the nucleon 


The weighted distributions Py ,a°?(Q) 


Poms V) Mf P.s 


x[1—e(m 


are given by 


(154) 


Q)a3(m,;)Fdm,, 


|Fdm;, (155) 
where M, is a normalization factor. 

The resulting distributions P,y 1 (Q) and Pry 2 (Q) 
are shown in Fig. 16. It is seen that P,y,,“ has a pro- 
nounced maximum at Q0=370 Mev, whereas P,y,2 
has a relatively weak maximum at (= 180 Mev, and is 
essentially flat from Q=320 to 480 Mev.These distribu- 
tions reflect the behavior of the partial distributions 
P,x(Q) pertaining to the various m;. The Py“ (Q) 
are practically constant (actually increasing slightly 
with increasing Q) between limits Qmin,j and Qmax,j 
which decrease generally with increasing m;. Each dis- 
tribution P,.“)(Q) for a given m; is different from zero 
only over a limited part of the complete range of Q, 
which extends from 0 to 525 Mev. The region occupied 
by Py‘ (Q) is generally of the order of 150-200 Mev. 
Thus for mj=1.15 Bev, Pv‘? (Q) extends from Q0= 368 
to 504 Mev; for m;=1.25 Bev, we have Qmin= 248, 
Omax= 440 Mev; for m;=1.40 Bev, Qmin=106, Qmax 

308 Mev; for m;=1.50 Bev, QO 40, Omax= 192 
Mev. 
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ras_e III. Branching ratios for pion production in p— p interactions. 


N+N,* 2N,* 


Reaction 


(pn) 3/6 
ppO) 6 
G V+ N,*) 


pp — 
D POO) 
bn +-0) 
(nn++) 
o 


pp+0-— 


> pPOOO) 
pnu-+ + —) 
bn +-O00 


bp+U00—) 
b POOOO ) 

bn + +O — ) 
fbn +-OO0 
nn+ +00 
G 


For P,y.,°>, the maximum at Q=370 Mev is a 
direct consequence of the predominance of the distri- 
butions P,y“’(Q) for m;=1.20 and 1.25 Bev, which 
extend from 304 to 476 Mev, and from 248 to 440 Mev, 
respectively. These distributions have fractional weights 
f;=0.309 and 0.285, respectively, in the integral of 
Eq. (154). It should be noted that for the calculation 
of P,y..°” (and also P,,.), the distributions were 
evaluated at intervals of 50 Mev in m; (from m;= 1.10 to 
1.60 Bev), and the integrals of Eqs. (147), (148), (154), 
and (155) were thus replaced by sums over the various 
P“, with weighting factors determined by o;/ and 
oF (1—e : 

For the distribution P,y,.°, the weighting factor 
has a maximum at m;=1.45 Bev (f;=0.140), and the 
maximum of P,y2\” at 0,y=180 Mev is due to the 
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nc? !.O Bev 


Fic. 16. Q-value distributior and P,w.2" 
for pion-nucleon pairs from single pion production in pion-nucleon 
collisions at Ty, ine=1.0 Bev. The function Pry,\*) (a=1 or 2) 
pertains to the recoil pion and the nucleon arising from the decay 


of the isobar N,* 


f . F 
unctions P,w 


N+N,* 


effect of the P,y“” for mj=1.45 Bev, which extends 
from 0= 68 to 256 Mev. However, the value of /; at the 
maximum is not very large (0.140), and the other m 
values throughout the range from 1.10 to 1.60 Bev make 
significant contributions. This accounts for the rela- 
tively flat behavior and the large values of Pry.» 
above the maximum (i.e., from ~320 to ~480 Mev). 

For a definite 7.V pair from a particular single-pion 
production reaction, the predicted Q-value distribution 
is given by 


} 


Fai 
+-¢coP x 


P,n= (01+ 02) Tor(CiaP en 1 Tew 


Pen. (156) 


+2(Co 
where Cae and Cab are the coefficients of Px —— and 
Pa via’? ’ respec tively, in Table I or Table II. The CTOSS 
sections a; and a2 were defined above in connection with 
Eq. (137). Thus o; and a2 are the partial cross sections 
for the reaction to proceed via .,* 
respectively. 

As an example of the use of Eq. (156) and Table I, 
we will calculate the functions P,y(Q) and P,,(Q) for 
the #N and rm pairs from reaction (I) at Ty, ine=1.0 
Bev, using the values of the parameters of the present 
extended isobar model, which have been determined in 
Sec. IV. These values are as follows: p;=p2=0.179; 
a=0.0121; A=0.477, B=0.702; o=9.71 mb, o," 
= 8.74 mb, o2"!)=0.97 mb, where a," is the 
ao!) which is due to the formation of the .V,” 
[see Eq. (125) ]. We thus obtain: 


+r and .\V.*+7, 


part of 
isobar 


=," 1)— 8 74/9.71=0.900 (157 


Table 


so that 


For the x —n pair from reaction (1 I gives 


C1a= 0.873, cy 0.127, ce 0), and Cop one 
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TABLE IV. Branching ratios for pion production in n—/ interactions. 


Reaction N+N;,* 
(pp—) 1/6 

(pn0) 2/3 

(nn-+-) 1/6 

G 40,;(N+N,*) 


(ppO0—) 
(pn ) 


(1/45) + (1/9) ko 
(41/45) + (5/9) ky 
bn0O) (2/45) + (2/9) ko 
(nn+0) (1/45) + (1/9) ko 


a $01(2N,*) 


p Pp + 7 

p p0O — ) 

pn+0—) 
(pn000) 
a.) 
(nn +00) 
0 


pp+O0 

(Pp pO0OO — ) 
pn-+ + “J 
bn +-00 — ) 
pnOO000) 
nn+-+0- 
nn +-000) 


obtains from Eq. (156), [with o1/(o1+¢2) =0.900}: 


Par (Q)=0.786P en 1+0.114P,y 


+0.100Pyx2. (158) 


The Q-value distribution for the n—z* pair is 
obtained from Eq. (158) by merely interchanging 
Pexja® with Prva". Thus we find 


Paet(Q)=0.114P ny 1° +0.786P ey 1° 


+0.100P,7 94 " (159) 


For the +—7z~ pair, we obtain from Eq. (149): 


P,*,-(Q)=0.900P -x,:+0.100P x¢,2. (160) 


Similarly, one obtains for the Q-value distribution of 
the w-—7° pair from reaction (II), with £;=0.659: 


P,-2(Q)=0.659P.2,1+0.341P 24,2. (161) 


Here the value £;=0.659 is obtained from the cross 
11) = 3.705 mb, oo =1.915 mb, o@! 
mb [see Eq. (127) ], so that £:=3.705/5.62=0.659. The 
distribution (161) is quite flat in the region of Q from 
~ 200 to 500 Mev (see Fig. 15). On the other hand, if 
there should be a strong 77m interaction, with a large 
cross section ¢,, which passes through a resonance in 
the region of 0,500 Mev, we would expect that the 
distribution P,-,°(V) for reaction (II) will be strongly 
peaked near the value of Q which corresponds to the 
resonance of ors. 


sections a =S.62 


Such an effect seems to have been 
observed by Pickup et al.* in the analysis of their 


experiment with 0.96-Bev 2~ mesons. As was pointed 


out above, the effect of a possible pion-pion interaction” 
has not been included in the present work. Of course, it 


(1/9)C, 
(5/9) (1+41) 
(2/9) (1+) 
(1/9)C 
to1,a(N+N.* 


N+WN2* 


(1/3)C, 
(1/3) (1+) 
(1/3)C 
$o1,.(N+N2*) 


ne Unb bo ul 


ve — Ul te te 
pe ak ‘ 


+o, 9(2N2*) ] 


would be possible to introduce an effective pion-pion 
final-state interaction and to determine quantitatively 
how it would modify the result of Eq. (161). 


VI. BRANCHING RATIOS FOR PION PRODUCTION 
IN. NUCLEON-NUCLEON COLLISIONS 


We have obtained the branching ratios for pion 
production in p—p and n—? collisions, using the fol- 
lowing processes : 


pt+.\ V+, (a) 


p+N—2N (b) 
p+N (c) 
p+N 

p+nv *. (e) 


The reactions (a) and (b) have been previously inves- 
tigated in I. When .V;* is produced, we consider the 
possibility that it may decay into .V,* or directly into 
a nucleon, 1.e., 
decays. 

The resulting branching ratios for p— pp interactions 
are given in Table III; those for n—> interactions are 
given in Table IV. Each table is divided into four parts, 
corresponding to production of one, two, three, or 
four pions. At the end of each part, we give the ex- 
pression for the cross section &¢ by which the branching 
ratios listed above ¢ must be multiplied in order to 
obtain the corresponding partial cross sections for the 
reactions considered. As an example, the cross section 


we include both one-pion and two-pion 
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(pp+—) for the reaction 
ptp— NF+N 

i(V+.V.2*). The notation used for the & is 
Taking o;,4(.V+.¥2*) as an example, the 
parenthesis indicates the final state involved in the 
primary reaction [ (a)—(e the first subscript of ¢ 
gives the isotopic spin 7 of the system (=1) and the 
d) indicates the total number of 
pions produced: s for single, d=double, /=triple, 
y= quadruple. Thus o;,a(.V+.V2*) is the cross section 
for producing .V+.V.* in the ate T=1, with sub- 
sequent decay of .V,* into 2 pions [Eq. (9b) ]. For 
V+.Vi* and 2',*, where the number of pions is 
or d is omitted. 


+ Pia TF, 


is (5 9 0} 


as follow Ss. 


second subsc ript 


* 


unambiguous the subscript 
We note that the produc 
could be treated 


tion of a maximum of 8 pions 
within the framework of the present 
can the 
subsequent decay of each 


extended isobar model. Thus we consider 
reaction: V+.V — 2%,*, with 
No* as follows: 


> NV+4r. 


n—p have 


For the n—{ 


interactions 
introduced the iti 


Table IV), we 


, and C_, which are 


’ , 
quantities & L 
jJUaNLILIE v0, Al, 


defined as follows: 


162) 


(163) 
(164) 
tween the matrix elements 
V+.\V.* in the 7=0 and 


1 that for n—D interactions 


noted 
x \ * 


so th it 


reaction 

tates. It may be 
the reaction can 
the branching 
uio &;. For the pion pro- 
which proceeds via 2.V,* 
cross sections are pro- 

*)]. We remark th: 

in | see Eqs. 62 
terms in cos¢ 


that 


which 
int ,a he interference between 
T=0 and 7 ibutions. 

The calculation of the v 
straightforward. We sha 
only for one case as an example, namely, the production 
[ interactions, via .V+ \.*. The 
V+.V.* in the T=1 and T=0 states 


given by: 


irious branching ratios is 
| therefore give the derivation 


of two pions in n—p 
wave functions 
1 Q) are 

(165) 


(166) 


WT is the wave function 
and Xr, is the 


relative probability of the various possible final states 


where 


he unexcited nuc leon, 


wave function of the .V.* isobar. The 


AND S. 


LINDENBAUM 


is obtained from the following expression for | ¥ 


Wi final) |2— | wT wv (T=0) 


-+-32C_w ir 


1)+k,) exp(i¢ 


ICiw \ (167) 


For the decay of ..* into .V,* 
equivalent to the expressions (21) 
v7, (wave function of .V;*) and yr 
decay pion). Thus for \,°, we may write 
Ay= 6¥ Port gypPrert yy Y 
= 6 (Su_rxyt fucx_y)or? 
+3 (Gmorxy + gurx 


A; and A_y are 


and (22 


tx, 
involving 


wave function of 


(168) 


and XT 25 
. Here ur, and x7: represent 
the pion and nucleon, respectively, from the decay of 
\,*. From (168), one finds that A: is « juivalent 


where the last expression, in terms of pz 


follows from Eqs. (23)—(25 


A? (5 )(gt+— +.(7/9 p0O)+ (2/9) (n+0 (169 


169 , one obtains 


By applying charge symmetry to 
the following expression for A 


Y= (5 


9) (n+ — )+ (2/9) (pO— )+ (2/9) (n00). (170 


Upon inserting (169) and 167). one 
obtains the result: 


witu l 2=C,] (5 18)( pn 
+ §(pn00) J+C_[ (5 
+ §(pn00)+3 171) 
Hence the relative probabilities of the possible two pion 
final states are 
P(pn+— 
P(pn00 
P(ppo— 
P(nn0+ 
The sum of the above quantiti 
1+, [oy i(.Vo*¥+.\V)+o 


Thus the branching ratios P must 


) in order 


multiplied by 


6 O14 i(.V+.V2* to obtain the corresponding 


partial cross sections for pion production (see Table IV). 


VII. GENERAL EQUATIONS FOR PION PRODUCTION 
IN NUCLEON-NUCLEON COLLISIONS 


The energy spectra for the pions and nucleons from 
nucleon-nucleon collisions can be ex terms 
of certain such as » fea, 
Ty,;‘4) which pertain to a pion or nucleon from a 


particular transition between definite 


basic spectra 


isobaric states. 
These basic spectra J, 
and J, 
(Sec. IT). 

In this section, we will 


spectra are analogous to the 


to pion nucleon interactions 


pertaining 


give the expre ions for the 
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pion and nucleon energy spectra for all reactions arising 
from p—p and n—p collisions, which lead to production 
of one or two pions, using the processes (a), (b), (c), 
and (d) defined above in Sec. VI. The basic spectra are 
lefined in the following manner. For the c.m. energy 
spectra from reactions (a) and (b) previously inves- 
tigated in I, the notation is as follows: 

V+N = N(In,2)+N1*, (al) 
N;* : i | : (a2) 


V+N 
\,*- 


(b1) 


N (Iya) +ar(¢.)- (b2) 


Here and in the following, the expression in parentheses 
after .V or x denotes the center-of-mass energy spectrum 
of the corresponding nucleon or pion. Thus Jy 2 pertains 
to the recoil nucleon from reaction (a), while 7y.; and 
/,.. pertain to the decay nucleon and the decay pion 
involved in this single-pion production process. Simi- 
larly, 7y,¢ and J,,4 are the spectra of the decay nucleon 
and pion from .V,* in the double-pion production reac- 
tion (b). 

For the reaction (c), in which either one or two pions 
can be produced, we employ the following notation: 


Vo*¥+ V(Iy,3*), (c1) 
N (In a4) +2(1 5,44); 
Vi*+7(1,,54), 

VU 


v.e')-+ w(l,6"). 


Thus, /y,;' is the spectrum of the recoil nucleon from 
reaction (c). 7,,44 and Jy,4* pertain to the direct tran- 
sition .V.* \V+- which gives single-pion production. 
On the other hand, /J,,54, 7,64, and Jy..4 correspond 
to the double-pion production via .V*. The superscript 
1 is used here for J,.44, 7,.54, and /,.64, in order to 
distinguish these spectra from the pion spectra /,,4, 
I ,,5, and /,,, previously defined in Sec. I, which pertain 
to pion-nucleon interactions. The same superscript A 
is also used for the nucleon spectra from reaction (( 
for consistency of notation. 


For the reaction (d), the notation is as follows: 
(d1) 


(d2) 


VEN." 
V(Iy 1?) t r(I,,1°), 


to(I,.4"), 


Vly ,B) (d3) 
\\" t+ar(/, 5”); 


Vix 52) T r(I,.6®). 


(d4) 
(d5) 


Ty .® and J,,:8 pertain to the decay of the isobar .V,* 
which is formed in the primary reaction (d1). The other 
spectra: Iy.48, I,48, Ie.58, Iv.¢?, and J,,6% are com- 
pletely analogous to the corresponding spectra (with 
the same subscripts) from reaction (c). These five 
spectra pertain to the two modes of decay of the .V." 
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formed in the reaction (d). When .V2* decays according 
to (d3), altogether two pions are produc ed, whereas the 
decays (d4)-(d5) correspond to production of a total 
of three pions in the reaction (d1). 

We note that [with the exception of reaction (a2) ], 
the same ‘numerical subscript is used for the decay 
nucleon and the decay pion originating from a given 
isobar [e.g., Ty.44 and /,.44 for reaction (c2) ]. All of 
the pion and nucleon energy spectra J are assumed to 
be normalized to 1 [Cf. Eq. (102) ]. 

For the sake of simplicity of the resulting expressions 
for the energy spectra, we will use the following nota- 
tion, o;, for the various cross sections é appearing in 


Tables II and IV: 
(177) 
(178) 
(179) 
(180) 
(181) 
71 a(2N*). (182) 


Or ( 


In labeling the energy spectra (do dT y) and (do/dT,), 
we will use a superscript to denote the 
final state involved. Here, (p1), (p2), ---(p6) refer to 
the reactions from p—? collisions, in the order in which 
they are listed in Table III. Thus (1) denotes the final 
State (pu (p2) denotes (pp0), and (p6 
(nn- Similarly, (71), (m2), ---(n7 


(p7) or (i } 


stands for 
refer to the 
reactions from n— p collisions, as given in Table IV. As 
an example, (74) represents the fourth reaction listed 
in Table IV, which gives rise to: p+p+2°+2-. This 
notation will be shown explicitly for each reaction 
below. 

The derivation of the equations for the energy spectra 
is straightforward, and will not be given here. We note 
that the contribution to the final state considered from 
a particular basic reaction [(a), (b), (c), or (d)] is 
obtained from equations similar to Eqs. (167) and (168) 
which apply to the particular case: n+p — Vo*¥+N > 
2NV+2n. In these equations, the nucleons represented 
by the wave functions w 
Ty 34 in*, 
sented by VT and KT 


r, and yr. have energy spectra 


and respectively, while the pions repre- 


have the spectra /,,54 and J,,64, 
respectively. 

The following expressions for the spectra are nor- 
malized to nyo or n,0, where a is the total cross section 
for the reaction involved, and 7, 7, are the numbers of 
nucleons or pions of the charge state considered which 
arise from the reaction. As an example 
(p3): pt+p— ptptatt+e the 
(do aT x F (Pp) [ 
whereas the * and 7 (da /dT ,)® (r+) [ Eqs. 
(189), (190) . This normalization 
is the same as was used for the pion and nucleon spectra 


from r*—> collisions [ Eqs (35)—(48); 


for the reaction 
proton spectrum 


<q. (188) ] is normalized to 20%), 


spec tra 
are normalized to a 


(55)-(63) ]. 
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We will first give the results for the spectra from p—p (3) For 
interactions. For the reaction 


ee + da \ ‘?® 26 2 
pt+p pt+nt+r, (pl) (= ) (p)=—ool vy at-oal y,34 
dT y 45 9 
(do dT x)" (p) 1 
— §01(0.97 y i+0.17 \ 2)+3e3l x oe" (183) os! x 12 + ost Nx 42. (193) 


36 


p+p— ptntat+n’: 


we obtain 


(do dT x) PL) (p72) 
= $6,(0.17 y1.+0.97 v2) +3osln,44, (184) ( do yr ' : 
n)= 


= —— ool nat oul ny .¢* 
(do/dT,) (a+) = S01] e,2t+ Fol x44, (185) dT y 


where, as before (Sec. II), the parenthesis after 13 
(do/dT)” indicates the particle considered (proton, osly1°+—oel ys”, 
neutron, or r+). The cross sections a; and o; are defined 36 

by Eqs. (177) and (179). 


For the reaction 


ptp— pt+ptr’, 


we find 

do/dT x)’ (p)=$o1(In 1 +I y,2) 
+463;(Iy34+Iy,44), (186) 

(do/dT,)' (x) = foil est heal x4. (187) 


Similarly, for the reactions p+p—2N+22, we 
obtain: 
{ 1 } For 
P+P— P+Pta +2: (p3) 
(da dT x) ps (Pp) 
vat (5/9)o4(Iy 34+] ,64) 


/ 


(198 


+4o05(Iy 12+ y,48), (188) ( de 


dT, 
at (5/9 o4(0.17, 54+0.9/,,64 
a 419.7, 8, (189) _ The combined proton spectrum from all p—p reac- 
(da/dT ,)‘™ (x7) . ‘ tions (p1—p6) is obtained by adding Eqs. (183), (186), 
(188), (191), and (193). The result is given by 
= bool, at (5/9)o4(0.97,,54+0.17,,64) 


. do \ 11 
- +o] ,,45. (190) (— ) (p) >= —oyly 1+ -o1l yn 24 
(2 For dT x ) } 


pP+p— ptptrt+n: (p4) 


wis 16 2 
—= gel n at o4(Iy t+], a) 
45 9 


1 - x ‘ ,84 Or ‘ ‘ - (199 
o5(In..8+Iy,48), (191) 5A N41 v4 


We note that the term corresponding to the recoil 

s4+-1 64) spectrum pertaining to the 7=} resonances (.Vo,.* and 

N2o*) is (a3+04)ly.34, so that the possibility of ob 

serving these resonances will depe nd on the value of 

+—o;(I, 2+], 48). (192) (o3+04)/otora” (p), where ctota'”’(p) is the cross 
18 section pertaining to the total outgoing proton flux, 
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which is given by 


Tym 7 da \°) _ 
Ftotai” (p) J (= ) (p)dT , 
0 ( N 


7 4 16 3 
=-—0,+-—(o¢2+03)+—oyt-o5. (200) 
6 3 9 Fs 


The total sections o?/) for the reactions 
(p1)-(p6) will be given here for convenience. These 
cross sections can be obtained directly from Table III: 


.—" (201) 
ET 1+ 473, 
boot (5/9)o4+4o5, 
= (8/45)o2+(2/9)o4+ (1/18) 05+ a6, 
P5) = (26/45)o2+ (2/9)o4+(7/18)05+ (4/9)o6, 
g (P6 (2/45)o0+ (1/18)o05+ (4/9)oc. 


Cross 


(202) 
(203) 
(204) 
(205) 
(206) 

We note that the pion production via 2.V2* (which 
is proportional to og) has not been included in the 
expressions for the energy spectra [Eqs. (183)—(200) ]. 
The effective threshold for the reaction p+p — 2N\,* is 
rs ine 3.6 Bev. 

We will now give the corresponding expressions for 
the spectra from n-p collisions. For the 


n+p— 2N-+ fn, we obtain: (1) For the reaction 


n+p— p+ptr, 


reactions 


(n1) 


a 1 
( + by oat at 
45 9 1 
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the spectra of protons and w mesons are given by 


(da dT x) nl (p)= foi(In 1 +], 2) 


+2Ci03(1n A+] y 4“), (207) 


(do dT ,) mh) (a) =z501l. t £C,031 5 ,4, (208) 


where the constant C, is defined by Eq. (164). (2) For 
the reaction 
(n2) 


we find 


(do dT x) = 


= $o1(1y itl y,2) 


+7xCyoaly o+ iC o3l v4", 


(209) 


(do dT x) toi(I itIy 2) 


o3l ny 34+qeCyo3In 44, (210) 


+7's¢ 
(do/dT ,)" =4ol, th(1 thos! x44. 
(3) For 

+ P— NTE 5 
= jsoi(Ty it Tx 


+ LC oO (Ty 


(da dT x) ms) 9g) 


'4+7y 44), 


(da dT,) ~~) jou. tT 1C o3l 44. 


For the reactions n+p "+27, we find: 


(1) For 


n+p— pti tr, (n4) 


the spectra of protons, 7, and m~ mesons are given by 


5 


34+ ,64) o5(Iy 12+In.48), 
> 


1 1 
( + by sl et C04(1 5,5 
18 a 


—iiadls 


36 


_oal yg" T 


(216) 


o5(In 1? +I y.48), 
18 


(218) 


(219) 
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Arp prntrr +7: 
I 


1 1 1 
k eats int Cas] x ‘ = c.. oal yg‘ o;(1n.,8+ Ty 7), 
9 18 18 18 


1 
Cyo4l v.64 +—o;([n 127+] y.47), 
; 18 
1 


~—og( 121° +1 2,4"). 
9 


5 


1 1 
by Jou. C_o4(1y 34+] ,64)-44 
Q 18 2 
da 1 
5 (<7 


do 1 
(] (—. 


209 : 214 ; 217 > and 221 


ye 


, one obtains for the combined proton spectrum f 


C, 
18 
The partia e recoil spectrum pertaining to the 7=4 resonances is 


be compared 1 Cross SeECtiON Ototai'"’ (Pp) pertaining to the tota 


given by 


0 
230 


231 
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VIII. CALCULATION OF THE PION AND NUCLEON 
SPECTRA FROM NUCLEON-NUCLEON 
INTERACTIONS 


The center-of-mass energy spectra of the pions and 
nucleons from reactions (a) and (b) (see Sec. VI) have 
been previously obtained in I for incident nucleon 
energies 7'y jne=0.8, 1.5, 2.3, and 3.0 Bev. The effective 
threshold for reaction (c) is ~1.6 Bev, while that for 
reaction (d) is ~2.6 Bev. As explained in Sec. I, these 
threshold values were obtained by using isobar masses 
m(N,*)=1.3 Bev and m(.V.*)=1.6 Bev, which exceed 
by a small amount (~80 Mev) the masses pertaining 
to the maxima of the corresponding cross sections o; 
In the present work, we have obtained the 
energy spectra for reaction (c) at Ty, ine=2.3 and 3.0 
Bev, and for reaction (d) at 3.0 Bev. 

We will first discuss the calculations for the reaction 
(c). The spectrum / 3+ is obtained in the same manner 
as the spectrum J,,3 for r—.V interactions [Eqs. (75) 
(78) In fact, the equation for Tx 
similar to Eq. (75) for J,,3. We have 


and o:. 


is completely 


'(T'y) = K340; (mz) (dme dT y)F, (237) 
where K;4 is a normalization factor, and F is the two- 
body phase space factor for \.*+.V, for the total 
energy E in the center-of-mass system. As compared to 
Eq. (75), a factor iy is missing, corresponding to the 
fact that /y,34 gives the nucleon energy spectrum, 
while J,,3 gives the momentum distribution of the 
recoil pions [see Eqs. (100), (101) . 

In view of Eq. (237), the spectrum /y,3* will essen- 
tially reproduce the 7=43 cross section o;(m2) with 
the two maxima at m.=1.51 and 1.68 Bev, provided 
that the incident energy is high enough so that both 
the Vo,* and .V2,* isobaric states can be excited. This 
is the case for Tw ine2 2 Bev. Figures 17 and 18 show 
the various spectra at Ty 2.3 and 3.0 Bev, respec- 
tively. The maxima of Jy,;4 at Ty=120 and 210 Mev 
for Ty.ine=2.3 Bev, and at 260 and 340 Mev for 
Ty ine=3.0 Bev correspond directly to the N2.* and 
\»,* isobars. It would obviously be of great interest to 
verify experimentally the presence of the two peaks in 
the spectrum J y 34. However, the question as to whether 
the two maxima will be distinguishable from the 
background due to the other components (Jy 1, Js 
Iya, Inv a4, In 64) will depend on the value of the 
cross section o;(.Vo*+..V) in relation to o,(.Vi*+A 
o\(2N,*), and o;(.\,*+.V.*) for the case of p—p col- 
Here, o;(.V.*+.\) is the sum of o1,,(.V2*+.V) 
and o;,4(.Vo*+.V) as used in Table III. [In the notation 
of Eqs. (177)-(182), we have: o1(.Vo*+.V)=o3 
In the case that all recoil protons are observed (as in a 


lisions. 
+04. 


counter experiment), the spectrum is given by Eq. 


(199), and the relevant quantity which measures the 


rel 4 is the ratio o1(.V.*+.V) 


(p) is given by Eq. (200). 


itive strength of Jy 


tote (p), where ototat 


In Figs. 17 and 18, it may be noted that near the 


ISOBARIC DJ 


LON MODEL 





0.1 0.2 0.3 


NUCLEON CMS. ENERGY Ty (IN Bev) 


from 
energy 


nucleons 
nucleon 


spectra of 


incident 


Center-of-mass energy 
interactions at an 


Fic 17 
nucleon-nucleon 
TN. inc=2.3 Bev 


maximum nucleon energy 7’y max, the spectrum Jy,34 


is almost constant with energy (for 7’y0.32-0.41 Bev 
at Ty ine= 2.3 Bev, and for Ty 0.45-0.53 Bev at 3.0 
Bev). This part of the energy distribution Jy,34 cor- 
responds to the formation of isobars .V2* with low mass 
values m, in the range from 1.08 to ~ 1.30 Bev, which 
pertain to the low-energy 7= 4 cross section o;. As has 
been extensively dis ussed in Sec. III, the low-energy 
a, iS approximately energy-independent mb), 
which accounts for the fact that /v,34 is nearly constant 
at the high-energy end of the spectrum. We note that 
the phase space factor F which also enters into Eq. 
(237) increases only very slightly with increasing 


(~ / 


nucleon energy 7'y in this region. The high-energy part 
of Jy,34 is essentially analogous to the high-energy 
maximum of the recoil pion spectrum J,,3 for r—N 
(see Figs. 2-4). From Figs. 17 and 18, it 


high-energy region of constant Jy 34 


interactions 
is seen that the 
becomes relatively less important with increasing in- 
cident energy Ty inc, in similarity to the corresponding 
behavior of the maxima of J,.3. 

The Ty * can be 


spectrum compared with Jy,2, 


nucleons from 
nucleon energy 


ic. 18. Center-of-mass rgy spectra of 
nucleon-nucleon 


Ty 3.0 Bev 


interactions incident 
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Fic. 19. Center-of-mass energy spectra of pions from nucleon 
nucleon interactions at 


Bev 


an incident nucleon energy Ty, ine=2.3 


n - 


which pertains to the recoil nucleons from reaction (a). 
Figures 17 and 18 show the spectra Jy 2 for Ty, ine= 2.3 
and 3.0 Bev. The maximum of Jy 2 is at Ty=350 Mev 
for 2.3 Bev, and 470 Mev for 3.0 Bev. These maxima 
are at higher energies than those of Jy X . 
to the lower mass of the .V,* isobar (m;=1.23 Bev). 
The nuclear spectra Jy, and Jy. have been pre- 
viously obtained in I. However, these nucleon spectra, 
and also the pion spectrum /,,,, were recalculated in 
the present work for each energy (2.3 and 3.0 Bev), 
using a slightly different procedure than that employed 
in I. The modification consists in including all kine- 
matically possible isobar mass values m; up to the 
maximum, mr max=E—my, instead of using a cutoff 
at M,=my+m,+0.5 Bev= 1.578 Bev for the maximum 
isobar mass, as was done in I. The present procedure 
concerning my max for Jy ;, Jy.2, and J,., is the same 
as was used in the present work for the pion spectra 


, corresponding 


J,, and J,» from r—.NV interactions [see the discussion 
after Eq. (90) | We note that the present spectrum 
I y 2 extends to zero energy, Ty=0, (see Figs. 17 and 
18), whereas in the calculation of I, Ty .2 Was zero below 
T .~175 Mev for Ty 2.3 Bev, as a result of the use 
of the cutoff M, (see Fig. 8 of I). However, as is shown 
by Fig. 17, the present revised Jy.2 is quite small 
~200 Mev, as a result of the smallness of the 
x*—p cross section oy in the appropriate energy range 

T -= 700-1200 Mev), relative to its maximum at 180 
Mev. 

We note that the nucleon spectra Jy,4 and the pion 
spectra 7,4 from reaction (b) were not recalculated 
with the higher value of my) inmx=E—my—m,. It is 
believed that since these spectra pertain to the forma- 
tion of two isobars: V+ 
between M, 


maximum m 


be 1OW 


» 2.\,*, the region of isobar 

Bev and the kinematic 
will be less important. This value of 
M1 max iS Smaller by one pion mass (m,) than the value 
Of Mrmax for V+N—ONyF+N, Thus my max for 
V+V — 2.\,* equals 1.721 Bev for Ty ine=2.3 Bev, 
and 1.946 Bev for Ty. 3.0 Bev. 


masses 1.58 
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The spectrum /y44 of the decay nucleons from 
No* — N-+m_ is obtained in the same manner as the 
spectrum /,,4 for r—.V collisions [see Eqs. (79)—(81) ]. 
As is expected from the large mass difference of V2* 
and .V, the maximum of /y 44 occurs at relatively high 
c.m. energies (T'y“=270 Mev at 2.3 Bev, Ty™ 
Mev at 3.0 Bev). 

The spectrum Jy ,¢* pertains to the nucleon from the 
double transition, Eq. (9b). The corresponding spectra 
for the two emitted pions are denoted by /,,;4 and 
I,,.‘. In order to simplify the calculation of these 
spectra, we have assumed that the \,* 
with a single mass, m,=1.225 Bev, corresponding to 
the center of the 7= 3 resonance (7,=180 Mev). It is 
expected that no appreciable error is introduced by this 
procedure, since the maximum isobar mass my, 
1.861 Bev at Ty inc 


375 


is produced 


ax IS 


2.3 Bev, and 2.086 Bev at 3.0 Bev, 


‘so that we are considerably above threshold for the 


two-pion decay of .V.* at both energies. The situation 
is thus similar to that for 2.0-Bev incident pions 
(mr max= 2.077 Bev), where we have also used a single 
mass m, for .V,* (see discussion of Fig. 4 in Sec. III). 

the mass difference 
147 Mev, the maximum of the Jy 54 
distributions occurs at a low c.m. energy (T'y"=60 Mev 
at 2.3 Bev, and 100 Mev at 3.0 Bev). However, these 
spectra have a long high-energy tail (extending up to 
T y=470 Mev for Ty 3.0 Bev), presumably because 
of the effect of the relatively large maximum kinetic 


As expected because of small 


m,— (my+m,) 


energy of .V,* in the c.m. system. In connection with 
the two-pion decay of .V.* f 


, we note that the average of 
the probability e(m.) as obtained from Eq 
e(mz))=0.239 at T 2.3 Bev, and 0.273 at 3.0 Bev. 
The pion spectra from nucleon-nucleon collisions are 
shown in Figs. 19 and 20 for Ty 2.3 and 3.0 Bev, 
respectively. The spectra /,,, and J, pertain to the 
i's processes (a) and (b), and have been pre viously 
obtained in I. As mentioned above, the spectrum /, 
(pions from the decay .V,;*— \V +7) has been recalculated 
in the present work, using the kinematic upper limit 
Mr max=E—my for the masses my, 
instead of the cutoff M,=1.578 Bev employed in I. 
Figures 19 and 20 show that the resulting spectra /,,, 
have an appreciable high-energy tail 


(85) iS: 


range of isobar 


, especially at 3.0 
Bev, which was not present in the previous work (see 
Fig. 3). This tail arises directly from the decay of isobars 
with large mass values m; between ~1.5 
Mr.max (Mr.ma.—= 1.861 Bev at and 2.086 Bev 
at 3.0 Bev). It would be of interest to verify experi 
mentally whether this high-energy tail for the single- 
pion production via .V;* is indeed present. However, an 
experimental check is made difficult by the probable 
presence of the reaction ae a) acme V.*+.V, which tends 
to give predominantly high-energy pions (spectrum 
I e.4"). Perhaps use could be made of the somewhat 
different branching ratios in order to establish the 
relative magnitude of o)(.V,*+.V) and o;,,(.V2*+.\). 
Thus the ratio of the (pn+) to (pp0) final states in 


Bev and 


2.3 Bev, 
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p—>? collisions is 5/1 for the reaction via V,*+.V and 
2/1 for V2*+ NV (see Table IIT). 

The spectrum /,,44 pertains to the decay V.* —> 
N+. This spectrum is obtained in the same manner 
as Iy.44 (for N—N collisions) or J,,4 for r—N inter- 
actions [Eqs. (79)—(81) ]. As expected from the large 
mass difference of V.* and .V, the maximum of /,.44 
occurs at a relatively large energy in the c.m. system 
(7, =440 Mev at 2.3 Bev, T= 520 Mev at 3.0 Bev). 

Concerning the spectra /,,54 and J,,64 pertaining to 
the two-pion decay of \V.*, we note that in order to 
simplify the calculations, the assumption was made (as 
for Jy ,64) that the .V,;* has a single mass m,= 1.225 Bev, 
corresponding to the center of the T=3 
This assumption does not introduce any significant 
inaccuracies for J,,54, but for 7,,¢4 (decay pions from 
NV,* — N-+7), it was found that the spectrum would be 
zero for T,<30 Mev, which is directly attributable to 
the use of a single mass value m, for V,*. Actually the 
pions of very small energies (0<7,<50 Mev) will arise 
mainly from .\,* isobars having low mass values, in the 
range 1.078<m,<1.15 Bev, where 1.078 Bev=my+m,. 
Since these isobars are produced in the actual decay of 
V.* (although with relatively small probability), we 
have modified the spectrum /,,.4 between T,=0 and 
the energy of the maximum of J,,¢4 (7,“=120 Mev), 
so as to obtain a non-zero intensity in this region. This 
modification amounts to only 5-10% of the total area 
under the /,,¢4 spectrum. For the other spectra from 
the two-pion decay of .V.*, 7,54 and Jy,.4, no modi- 
fication was made. As expected because of the small 
difference m;— (my+m,)=147 Mev, the maximum of 
I,.64 occurs at a low c.m. energy (7,“~120 Mev). 
The maximum pion energy 7,» is 310 Mev for 
Ty 2.3 Bev, and 370 Mev for 3.0 Bev. The spectrum 
T,,54 occupies an intermediate energy region between 
I,.44 and I,.¢4. 

In order to obtain the spectra pertaining to reaction 
(d) at 3.0 Bev: V+N — N,*+.\V.*, we have again 
made the simplifying assumption of replacing the mass 
distribution of .V,* by a single mass value m,=1.225 
Bev. This assumption is made, in particular, for the 
isobar .V,* produced in the primary reaction (d1). The 
resulting spectra will necessarily be somewhat 
accurate than for reactions 
(a)-(c), but it is believed that at least the qualitative 
features will be obtained correctly. Since the wide mass 


resonance. 


less 


those obtained above 


distribution of .V,* was correctly taken into account, 
and in view of the smearing-out effect of the motion 
of the decay nucleon and pion in the .V,;* and .V3* rest 
systems, it is believed that no large errors are introduced 
by the use of a single mass value for V,*, both in the 


x 


primary reaction and for the .V;* involved in the two- 
pion decay of V2*. 

The calculation of the decay spectra Jy. and /,,.8 
is similar to that of Jy.44 and J, 44 for V—N collisions, 
or J,,4 for r—N collisions. Thus, for each mass mye of 
the V.* isobar, there is a single velocity #, of V,*, and 


“LEON MODEI 


Fic. 20. Center-of-mass: energy spectra of pions from nucleon- 


nucleon interactions at an incident nucleon energy Tw. inc=3.0 


Bev. 


hence a step-function distribution for the energy 
spectrum of either the decay nucleon or the decay pion 
from \,*. The complete spectrum /y,,8 or J,,:% is 
obtained by adding all such step functions pertaining 
to different. m2; with the appropriate weighting factors 
a;(m2;)F;. The calculation of the spectra Iy,48, I,,48, 
T,.58, Iv.68, and J,,.8 is completely analogous to that 
of the corresponding spectra Jy 44, J,,44, -IT,.64 for 
reaction (c), except that in the kinematics the mass of 
the recoil nucleon is replaced by the mass of the .V,* 
1.225 Bev. 

The resulting spectra for reaction (d) at 3.0 Bev are 


2 
quite similar to those for reaction (c) at 2.3 Bev. The 
this paper, 


isobar, m, 


spectra for reaction (d) are not shown in 


but we will give the following characteristics. For each 
spectrum, we list the energy 7," or Ty” at which the 
distribution has its maximum intensity, and also the 
maximum energy of the pion or nucleon, Ty,» or Tym 


(above which /=0). For the pion spectra, one finds: 
for [,,:2: T.M=125 Mev; T,,,=370 Mev; for I7,4?: 
420 and 600 Mev; for /,,;2: 230 and 380 Mev; for 
T,.6%: 125 and 310 Mev. For the nucleon spectra, one 
obtains: for Jy 1:2: Ty“=100 Mev, T'y,m=470 Mev; 
for] y 42: 270 and 410 Mev; for Jy 62: 65 and 345 Mev. 

By comparing these results with Figs. 17 and 19, it 
noted that with the exception of 2 and 
Ty ,8 which have no equivalent for reaction (c), the 
other (d) reaction spectra have closely the same 
characteristics (T,", Trim, Tv", Tm) as the corre- 
sponding spectra for reaction (c) at 2.3 Bev; e.g., for 
I,,44 at 2.3 Bev: T,“=440 Mev, 7,,n=630 Mev, as 
compared to 420 and 600 Mev for /,,42 at 3.0 Bev. 
Presumably, the extra energy AE in the center-of-mass 
system which results from the increase of Ty ine from 
2.3 to 3.0 Bev (AE=225 Mev) is essentially used in 
producing the .V,* isobar (as compared to a recoil 
nucleon), so that the spectra resulting from the decay 
of .* are generally similar for reaction (c) at 2.3 Bev 
and reaction (d) at 3.0 Bev. 


may be 
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IX. PION PRODUCTION IN ANTINUCLEON- 
NUCLEON INTERACTIONS 


For the processes of pion production in antinucleon- 
nucleon collisions which do not result in annihilation, 
we may assume that two anti-isobars N,* 
(a=1 or 2) are formed, with subsequent decay of N.* 
into an antinucleon N and one or several pions. N. 
defined as the antiparticle of the isobar .V,*. From 
charge conjugation invariance, the basic energy spectra, 
Q-value distributions, and angular correlations will be 
the same as for pion production in nucleon-nucleon 
collisions (for the same incident energy). The exact 
prescription for treating these interactions can be 
obtained from the formulas developed in I and in the 
present paper. One should note here that the fact that 
the isobar model seems to work rather well for nucleon- 


one or 


¥ is 


nucleon meson-producing interactions does not neces- 
sarily imply that it will work equally well for anti- 
nucleon-nucleon nonannihilation meson-producing in- 
teractions. These interactions are basically very differ- 
ent in one important respect. 

Since the isobar lifetime is not much larger than the 
range of interaction, there are possible corrections in 
the nucleon-nucleon case due to the interaction between 
the various final-state particles including the nucleon- 
nucleon pair. However, the agreement of the experi- 


ments with the basic predictions of the model in the 
nucleon-nucleon case implies that these corrections are 
not very important. 

However, in the antinucleon-nucleon case, the strong 
annihilation interaction may have a more important 
effect. Furthermore, the availability of the 1.88-Bev 
annihilation energy may enhance virtual off-the-energy 
shell processes which are neglected in the present isobar 
model. 

Nevertheless, one can hope that the present model 
will still describe the dominant features, since the non- 
annihilation meson-producing interactions are probably 
due to peripheral collisions for which the N—.V inter- 
action is expected to be considerably less strong than 
for close collisions. 

We will first consider p—p interactions, and we will 
assume 


that the incident antiproton energy is suffi- 

(1551.5 Bev), so that only’ the isobaric 
* and N 
} 


el, two single-pion production reactions 


ciently low 
states .V, 


1 i* need to be considered. According to 
the present model 
are possible ; 


(238 
239) 


These two reactions h equal cross sections, from 
charge conjugation invariance. We note that although 
the initial state j+ ) consists of an equal mixture of 
7 1 and 7 0 states, only the 7 1 part contributes 
to the rea result of the 
isotopic spin 1 ; of \, 


* and N;,,*. 
The final state wave function ¥;_, 


LCs 
tions (238) and (239), as a 


can be written 
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as follows: 


vit-1—3¥ 


— ~—s 1 
V5 p - . 17) 2 


2 movin (240) 


where 7, and fr, are the wave functions of \V,* and N, 

respectively, from (238), while y: 

wave functions of N,* and _.V, respectively, 
From Eqs. (24) and (25), it is seen that the 

and y_;’ are equivalent to 


and N71 are the 
from (239), 


states ¥ 


> 


yr 4 (pO) 
v~=43(p 


Similarly, Y,;? and y_;? lead to 


(241) 


> 2 1 
3 nv + 3 p 


j 2 

3 

+ 4(p0). 

(240)- (244), 
? is given by 


12 ("rpa—)+¢ 


+ f3(p nN 


From 


V5 p 


Eqs. probability density 


) 


V5 . l , 


+ ( 
6 


where the subs« ript d or r indicates 
N) arises from the de« ay of .V,* (or 
is a recoil partic le. 

In view of Eq. (245 
four possible final states are as foll 


the relative 


ows: 


I (pp0)= § (ppl 


TI (rind (7 nA) 
I (np 
I (pn+ 


The branching ratios for the various final sta 
P(pp0 P (rind 1. P(vp 


The corresponding total cross sect 
rt | total 


follows: 


reactions are given by:a1(N 
is the cross section for the 
in the isotopic spin T=1 
result includes two compensating 
the factor } arises from the probability 
p+p system be in the T=1 
into account the equal contribution reaction 
N+N— N,*+N [see Eqs. (238) and (239)]. As an 
example, for the reaction p+ p—ptrptrT, we have 
o 1a (Ny*+ V) 
We note that the branching rati 
lowing relations between the cross 


possible final states: 


a(pp0): (rind :a ("np (250 
The final state (70) would be very difficu 
However, the other three 


measurable with reasonable accuracy. It 


t to identify. 


reactions are probably 
would thus be 
possible to check experimentally the predictions of Eq. 
(250). We note that the basic cro oi(N,*+N) 


section 
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can be obtained from the observed value of any one of 
the 4 cross sections of Eq. (250). 

Equations (246)-(249) show that for each final 
state, both NV and N have equal probabilities of being 
the decay or the recoil particle. Thus, in terms of the 
functions Jy; and Jy » of I, the normalized center-of- 
mass energy spectrum is given by 


I(N)=1(N)=4(1y.1+Iy.2). (251 
Ty pertains to the decay nucleon from the ..,* 
isobar, while Jy.» is the recoil spectrum. The pion 
spectrum is given by J,,, (see Fig. 3 of I). 

The Q-value distribution for (x,.V) and (x,N) pairs 
is given by 


PLO(x,N 1(P,+P.,), 


PLO(ax,\ )] (252) 


where P, is the Q-value distribution for the decay pion 
and the decay nucleon (or N) originating from the same 
isobar V,* (or N,*); Py is the Q-value distribution for 
the recoil nucleon (or N) and the pion from the decay 
:* or N,*. The distributions P,; and P, have been 
previously calculated in I [Eqs. (95) and (98) ]. 
The distribution of the c.m. angles between z and .V, 


or between and N, is given by 


C(r,N)=C(x,N)=4(C,+€,), (253) 


where C, and C. are the angular correlation functions 
for the pion-nucleon pairs pertaining to P, and P,, 
respectively. C; and C, have been previously obtained 
In | (Sec. \ II). 

We have calculated the normalized nucleon spectra 
Ty, and Ixy for Tyn.ine=1.0 Bev. spectra 
are shown in Fig, 21, together with the spectrum 
b(1y it+Jwn.2) of Eq. (251). We have also obtained the 
Q-value distributions P, and P, for Ty inc=1.0 Bev. 
Phe functions P; and P», together with 1(P,4+ P.) are 
shown in Fig. 22. We note that the spectra Jy, and 
I y.» (but not P, and P,) have been previously obtained in 
[for Ty 1.0 Bev (see Fig. 7 of I). We have neverthe- 


These 
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CLEON SPECTRA 
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nucleon-nucleon 
Ty 1.0 Bev. 


from 


energy 


spectra of nucleons 
incident nucleon 


energy 
interactions at an 
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for pion 
nuc leon ) nucleon 


collisior 


21, since we wanted 


less included these spectra in Fig. 21 
also to show the function , Iwatdn 
predicted energy distribution 7(.\) or J 


which is the 
N) for all of 
the single-pion production reactions from p—p col- 
lisions. The pion spectrum /,,, for T) 1.0 Bev is 
The functions Jy , and P; of Figs. 
21 and 22 aré if Ty and O are in Bev. 

It would obviously be of interest to verify experi- 


shown in Fig. 3 of I. 
normalized to 1, 


mentally the present results for the nucleon, antinucleon, 
and pion spectra, as well as for the Q-value distributions 
N pairs. We 

3) contain no adjustable 
lows from the fact that only 


and angular correlations for r—.V and r 


+} ¢ 4 
Lnat Eqs. 


r 
note (250)—(25 


constants. This result fe 
is involved for the single- 
p collisions. 


l¢ produc tion of two pions by 


one isotopl spin state (7 1 
pion production reactions for p 
We will now discuss tl 


the reaction 
p+p- 1 NV,*- 
For both the T=1 and T 


tribute, in the same manner as for 7 
The final state wave functions for 7=1 
[see Eqs. (60) and (61) of I 


> N ,* 
this case, Q states con- 
p interactions. 
and T=0 are 
given by 


iT (256) 


/ 
IY 


rhe probabilities of the various final states are obtained 
from the expression for |W; sc age 


V 4 WV 


where p is defined by 
p ao(N *+N;*) 


Here op(V,*+N;' 
for the 


and o,(.\ 
reaction A 
states with total isotopic spin ] 


are the cross 
KJ N;* 
0 and T i. 


sections in the 


respec- 
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tively ; ¢ is the phase angle between the matrix elements 


for the T=0 and JT=1 states. One obtains 


= final 
V5 Pp : 


> , oF > , 9 
"= ay ypy-p tay 


td3y 


where the coefficients a; are given by 


20 (260) 


1 2% 
T4P— IS, 


20)+ 


te—ft, (261) 


+itptt, (262) 


(9/20)+ 


1 2 ? 
Parr, (263) 


P(pp+ 1+-p) 


1+-p) Tay+(1 9)az | 


? 


P(npd P(pn+0) = (2 9)(1+p) 


P(pp00 (4/9)(1+ p) 


P(rn00 4/9)(1+p) 


The corresponding total cross sections are given by 
al N,*+N,*)(1+))P. The pion spectra are given by 
I,,a (Fig. 4 of I); the spectra of V and N are given by 
Iya (Fig. 8 of 1). 

We: note that final state with four 
prongs, (pp+ —), and four possible final states with 
two prongs and particles: (vin+—), 
(nipo—), . One can use any three 
of these five cross to determine the 
parameters, o:(.Vi*+N,*), p, and ¢. From the values 
of p and ¢, the phase angle ¢ « 
of Eq. (264). If all of the 
to formation of 4 or 2 prongs can be determined experi- 
mentally, then two of the relations of Eqs. (266)—(269) 
can be used 
isobar model. 


we have one 

! 
neutral 
pp0o 


two 
pn0+), and 
sections three 
an be obtained by means 
ive cross sections pertaining 


as a check on the validity of the present 
It would also be of interest to compare 
the experimental spectra for pions, nucleons, and 
antinucleons with the functions J, 4 and Jy 4 of the 
isobar model. 

We will now obtain the branching ratios and energy 
spectra for single-pion production in j—n interactions. 
We will again have two reactions of the type (238 
and (239), with equal cross sections. We note that the 
total isotopi: stem is T= 1. The final-state 


spin of the Sy 


wave function is given by 


V p—n 


Ss ob 


One thu 


V; 


1 
1 


5 pm) 
+ (1 24) (prpa- 
1 


+75 (pnM)+2(fima—). (272) 


[ait (1 9)a; |= (1+ p) 'T (41 90)+ (5 


(1+ ))~'[ (41/90)+ (5 


'ao= (1+) (1/45)+ (1/9) p— (4/9) FJ, 


'as= (1+) (1/45) + (1/9) p+ (4/9)¢]. 
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and ¢ is defined by 


¢=(p/20)! cose. (264) 


In order to illustrate the evaluation of 


consider the term y¥;°y_;" as an example. 
and (244), one finds 


(259), we will 
From (241) 


vey f= §(p0)+ 3(m+) IL4(n -)+ 3 (po 
= (4/9) (pp00)+ (2/9) (jn+0) 
+ (2/9) (rn pO—)+ 9 (rin (265) 


The probabilities of the various possible reactions, as 
obtained from (259), are as follows: 


18) p— (26/9)¢ ], (266) 


18)p+ (26/9)¢ | (267) 


(a.+a3) = (1+p)“[(1/45) + (1/9), (268) 


(269) 
(270) 


The intensities of the three possi 
written as follows: 


I (rin—) 
I(pp—) 
I (pn) 
The corresponding branching ratios are: P 
= P(pp—)=5/12; P(pn0 


for the three reactions 
e.g., for p+n- 


(2n— ) 
| cross sections 
Ni*+N)P; 
5a4(N Fi V), 
For (pp—), the antiproton is predominantly a decay 
particle, while for (7vin—), th 
nantly the recoil particle. For 
same spectrum. 


are 


>uUTUNTT 


antineutron is predomi- 


pnO), p and n have the 


1 


The branching ratios P lead to the following relations 


between the cross sections sible final 
states: 

o(pp— nn 76) 
to 
to the forma 


The final state (pp easier 
identify than the other two, since it lead 


( | ] 


is probably 
tion of 3 prongs, whereas (”in—) a m0 
Nevertheless, it may be 
reliable experimental result for 


are l-prong 
states. to obtain a 


the um: a(n 


to verify the 


+o(jn0) |, in which case one can attempt 
prediction that the ratio o(pp 
should equal 2.5/3.5=0.71. 

For (pp—), the normalized p and 
follows: 


{ pnO 


p spectra are as 


I(p) 0.97, »+0.17 y 


0.17 7 1+0.97) (278) 


I(p) 


The corresponding Q-value distributions are given by 
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P[O(p,x-)]=0.9P:+0.1Pz, 
P[O(p,9-)]=0.1P:+0.9P,. 


(279) 
(280) 


Similarly, the angular correlation functions C are given 
by 
(281) 


(282) 


C(p,r-)=0.9C;+0.162, 
C(p,r-)=0.1E,+0.9€2. 


For the final state considered here, (pp—), it should 
be relatively simple to measure the spectra of p and p. 
According to Eqs. (277) and (278), the energy dis- 
tributions of p and p should be quite different, especially 
at the higher incident energies, T5,ine21 Bev, where 
the spectra Jy; and Jy. are considerably different from 
each other. The energy distribution of the protons 
should thus show a sharp peak corresponding to the 
resonance maximum of the T= 3 cross section oy which 
enters into Jy ». 

For (”in—), the 7% and m spectra are as follows: 


1(7i)=0.1Ty :+0.97 y 2, (283) 


I(n) 0.97 x i+0.17 x 2. (284) 


For (pn0), we have 
I(p)=I (n)= (I yatty.2). (285) 
For the double-pion production via N,*+N;*, the 
final-state wave function is given by 
Vpn = — (3/10) 'p_y)y4 (4/10) 'Y_yh_y 
— (3 10) Yay }- 


V- (2) | 2 
pn 19 


(3/10) p_pi2+ (4/10)p_;2p_y? 
+ (3/1003, 


one obtains the following branching ratios: 


(286) 
From the resulting expression for 


Von wall 


(287) 


P(pp0—)= P(rin0—) (288) 
P(pn+—) 


P (pn00) = 


13/45, 
(289) 
(290) 


P(nip——) (291) 


The corresponding cross sections for the various reac- 
tions are given by o1(N,*+N,*)P. 

We may consider, in particular, the final states giving 
rise to three prongs and one neutral particle, namely 
(ppO—), (pn+—), and (ip——). The branching ratios 
of Eqs. (288), (289), and (291) lead to the following 
relations for the corresponding reaction cross sections: 


a(pp0 4.5:1. 


We note that from any one of these three p—» reac- 
tions, 


6:5: (292) 


) o(pn+ —) a(np ) 


we can obtain a value for the basic cross section 
o\(N,*+.N,*), which can be compared with the cor 
responding value of o(N;* + .V,*) as deduced from the 
p—p interactions at the same incident energy [Eqs. 
(266) — (270) }. 
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We note that the results of the present isobar model 
for pion production in %— p interactions can be obtained 
by simply applying charge conjugation to the preceding 
equations pertaining to p—n interactions [ Eqs. (271)- 
(292) ]. Thus for single-pion production in 2—p col- 
lisions, the intensities of the three possible final states 


are given [see Eqs. (273)—(275) ] by 
I(7in+) 4) (7i-nat+), 
(pp+)= (1/24) (Bap H)+3 (Bebe), 
I (7 pO) = 75 (ap 0)+75 (Apa). 


(293) 
(294) 


(295) 


= 3 (7 m,+)+(1/2 


The corresponding branching ratios are 


o/s." 


P(in+)=P(pp+) 
Equation (294) shows that for (p+), the antiproton 
is predominantly the recoil particle. The normalized p 
and p spectra for (pp+) are given by 


P(npO)=1/6. 


1(p)=0.1T y 1 +0.97 y 2, (296) 


I(p) 0.97 y 1 +0.17 y 2. (297) 


By comparing with (277) and (278), it is seen that the 
spectrum of the antiprotons from the reaction i+p— 
p+p+7* is identical with the proton spectrum from 
the reaction p+n—>p+pt+r This result of 
course, a direct consequence of charge conjugation 


is, 


invariance. 
The Q-value distributions for (pp+) 


0.1P,+0.9P,, 


are given by 

PLO(,x*) J (298) 

LO(p,r*) ] 

For the double-pion production in 7i— p interactions, 

we obtain the following branching ratios [See Eqs. 
(288)—(291) }: 


0.9P,+0.1P». (299) 


13/45, (300) 


P(pp+0) P(vin+0) } 


P(ip+—)=1 
P(np0O) 

P(pn++)=2 
Recently, measurements on pion production in p—p 
collisions have been carried out at the Berkeley Bevatron, 
with antiprotons of momentum 1.61 Bev/c (energy 
925 Mev), using the 72-in. hydrogen bubble chamber.” 
This experiment gave the following results for two of 
the four possible single-pion production reactions: 
o(p+p— pt pt 
o(p+p n-+1* 1.10.3 mb. 
The ratio of 
is somewhat 
the 


T 1.5+0.4 mb; 


> p 4 
these two cross sections is 1.4+0.5, which 
smaller than the value of 2 predicted by 
present model [Eq. (250) ]. However, there is 
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probably no real disagreement with the theory, in 
view of the experimental uncertainties due to the 
limited statistics [22 cases of (pp0), 17 cases of (jn+) ]. 
From the above results for the two partial cross 
sections, Solmitz®® has deduced a value of 5.141 mb 
for the total cross section for single-pion production 
for all four 925-Mev antiprotons. 
Double-pion production is negligible at this energy.) 
In view of the discussion following Eq. (249), we thus 
N,*+N)=5+1 mb at Ty ine=925 Mev. 
indirect Chamberlain™ 


reactions) by 


obtain: o; 
more has 


deduced that the total pion production cross section for 


By a method, 
i—>p collisions (without annihilation) is 20+9 mb at 
900 Mev. According to the discussion following 

Eq. (275), this cross section should equal 20,(N,*+.), 
N,*+.N)=10+4.5 mb 
900 Mev. In view of the large experimental 
ies, this result is probably not inconsistent 
lue 5+1 mb deduced from the direct 
tions. It should be noted 
lue of 20+9 mb for i—p interactions was 


innihilation cross 


from which one would obtain: ¢ 


I— pil 


} erat 


by a subtraction of the 
section of 44+6 mb from the complete inelastic cross 


section of 64-6 mb. The fact that (i+ p— N+.V+7) 


is considerably larger than o(p+p— N+.V+7) seems 
to confirm the basic assumptions of the present isobar 
mod 
IOU¢ 


l, according ingle-pion production does 


place in the isotopic spin T=0 part of the 


P+p system, since the final 


*1+N or NiA+N 
T=0. 


oO \ S 
t Wilitil 


not take 
cannot have 


X. DETERMINATION OF THE BASIC CROSS SEC- 
TIONS o:7,, AND THE PHASE ANGLES ¢, 
FOR PION PRODUCTION IN x*—p 
INTERACTIONS 


neral equations for pion 
luction in leon collisions, which have been 
given in 


tor obtaini t asic < 3S Sé 


describe a possible proc edure 
tions ge7,2, the phase 
he probabilities P, and Pg 
he .\,* isobar. The principal 
procedure is to obtain the 
from the measured 
ind double-pion produc tion 


aforementioned cross 


sections for various single- 
ions. After the | 


lined, can be inserted into the expressions 


parameters have thus been 


energy ions of the final-state pions and 
j ilue distributions of pion- 
irs. The 


ie distributions can then be 


abet Boal 
resulting calculated 


nding experimental results, 
ne \ lidity of the present 


nparis l j is Ly] has been carried out in 
IV for tl 


distributions of the pions 


1.0 Bev, which 
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were compared with the combined results from three 
experiments on x — p interactions in this energy region. 
However, it should be noted that we had to make a 
simplifying assumption in order to obtain the oe7r,¢ and 
a, since there was not enough information available 
on the cross sections for the various possible reactions. 
In particular, no detailed measurements have as yet 
been carried out for the pion production reactions 
arising from #+—? collisions [reactions (IV), (\ 
(E)-(G) ]. For this reason, we have made the 
tion that: oj ' 
taining the fit to the data (Figs. 10-13 

We will now outline the type of procedure which can 


1 


be used when the cross sections for the pion production 


; and 
assump- 


> 


(o117O12 031/ (oa1t+o 0.3, in ob- 


1 


reactions from r* — p collisions will ha 
IV 


ve been measured. 
and oa”? for tl two single 


If the cross sections o 


pion production reactions from : llisions are 
known experimentally, then Eqs. (5 and (52) for 
oY) and oY? can be solved for 
addition, the cross sections o 
taining to the three-pion final 
actions are known, one of the 
used to determine o from 
other two relations of Eqs. (53 
equality oF) =o), can be 


the present model +-prong events 
(xt-+p— ptat+at+n-), whereas and 

correspond to 2-prong events (with 2 neutral particles), 
it is likely that ao 
than oF) and oa. Thus it 
to determine o32 4 from o 1 
calculate o@! an eae ! q 54 


compare the 


can be measured more accurately 

tageous 

, and 

then to and 

resulting xperimental 
cross sections for the reac 


With 


mined, one 


the values of o 
can calculate 
(55)-(63 , and the nucleon s 
using the basic spectra J, 
and 7-9. If experimental 

rious 


spectra can be compared | 


available for the va 
important test of the presen 
Concerning the m~—p int 
(34) |, we must determine 
and ¢s. We consider first 
reactions. We will assume t 


ngle-pion production 

pertaining 
+rt++n and x +7 ured accur- 
but that o 


>n-Ta TTt 


to r 


ately, (pert ini! reaction 


e +P 


the present experimental techniques, since t are no 


cannot be with 


outgoing prongs, and it seems 
distinguish this final state fron 


or n+32°. For the same reas 


(pertaining to m+p— 7-4 


obtained with the pre 
We assume that the cro 


a‘© for double-pion product 


ent tect 


ured 


reasonable accuracy. TI s are given by 
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Eqs. (31)-(33). For the purpose of the present dis- 
cussion, we rewrite Eqs. (32) and (33) for o® and 
a‘©). as follows: 

(4 27 )o12. at (2 27)o 29d (304) 


’ 


(2 27)o12.a(5—- A)+(5 27 )o32.d; (305) 


where we have made use of the relations 


p2= 032.4 (306) 
and B=1+ 2 t, 

Since o32,¢ has been obtained from the r+ — p inelastic 
cross sections, we have only two unknown quantities 
in Eqs. (31), (304) and (305), namely oy2,4 and A. Two 
of these equations can therefore be used to determine 
oiog and A, 
check on the validity of the present model. 


while the third equation can serve as a 


It may be noted that an accurate measurement of 
a“) should be the final 
(ptatt 2x four prongs. The experi- 
mental values of a 


relatively easy, since state 
) gives rise to 
B) and o© will probably have some- 
what larger uncertainties, since the corresponding final 
states give rise to two prongs, with two neutral parti les 
emerging from the reactions. In some cases, it may be 
possible to eliminate some of the uncertainties connected 
with reactions 
from both 


q(B 1 


(B) and (C) by combining the events 
the 
and [o 


obtain 
A 


reactions, so as to value of 


|. The equations for o B)4 g( 


is derived from (304) and (305) ] can then be solved 
and A. 

Upon inserting the resulting value of o12,4 into (306), 

is then given by 


one obtains pe. The cross section oy. 


(307 ) 


o32,. has been obtained previously from the 
- p inelastic cross sections. 

We can now use the experimental values of the cross 
ections o) and o@! pertaining to the single-pion 
and (II), in order to determine 
and a. For this 


(28) and (29) as follows: 


produ tion reac tions (I 
the two remaining quantities, o1 
Eqs. 


purpose, we rewrite 


s(2+2p2.—A), (309) 


where we have used the definition of P1 [ 03) (2e11) 
A, and p» have 
been previously determined, so that Eqs. (308) and 


We note that the parameters o12,., o31, 


(309) can be solved for o1; and a. In view of Eq. (34a), 
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COS ¢1 is given by 
cosg;= (5/2 4(01;/031)3a. (310) 


Finally, ¢g2 Can be obtained using the values of A and p2. 
From Eqs. (16) and (18), one finds 


2v2 p {—2— 15). (311) 
In order to summarize the preceding discussion, we 
note that 


which characterize the pion production in r—N inter- 


there are seven independent parameters 


O31, T32, G1, ge, and P, 
P, is the probability that the isobar V2* 
-7. giving rise to single pion produc tion. 


actions: a1, o19, o19.,/012 

039 oO 
decays into \ 
In order to determine these seven constants, the cross 
sections for three inelastic **—p reactions and four 
m-— p reactions were used. The three r+— reactions, 
namely (IV), (V), and one of the double-pion production 
), (F), and (G), enable us to obtain the 
values of 031, 732 (=o32 , and P,=032 
four *~—p reactions, namely (1), (II), and two of the 
(A), (B), and (C), 


of O11, 712, £1, and Yo. 


reactions (E 
o39. Lhe 
reactions lead to the determination 
Upon using the values of 011, o12,s, p1, @, A, and B, 
calculate the pion and nucleon spectra for 
single-pion production from Eqs. (3 39) and (103)- 


(105). The calculated spectra can be compared with 


one Can 


it 
5 


experiment in the same manner as was done in Sec. IV. 
For the double-pion production reactions, we need 


he values of oy2.4, A, 


only t and B, in order to obtain 
the pion and nucleon spectra from Eqs. (41)-(48) and 
Eq. (108). 
possible for the reactions (A)—(C 


A comparison with experiment is again 
if the appropriate 
pion and nucleon momentum distributions have been 
measured with adequate statistics. 

{, and B can also be used to 
Table I for the 
Q-value distributions of pion-nucleon pairs from 7~—p 


The constants pj, ps, a, 


} 


calculate the various coefficients of 


interactions. For the case of single-pion production, 
Cib, C2a, and 
V, and their values can be 


these coefficients have been denoted by Clas 
Ca In the discussion of Se 


“A 
the O(a,.\ 


to obtain distribution by means of 
Eq. (156). The 
and P,nv,a°? which enter 1 


Figs. 14 and 16 for 7, 


(156) also involves the cross sections o 


used 
basic Q-value distributions Pynv.q°” 

to Eq. (156) are given in 
1.0 Bev. We note that Eq. 
1 and oe for the 
particular reaction considered to proceed via Vy*+7 
and NV." | 


are given by 


rT, respec tive ly. These partial cross sections 


he appropriate parts of the right hand 


T 
t 
) 


sides of Eas. (23) 


(30); e.g., for reaction (II), we have: 


Do 19 


(A+2B). 


XI. DETERMINATION OF THE BASIC CROSS 
SECTIONS o,-0, AND THE PARAMETERS 
k; AND yg) FOR PION PRODUCTION 
IN p—p AND n—p INTERACTIONS 


In the same manner as for t*—/ interactions (Sec. 


X), we can also use experimental values of the cross 
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sections for pion production reactions in p— p and n—p 
collisions in order to determine the corresponding basic 
cross sections ¢ of Tables III and IV, which have been 
denoted by 01, O2, °° *O% in Eqs. (177) (182 In fact, 
these six cross sections can be obtained from the cross 
sections for inelastic p—p interactions alone, without 
having recourse to m—p interactions. On the other 
hand, the parameters ko, &i1, k2, and ¢go which pertain 
to the nucleon-nucleon system in the 7=O state can 
be obtained from four suitably chosen single- or double- 
pion production cross sections for »— collisions. 

We will first determination of the six 
independent cross sections ¢:—o¢ from the inelastic 
Referring to ~_ two single-pion 
production reactions (pl) and (p2), corresponding to 
the final states (pn+) and (pp0), we note that Eqs. 
201) and (202) for ¢”” and o‘”” can be solved directly 
for 0; [=0,(Nit +N (V*+N)] 

The four double -pion production reactions (p3)—(p6) 
used t the values of the 
cross sections 2, 74, 75, and og by means of 
that for incident 


the cross section O6 


discuss the 


p—p cross sections. 


and o [ =O} 
can be similarly to determine 
four basi 
Eqs. (203)—(206). However, we note 
~3.6 Bev, 
2N2 * 
compared to the other cross 
pe rtains to 
This result follows from the fact 
e threshold for reaction (e€) is Tp, ine~3.6 
Bev. If we set og=0, the three out of the four 
double-pion react have to be 
o2, 74, and 
can probably 
ly than a, o(”), or o(?®), 
the formation of 4 prongs, 
e to 2 prongs, with 
particles emerging from the reactions. 
data on m 


energies below 
pertains to V+.\ 
1 to be 

involved 
V+N—N4+N.* 


re 
that the effectiv 


proton 
[re iction (e) | is 
very small 
which 


sections (including oa; 


n onlv 


possible ions used to 
determine the basic cross sections involved 
Os). In this « 


be measured more 


onnection, we note that o 
accurate 
since reaction p3 leads to 
whereas p4), ps 
2 neutral 

If the relevant 


sections are avai 


, and (p6) give ris 
> total cross 
determined 
Upon inserting these 
199), one then obtains 
of the pions and nucleons 
from the various reactions for ~—> collisions, which 
can be compared with experiment. The basic nucleon 
and pion spectra (e.g., Jv,,4 and J,,,4) which also enter 
into Eqs. (183)-(199) are given in Figs. 17-20 for 
incident proton energies 7 2.3 and 3.0 Bev. 
As was mentioned above, the parameters ko, 1, ke, 
from the pion production 
n—p collisions. There are 
yn reactions, (n1)—(n3), whose 
otal cross sections are given by Eqs. (229)—(231). We 
and o; are known from the p—? inelasti 
cross sections. Then we can use the cross sections for 


experimental 
lable, then o;—o; can be 
by the procedure above. 
into Eqs. (183 


al energy spectra 


given 
; . 
values of o;—<¢; 


the the oreti 


nd ¢» can be determined 


tion cross sections tor 


gle-pion producti: 
assume that o; 
any two of the three single-pion reactions to determine 
the two constants, ky and Fa) We note that Cn 
into Eqs. (229) and (231) through the parameters C 


and C_ [see Eq. (164 It may | 


enters 


ve remarked that o 
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which pertains to the 3-prong final state (pp—), can 
probably be measured more accurately and 
o‘"3), which pertain to the 1-prong final states (pn0) 
and (nn+). However, the sum [o'+o'™] can 
probably be determined with greater accuracy than 
either o(” 3) separately, 
ambiguities for events which can be « 
(pnO) or (nn+-). It may therefore be 
use the equation for the sum: 


than o 


because of possible 
lassified as either 


advant 


or ¢ 


ageous to 


along with Eq. (229) for o‘"”, in order to determine ky 
and ¢o. 

We have four double-pion production 
(n4)—(n7), two of which to three prongs with 
only one neutral particle [(n4)=(ppO—) and (n5) 
=(pn+—)]. The other two reactions [(n6)= (pn00) 
and (n7)=(nn+0) ] lead to only one prong (and three 
neutral particles), and are therefore difficult to 
identify reliably, especia!ly since they may be confused 
with the one-prong single-pion pr val tion reactions 
(n2) and (n3). The hich have 
not yet been determined, are pon cl 
Eqs. (232) and (233) for the 
taining to (ppO—) and ve have two equations 
which can be solved for the and ko. 
0 (as was discussed above for the 


reactions, 


lead 


very 


remaining 


y 
} 


constants, 
and ko. U 
3 prong cross set tions per- 


(pn — 


two parameters 


100siIng 


If we assume that a 
case of p-—p collisions), then one of the 
can be used as a check, to give an independent deter- 
mination of ko, ki, or ¢o. Of course, if either or both of 
the one-prong reactions (n6) and (n7) should be 
measurable, then Eqs. (234) ik (235) could serve as 
an additional test of the v: — of the pre 

With the constants k and ¢ 
and with o,—a¢ as a from the «p 
now 


two equations 


sent model. 
thus determined, 
p reactions, 
various pion and nucleon 
ing Eqs. (207)—(227). 


Zi 
distributions 


one can calculate the 
spectra from n—p interactions, us 
The resulting theoretical energy 


compared with experiment, if these distriby 


can be 
itions have 


+ 


been measured with adequate statistics. 


XII. SUMMARY AND CONCLUSIONS 


In this paper, we have presented an extension of the 


isobaric nucleon model of pion production'? and we 
have given the results of calculations on pion production 
in rv, NN, and NN In contrast to our 
previous publications,'? the 
the effect of the two-higher resonances of t 
nucleon system in the pin 7 
addition to the well-known low 
which has been con idered in our 
higher T7=4 resonances 
600 and 880 Mev, 
1.51 and 1.68 Bev, 


compared to m;=1.23 Bev (7,=180 


interactions. 
prese nt calculations include 
> pion 
isotopic ) 
energy 
resonance, previous 


work. The 


pion energies 7, 


occur at incident 


corre ponding to 
espectively, as 


Mev for the 


isobar masses my 





EXTENSION OF ISOBA 
T= J=} resonance. We note that our previous work! ? 
on the isobar model quite generally stated the possible 
existence of several isobaric nucleon levels or inter- 
mediate states in pion production. 

By including the 7=4 isobaric states, which are 
denoted by .V2,.* and \V,*, we are able to give a theory 
of the production of two additional pions in pion- 
nucleon collisions, corresponding to a total of three 
pions in the final state.*' For each type of possible reac- 
tion, i.e., r+NV — N\*+- and r+N — N.*¥+2 (where 
V,* denotes the 7=3 isobar), we have taken into 
account the interference between the matrix elements 
for production in the states of isotopic spin T=} and 
T= 3 of the pion-nucleon system. By adjusting the 
phase angles ¢; and ¢2 between the corresponding T=} 
and 7’=} matrix elements for the two types of processes 
(involving \V,;*+a7 and VV, we have obtained 
agreement with the branching ratios for the different 
possible final states for r~— p interactions. In particular, 
¢1 is determined primarily by the ratio 


"-+-o), 


R=a(r Tp ae t+p)/o(s +p F +2 +N), 


while ge 


can be obtained from the experimental value 
of the ratio: 

O(a +) pte te te )/o(e +p ate te te). 
88° and g2=129° for an 
1.0 Bev. The experimental 
branching ratios at this energy were derived from the 
results of three experiments**** which have been 
recently carried out at 7',,ine=0.96 and 1.0 Bev.” For 
the single-pion production reactions, the pion mo- 
mentum spectra calculated from the isobar model are 
in reasonable agreement with the combined pion 
momentum distributions from the three experiments 
(see Figs. 10-13). It should be noted that for these 
single-pion production reactions, Le., +p — mw +7" 
tn, and r+p—2-+n'+>p, the predominant con- 
tribution comes from the process m+p— \\*+7 
which has been considered in II, so that these reactions 
constitute primarily a test of our previous work on the 
isobar model, in which only the lowest isobaric state V ,* 
(with 7=J= 3) was included. On the other hand, if 
the model is applied to the double-pion production 
for m.\ 


We have thus obtained YI 
incident pion energy 7's, inc 


reactions collisions, this process necessarily 


involves the production of the higher isobars .V2,* or 
N o5*. 
Concerning the present calculations for pion-nucleon 


t As was discussed in Sec. II, we can now treat up to four-pion 
final states in r—WN interactions. However, in the present treat 
ment, the small contribution of the transition N2,*—No*+7 
has been neglected, so that only two- and three-pion final states 
are considered. 

2 See also E. 
reference 29, p. 
Letters 5, 


Pickup, D. K. Robinson, and E. O. Salant, 
72; J. G. Rushbrooke and D. Radojicic, Phys. 


Rev 567 (1960). 
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interactions, we have given expressions for the center- 
of-mass energy spectra of the final-state pions and 
nucleons, for both r~— p and x+—? collisions, in terms 
of certain basic spectra denoted by A ie a‘. Fe 2, -+Ja6 
for the pions and by Jy 1°", Zy.2°, and Jy,3°* for the 
nucleons. These spectra J,,; and Jy,;°*) have been 
calculated for incident pion energies 7°, jne=1.0, 1.4, 
and 2.0 Bev (see Figs. 2-9). 

In connection with the single-pion production in 
pion-nucleon collisions, we have obtained the Q-value 
distributions for pion-nucleon and pion-pion pairs for 
incident energy 7';,ine= 1.0 Bev, for both the reactions 
m+N— Ni*+n and r+N — N2*+7m (see Figs. 14-16). 
Expressions have also been obtained for the Q-value 
distribution functions P(Q) for all pion-nucleon pairs 
arising in the various possible single- and double-pion 
production reactions in r — p and r+ — p collisions. The 
functions P(Q) are expressed in terms of certain basic 
Q-value distribution functions, such as P;y,4 and 
Pin.a° (see Tables I and II). 

In the calculations for nucleon-nucleon interactions, 
we have considered the production of the isobar V.* 
by means of the reactions: V+N— \V.*+N and 
V+N\ — N,*+N.*. In the former reaction, either one 
or two pions are produced, while the latter reaction 
corresponds to the produc tion of two or three pions in 
the final state. For both the cases of 7-7? and i—p 
collisions, we have obtained the branching ratios for the 
various possible pion production reactions correspond- 
ing to production of one, two, three, or four pions (see 
Tables I] IV). 
ratios, we have also included the reactions V+ > 
Vi*+N and V+N — 2N;*, which have been previously 
considered, as well as V+N — 2. .*, 
to the production of two, three, or four pions.* For 
n—p collisions, the pion production will in some cases 
proceed in both the isotopic spin 7=0 and 7=1 states 
of the nucleon-nucleon system. In particular, for the 
reac tion n-4 p > Vo*¥+ N , there are interference terms 
between the contributions of the 7=0 and 7=1 states, 
which involve the phase angle go between the matrix 
elements pertaining to 7=0 and 7=1. Thus, from the 
measured branching ratios, one can derive the value 
of ¢o. 


and In obtaining these branching 


which can lead 


go can be deduced, in principle, from a measure- 
ment of the o(n+p— p+ptnr), 
a(nt+p— ptnt+nr’), and o(n+p pro- 
vided that the part of these cross sections which arises 
from the reaction: n+p— \V,;*+N (in the T=1 state) 
has been determined from a separate measurement of 
the single-pion production cross sections for p—p 
collisions, 1.e., a(p+ p and a(p +p —» 
p+pt+n’). Such a measurement of the p—/p inter- 
actions will also give information on the cross section 


for the reaction n+p — NV.*+-N to occur in the T=1 


cross sections 


>NTNTT' ), 


>PTn+TT 


33 As previously mentioned, up 
V—N interactions could be treated by 
the isobar model. 


to eight-pion final states in 
the 


present extension of 
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state of the V.V system, which enters into the deter- 
mination of ¢o. 

In analogy with the basi and Jy," 
for pion-nucleon interactions, we have also defined and 
spectra for pion production in 
are denoted by 


spectra J, 
calculated the bask 
nucleon-nucleon interactions, which 
Fewee 30.0, Fea” state pions, and Jy 

Iy.2, Iy,;, and Iy,; final-state nucleons. 
Here the superscripts (1) and (B) indicate that the 
spectra tal the reactions (A): V+.\ > Vo*¥+\ 
and (B): *+ \,*, respectively. The nucleon 
pt rtain to the reaction V+N 


previously introduced in I. 


for tl 


spectra 
have been 
pertains to 


corresponding pion spectrum (which 
production) is denoted by /,,,.. In the 


work, calculations have been carried out for 
nucleon energ! 2.3 and 3.0 Bev. The 
iC plo! 


For all o 


state nucleons 
rgy spectra dis 
nu—D 


nt have 


inter- 


r. However, we may 
hicl we have pre 
he experiments carried 
agreement Was 
isobar model, 

\,*-+ \ and 
xperiments of Batson 


} 


lso provide good con- 


tial features of our 
ly the isobaric 

$ resonance. In 

isobaric sta 

ts in the range of 
bably be require 
surement of the 

f two and three 


Table III. 


irom 


7 
LCcCLIONS proceed ex- 
0.40 


double pion 


> \ , Ww l¢ it should be 2 5 
p+p—o NA+N. If th 


WO basi reat 


tor the process 


1 , A 
production Involves tions 


ae ed 
p+p—2Ni* and pt+p— V.t+N, one 


course, 


¢ xpects, of 
, ] 


sections discussed 


above will ha a Valu termediate between the 
nd 2.89. Similarly, for the 


~3 
he present isobar model 


extreme valu 


production of 3ev, the most 


. . 
In which case, tor 


rae 6S. [ 
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example, the ratio 


should have the value 25/14 

Concerning the measurement of the energy spectrum 
of the final-state protons from proton interacti 
number or 


ons nha 


irrespective of the 
type of pions produced), we can 


(199) and Figs. 17 and 


liquid hydrogen target 
he following 
l 18. The 
coefficient (o3-+o4) Ol the recoil spectrum Jy 34 per- 
taining to the formation of isobar is likely to 
be smaller than the coefficient he recoil spectrum 
Iy.2 pertaining to Vy" incl 


energy is sufficiently high (possibly 5 


conclusions from Eq. 


nucleon 
Bev 
Here o; is the cross section for 
ViF+A in the J7=1 state of 5 
O37 04 represents the correspondil ; "OS tion for 
V+N — No*+N in the JT=1 sta ik 177 
179), and (180 Moreover, j 
and 18, the maxima of /) whicl from 
presence of the isobars .\ 
less prominent than the 1 
This differet Is n nly ons uence of 
. nd 880 Mev 


nsiderably 


\,* isobar. 
the fact that the may 600 
have an amplitude of 

rather large and 
of ~40 mb, as 
maximum of the 7=% res J 2 ib), 
which involves essentially no nonresonant background 
(The T=3 } very low 
energies, o 20 Mev, and abo the 180-Mev reso 
m of 16 mb at 7, 


nosed o1 a 
, ' 
approxima kground 


larger 


com 


cross section 


650 


nance, it decreases to a m 

Mev.) Thus it is expected 

combined proton spectrum (do 

due to the recoil from the \ 

much less prominent than 

from the presence of .\ 
Taft and co-workers 

duction in p—p co 

of 2.85 Bev. Their resul 

of the outgoing pions 

nucleon VU values, agret 

of the isobar mods 

results is the observ 

the nucleons are stron; 

in the center-of-ma 

indicated that for double 

be the This difference 

of the isobar for the singl 


case. 
may be responsible for 
between the predic tions of 
experimental results of referet 
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Detailed predictions for the angular distribution of 
the isobar production and of the decay products in the 
isobar rest system have not been made in the present 
phenomenological treatment, but we have previously 
considered! two likely cases, which, especially in com- 
bination, seemed reasonable to assume: (a) isotropic 
isobar production; (b) forward and backward peaked 
isobar production, followed by isotropic decay (i.e., 
isotropic distribution of the decay products in the 
isobar rest system) [ see Fig. 5 of I]. The present evidence 
on angular distributions in p— p pion production inter 
actions in the incident energy region of 2 to3 Bevappears 
to be consistent with the assumption of sharply forward 
and backward isobar production in single-pion pro- 
duction, and more or less isotropic isobar production 
in double pion produc tion. 

Calculations on single-pion production in r—.V and 
V—A lower energies using the isobar 
model have been carried out by Bergia, Bonsignori, and 
Selleri”! and by Mandelstam. 
possible effects on the angular distribution of single 
pion production in nucleon-nucleon Ito, 
Minami, and Tanaka* have also done related work on 
pion production. 

In Sec. 
double-pion production in antinucleon-nucleon inter 
actions which do not lead to annihilation. The pion 
production is assumed to involve the production of 
* and N;*, which are defined to be the 
anti r .Vy* and .\.*, respectively. Specific 
predictions have been obtained for the branching ratios 


interactions at 


> Selove®® has considered 


collisions. 


IX, we have given a discussion of single- and 


anti-isobars N, 


and the energy spectra of nucleons, antinucleons, and 
pions for single- and double-pion production in p—f, 
p interactions. These predictions have 
been compared with preliminary results of experiments 
with 925-Mev antiprotons, using the 72-in. hydrogen 
bubble chamber at the Berkeley Bevatron.”* As an 


theoretical for 


pn, and w- 


example of the results, we note that 


states which arise 
PTT, RENT, 


e energy spectrum for any 


the four possible single-pion final 
from p 
n+ pr 


I 
ol t} 


p interactions, namely: p+ 
wr, and p+u+n"*, tl 
1e final-state nucleons or antinu leons is predic ted 
be 4(/y.:+/y.2), while the Q-value distribution 
function for any of the 7V or N pairs is given by 
1 P, T P. where P, and P. are basic Q-value dis- 
tribution functions which have been introduced in I. 
The functions } (Init Ty.2) and 3 P, + P,) for incident 


Ty 1.0 Bev in Figs. 21 


to 


energy are shown 


” 


and 
p, p—p, and n—p inter 
actions involves certain basic cross sections ge7,¢ and @ 


The pion production in 7 
according to the present isobar model. In Secs. X and 
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XI, we have given a possible procedure for determining 


these cross sections, together with the phase angles ¢;, 


from experimental data on the total cross sections for 


various pion production reactions. After the basic cross 


sections and the phase angles have thus been deter- 


mined, the theoretical energy spectra of the pions and 
nucleons from the various possible reactions can be 
} 


calculated and compared with expt riment, in order to 


obtain a test.of the validity of the isobar model. 


It may be noted that the process of isobar formation 


is also expected to occur in the production of pion pairs 


by incident Y rays. As an example, the double-pion 


photoproduc tion could proce d as follows: 


where one of the final-state pions is the recoil pion, 
while the other pion arises from the decay of the isobar 


NV ;*. 


have 


Several investigations of pion photoproduction 
of 
spectra of the 
he spectra 
pert uning to pion produc tion in 


carried out 
The 
final-state pions and nucleon ar¢ 
Ey De ° and Tx 1 
rN collisions (for the same total energy E in the center- 
of 


been pre sent concept 


isobar formation.** g bask 
similar to t 
w.1s 


mass system 


that the recent dis overy of the Y* 
partic Le ems to indicate that the 

ot restricted to nucleons, 
the 
K meson, if an addi- 
tional pion is produced in the original reaction, it will 


1] note 


Fina 
isobar and the K’ 


VY, We 
process of isobar formation is 1 
but that 


nucieon, 


] 
} 


contrary, lor thé three cases of 


he A particle, and the 


with the 


have a strong 
A, or A, so as to produce 
real particle existing in intermediate states. 
In all three c: ike the assumption that 
the isobar (.V*, ¥*, or K’) lives | ci 


and its mass distribution is sufficiently narrow, so 


tendency to resonate nucleon, 


in isobar, which can be con- 
sidered asa 
ses, one Can Mm 
ng enough \T 
Ser 


that the ot} 
Tr or \ 


er particle produced in the original reaction 


will have a character 
h 


istic recoil spectrum, with 
corresponds to the formation of 
mass value. 
formulate a generalization 
de st ribed as 


In addition to the 


can also be 


intermediate article levels 
there exist 
and S=+1 


are obviously im- 


pion-nucleon ! 
strangeness 5 i (e.g., ¥* 


Phe 


in conside ring 


] : : tic] ] ] 
ana pion-p1on partici¢ levels, 
also levels wit! } 
¢ .% 
portant 
ticles accompanied by pions in 7 VN. \- \ 


particle levels with S#0 


the production of strange par- 
,and N—N 
interactions. If one knows the characteristics of these 
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S=+1 and S=-—1 isobaric states, a phenomenological 


treatment similar to the present work can be developed 
for them. 

Finally, we should note that we are well aware that 
a number of simplifying assumptions have been made 


in our work, notably the assumption that the isobar 
lifetime can be considered long enough so that inter- 
ference effects due to its decay are negligible. Never- 


AND S. 


LINDENBAUM 


theless, in view of the agreement which has been obtained 
so far with experiments on inelastic V—V and r—N 
interactions, one can hope that most of the important 
features of the future related experiments will be 
described within the framework of the present model 
or, at the very least, that the discrepancies which will 
certainly appear will perhaps be somewhat better 
understood. 
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It is shown that the matrix element for decay processes involving the emission of a single photon may 
be obtained from the matrix element for the corresponding nonradiative decay and the magnetic moments 


of the particles involved, up to terms that vanish as the photon frequency K 


+0. Detailed discussions 


are given for decays involving three and four spinless particles, as well as for four spin $ particles. The 
results are similar to those obtained by Low for bremsstrahlung in scattering processes, but some novel 
features arise when the nonradiative decay is forbidden by selection rules 


1. INTRODUCTION 


N this note we wish to discuss briefly the structure 

of the matrix element for decay processes involving 
the emission of a single photon. In order to be as 
explicit as possible, we shall consider first (Sec. 2) 
the specific case of radiative decay of a At meson 
giving two or three pions. The more complicated case 
of fermion decays is then discussed in Sec. 3. 


2. DECAYS INVOLVING BOSONS ONLY 
Kt 


? 


OT. 


the nonradiative decay — 


denote the matrix element by 


Consider 


~o 


i 


X 


P? P; 


(P:+P;)*, Y= P1-(P2—P;)), 


T(a=(*, B= PY, 


(1) 


where Q,, Pi, are the four-momenta of the K+ meson 
(mass m) and a final w* meson (mass yz), respectively, 


O-e Es P\: 
T(—m?—20-K, —p?, —u?, —u?; X, Y)+ 
Q-K 


P2: 


€ 
T(—m?, —p 
P.-K 


9 


+e’ 


P; 


y 
motion in the three-pion system. The case e’=e corre- 
O to 


where the variables X, still refer to the internal 


sponds to 7 decay, and e’ r’ decay. The matrix 


(2) 


element (2) is not gauge invariant and needs to be 
supplemented by the terms linear in ¢, obtained by 


P,— P,—ee; 


(1). These terms are 


the replacements Q 
P3— Pste f 


making >O— ee; 


P.— P» 


as follows: 


, 


é 


€; in 


* This work was supported by the U. S. Atomic Energy Com 
mission 


+t Continental Oil Fellow. 


€ 
T(—m?*, —w?+2P)-K, —p’, 
P,-K 
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and P»,, P3, are the four-momenta of the other two 
final pions (charges e’, —e’). For the physical matrix 
element, we have a=—m? and B=y=6 
variables X, Y are independent internal variables which 
characterize the sharing of the decay energy among 
the pions. 

The matrix element for the emission of a photon with 


=—yp’, The 


momentum A and polarization vector ¢, consists of 
two kinds of contributions: (a) those arising from the 
emission of the photon by an ingoing or outgoing 
charged particle (the process of inner bremsstrahlung), 
and (b) those arising from ‘direct emission,” which 
reflect the internal structure of the interactions re- 
sponsible for the nonradiative decay, and of which 
some (but not all) may be deduced from gauge invari- 
ance. 

As pointed out by Low,!' the use of renormalized 
currents for the ingoing and outgoing bosons gives the 
same factors as occur in perturbation theory. As a 
result, the contributions (a) lead to a matrix element 


"+K-+(P2—P3)) 


» Ww +2P2-K, —p?; X+2K-(P2+P 


“€ 
-T(—m?*, —p?, —y?, —w?+2P3-K,x+2K- 
P;-K 


el —20-eTa(—m?®, —u, — 
—2P\:«T3(—m’, 
— (Ps— P3)-eTy( 
—- e'| —2P.-«T,| =e". 
+2 P.-€T 5 (—m?, 
—2P,-eTy(—m’, 


m*, 


Mey 


> 


t+e-V(KA), 3) 


where the notation 7z denotes the partial derivative 
0T/AZ with respect to the subscript Z. The last term 


1}, E. Low, Phys. Rev. 110, 974 (1958 


/ 
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sular in A-Q, A-P;, K-P:, and K-P; to the spectrum comes from the 

as K—> 0 this case, the spectrum will have 

late the complete radiative decay low frequencies. 

to the physical matrix element T A case of particular simplicity is radiative K ,2 decay. 

—u*, —w’;X, 1) for the nonradiative Here, the nonradiative matrix element T is a function 

ion of (2) about the point of only three variables, a=(Q?, 6 , and y=P 
I e direct emission terms (3). The terms where P;, P» refer to the positive a itral pions, 

proportional to 7,, Ts, T,, Ts cancel, and the sum respectively. The inner bremsstrahlun, rm. corre 
t 


] 


akes the sponding to (2) is simply 


hese are the only terms which are singular in P;-K 
and Q-K. When we add to this the direct emission 
contributions corresponding to (3) and expa 6) in 
asc ending powers ol K, we t 1 that, sl l terms 
T.., T3, and T, cancel cisely, ant lerm in 


the ex pan sion 2S 


element becomes 


eM,,(K)(Kye—K,e,). (4 


le] 1A and 1 
f | ig] er order in K 


his 


above where proaches 


tensor, and limit will genera 


V.(K 0 


as used by Good? i: 
decay spectrum. Ar 


and the corre Spo! din: 


be ZeTo 
terms of the 
be of the forn 
o would be proportio1 
d ay- rule does not hold 


r¢ fore com yutab] 
tn 1 T(—m?, 
on the mass a i the a 


hereiore has shown, all l 
amplitudes co 
can only have 
Recently Cabibbo a 


n he approximation uo” r term vanishes 
partic le. when bot! plo 
shell owing to does not contrib 
at both these Good, PI 
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shows that the f term cannot contribute to the radiative | magnetic moments Aj, A», As, respectively. We take the 
decay either, and that the only additional contributions fermion with ; 
are those arising from structure-dependent terms (8) described by a spinor V(P3), and denote the matrix 
discussed by Good.’ No terms of the structure discussed element for the nonradiative decay by (P:P2P3|T|Q). 
by Cabbibo and Gatto? can arise. Then the 


momentum P; to be an antiparticle 


inner bremsstrahlung terms may be written 
3. FERMION DECAYS AND RELATED PROCESSES ePiP2P;\T O—K)e,J, ©) 
These remarks can readily be extended to decay Here (Pi PitK, Po, Ps'T|Q 
processes involving fermions. Consider for definiteness +-ev€e,J,.(Po)(P;, Pot+K, P3|T/O 
lh noes ok = dein b makiicla ah wiaek ee a ' ' , . a 
the decay of a spin 3 particle of ma m, lour momentum exe, J,(F PP. PARIS QO), (10) 
Q, charge e, and anomalous magnetic moment \, into 
a photon (momentum K and polarization vector e,) where J,(Q), etc. denote the renormalized currents of 
and three spin 3 particles with masses m,, m2, m3, the incoming and outgoing particl It 


ICS 


is shown in 
momenta P;, Ps, P3, charges e1, €2, €3, and anomalous’ the Appendix that these currents are given by 


é3 (Ts) U (P:) (ieve-y+irropre,K »)| iy: (P14 K Tm, 4 O(K 
U(P))(ieve-y+idio,,€.K,)f m—iy: (P44 K (2P,-K)+0(K 
U(P))[2eP1-e4 evry ey K+, 10,.4 ,€,(—1y-P)) |/(2P)-K)+0(4), (11a) 


with a similar expression for 


(11b) 


and 


€J (QO) - (20: K) il 2eO-e— i +id(m—1 Tul y€y 1 hy (11c) 
€pJ u(P3)=(2P3-K ][ 2e3P3-et+esy- -etir3(mst ty: PsowK v€xu t (11d) 


The most general form of the matrix element (?;PsP d msistent with Lorentz invariance is, when all 
particles are real, 


(P\PsP3| T1O)=E, Gi(a,8,y,8; X,Y)U(Ppr.Uu (Q)U (Pv iV (P3), (12) 


where I';, I,’ are some basic set of y matrices con- where R’ is a matrix which gives 
! 
tracted with appropriate covariants formed from the Cp 
Be acer eer ae on C(/ 
momenta P;, P2, P3, and Q. The invariant functions ia 
G, are assumed to be known from the nonradiative @F& NO tonge r obtainable from the amplitude of the real 


zero when operating 


) from the right, and where the functions H 


decay. If one of the particles, say, the one with momen- nonradiative decay. Since, however, U(P,)R’=0, we 
tum P,, is off the mass shell, the spinor U(P,) goes 
over into a propagator Sp(P,) and the matrix element 
may contain additional terms of the form write R iy:P\+m,)R. Similarly, when one of the 


may factor out the operator (7y-P;-+m,) from R’ and 


>; Sr(P))R'U(O U (Ps) other particles is off the ma hell, the additional 
XIV (P3)H™ (a,8,7,6; X,Y), (13) unknown terms may be writt 


oD U(P\)R:Liy-O+m])Sr(Q)BH (a,8,y,6; X,Y) (when O -m?), (14a) 
Zz Sr(P ){ ty Pe my |-RoV(P BH; (a,B8,7,6; X,] vhnen lo), (14b) 


>, U(P2)R3- lity: Pstms\Se(P3)A HH a,B,y,6;X,V¥) (when P;:?+—m;?), (14c) 


with 4,=U(P))ryl (OQ), Bsx=U(P2)0/V (P;). It is convenient to denote the expressions obtained from T,, Ty’, R, 
etc. by the replacement P;— Pj;+K by T\(Pj+4), Ty (Pj+A), R(Pj4A), etc. With these notations, the inner 
bremsstrahlung term (9) becomes 


(20-K)" ¥; G,(a—20-K, 8, y,6; X, Y)U(P)P.(O—-K) 
xU (P20 (O—K)V (P3) 
(2P\-K)" ¥, Ga, 8+2P)-K, y,6;X, V+K-(P2—P,))l 
XP(PiAK)U(O)U (P20 (PIA K)V (P3) 
+ (2P.-K)71 ¥; G(a, B, y+2P2:K, 6; X+2K:(P2+Ps), V+APi.K)U (Pr (P2+ K)U (O 
«KU (P2)[2e2P 2: etery: ey: K+idooy K€, (mo— iy: P2) (Pot K)V (P 
+ (2P3:K) X G,(a, 8, 6+2P3-K;NX+2K-(P2+ Ps), Y—K- PiU (PIT (Ps + KUO 
KU (PT, (Pst K)[2e3P 3: etesy: Ky: etids(mstiy: PsouK re, WV (P 
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—(20-K)' 5 U(P)RO—K) Livy: (Q—K)—m][2eQ- e—ey: Ky e+id(m—iy-O)o,,.K ye, 
XU (P21) (O—K)V (P3)H i (a—20-K, B, y, 6; X, Y) 
+(2P,-K)>? D, U(Pi)LePs- etery: ey: K+idi0,,K,€,(mi—iy-P;) Liy: (Pit K) 
XU (P2)T (Pit A)V (PA (, B+2K-Pi, y,6;X, ¥+K-(P2—P3)) 
4 (2P.°K)" ¥, Hi (a, 8, y+2P2°K, 8; X+2K-(Po+P;), Y+P,-KU (Py)V.(P: 
XU (P2)[eeP 2: e+ ery: ey: K+ 120 ,K ,¢.(mo—iy-P.) iy: (P2+K)+m 
(2P3-K)7 ¥ Hi (a, 8, y,64+2P3-K;N+2K-(P2+P;), Y—Py-K)U(P))r(P 


«U (P2)R3(P3+K)[ms—iy: (Ps+K) | 2esP 3: etexy: Ky etid3(ms4 iy: 


| 


As in the boson case, the direct emission term is where P4- V, &4 €, Gi. a= 0G;/d0a, «++ and all invariant 


} 
22 = (—m’*, —m;*, —m2, —m3*, (P2+ P3)", Pi: (P2—P3)). 
and keeping only the terms linear in ¢,. It should be 
1 | { inear in It should | 
X (0/ dP 1,) (iy: Pi +m) i)(iy-e) is different 


sata makine the replacements P.— P.~< . am’ <i 
obtained by 1 aking the replac ement Py Pi-—e.e, functions are evaluated at K 0, i.e., for (a,8,y,6; X,} 
etc. in the matrix element for the nonradiative decay 
t} 
3 ae ; = We have collected all the terms involving derivatives 
noted that although ty: Py+m,)=0, U(P;) ee re oe 
from zero. so that the function in ( (14c) wil] decay amplitude within the brace 


or functions unobtainable from the real nonradiative 


lso contribute. The result 1 element for the radiative decay 
{—2), A:Bi(e0-Gia4 mer 15) and (16). It will be seen tt! 


all unphysical terms can 


+¢e2P2:Gi.y+esP 

=—§{$'.U P,) (eH .Ry-e+e,:H,y-eR,)U(O)B; a =a a , . 
aad x nonradiative decay amplitude, and its physical deriva- 

+AU (P2) (eH. y-eRo—esH i Rey) V(P3)} tives. Note first that expansior 


—>; A;B,(2(e2+e3)(P2+P rx the functions G; in (15) in powers of reproduces tl 


terms involve only the 


terms involving 
P.— P;)-e+(e2s—es)P; Bs first summation withir 

opposite sign, plus some 

order K. To show that 

also drop out, it suffices to consi 

H; in (15). Since (77 


X (m—iy:Q)= m?+O0 


x 


U(O B.|e+0(K), (16 


> B.H.U(P;)R [ —ieO- ey: K—iey-Oy-Ky-e—emy- Ky-e ll QO)+0(K) 
+ieX; BHU (P:)Ry-el 
16) up to order K. The other H functions drop out in precis 
trix element of the radiative decay is then (recall that 


“| P3-€ { Py-e 
+ ¢ )+¥ 4.8,,2] ef P.-K P :) 
x Pee | P,-K 


P ;-¢ . 
( Ke) [4.007 
P,-K 


‘L—ey: Ky-e+irt(m—iy-Q)o,,¢,K, ]U(O 


‘Ky-e+iA3(mat+ty- Ps)o 


we< py 


ery: ey: K+id20,,€,K ,(mo—iy:P “V(P 
-K >. G.B U(P; \Tery-ey-K +1A io yr€,K »(my 


— 


evaluated at It is clear that the 


; (Po+P;)*, pletely general and are a 


any number of bosons an 
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order K, the unphysical functions and derivatives 
always cancel and the radiative matrix element is 
expressible in terms of the magnetic moments of the 
particles and quantities known from the nonradiative 
process. In particular, if the nonradiative decay is 
allowed, the photon spectrum has the form (1/K)(A 
+BK-+---)dK with A and B predictable. If, however, 
the allowed nonradiative reaction involves no moving 
charged particles (such as » capture at rest in hydrogen), 
the low-energy photon spectrum becomes CKdK, where 
C is determined by the magnetic moments and the 
nonradiative matrix element.4 This may be seen by 
noting that the only terms of order 1/K in the radiative 
matrix element are proportional to e;P;-«/P;-K,> where 
the index 7 refers to the ith particle. These singular 
terms vanish if either e;=0 or P;=0, in which latter 
case P;-e=0, since we may choose a gauge with e,=0. 
The matrix element contains, therefore, only terms 
either K— 0, and our 
conclusion follows. Finally, if the nonradiative process 
is forbidden, the photon spectrum begins with DK*dK. 


which are finite or zero as 
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APPENDIX 
We derive here an approximate expression for the 
renormalized current operator J,(P’,P)U(P)=Spr(P’) 
<I, (P’P)U (P) for an ingoing fermion with momentum 
P. Here Sr(P’) renormalized 
propagator and I, (?’,P) denotes the irreducible electro- 


magnetic vertex operator for the fermion. The latter 


denotes the fermion 


may be written in the form 
T.(P’,P)U (P)={(A(P”)4+ (iy: P’ +m) B(P”) Wy, 
C(P”)+ (iy: P’+m)D(P”) |o,,K,}U (P), 
where K,=(P’—P),. The functions 4, B, C, D are 
nonsingular at the point P?=—wm? (i.e., K=0). This 
follows from the fact that the only Lorentz-invariant 
singularity that can arise in the operator J,(P’,P)U (P) 
may be expressed in the form [1/(P-K) ]F,(P’,P)U (P), 
with F,(P’,P)U(P) finite.® P-K 
tT (P+K)— P*]=3(P?+m*), this singularity is con- 
tained in the propagator Sp(P’). [Note that Sr(P’) 
iy: P’+m)" as P’—P=K — 0. | The remaining factor 
l.(P’,P)U(P) is, therefore, finite as K — 0. 
Multiplying (A.1) on the left by U(P’), we havi 
UCP EP’ Pye (P) 
U(P’)(Aypt+CoyK )U (P) 
U(P’)(iey,+ido»K,)U(P) for 
, Phys 


(A.1) 


Since, however, 


K-90. 


Rev. 115, 694 


(A.2) 


‘See, for example, J. Bernstein 1959), 
especially ] | Wa 
See (18) and (4), 


describe the 


for example 18) can be easily modified to 


reaction with two incoming and two outgoing 
ermions by applying the substitution law 

6 or a real photon, P’-K=P-K. Singularities of higher order 
in 1/(P-A) would involve ghost states and may be excluded 


We thank Professor Y. Nambu for helpful comments on this point. 
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Hence A(—m?)= ie, (—m*)=7. The 


Sp(P’) is of the form 


propagator 


’ F(P”?)+G(P”) (iy: P’+m) 
[iy: P’+m+2 (7: P’) ——, 
ry: P’-+m 

with _ om 

S(im)=0; [02/0(y:P’)],.preim=0, (A.3) 

and where F and G are both nonsingular at P’?= 
and F(—m?*)=1. 

The product Sr(P)T,(2’,P)U (P) is then equal to 


(iy: P’m)-"{ (LAF — BG(m?+ P”) | 
+[ BF+AG+2mBG ](iy:P’+m))y, 
+([CF— DG (m?+ P”)]+[DF+CG 


+2mDG (iy: P’+m))oyurK,}U (P). 


=—m?, 


(A.4) 


Each of the square brackets represents a function of 
P” which is nonsingular at P’ 

Now we appeal to the generalized Ward’s identity? 
which here reduces to the equality 


K J, (P’,.P)U (P)=eU (P) 


Since K,o,,K,=0, and y-K 
-P’+m), (A.5) 


—m’*. 


(A.5) 


y:(P’-—P) 


for all 
(i after substituting 


bec omes, 


1F—BG(m?+ P’ 
XK (iy: P’ +m) U (P) 


+| BF+AG+2mBG | 


eU(P). (A.6) 


rhis implies that for all P’, 


AF—BG(m?+P”)=ie, (A.7a) 


BF+AG+2mBG=0. (A.7b) 


Note that (A.7a) is satisfied at P?=—m? by virtue of 
(A.2) and (A.3). Ward’s identity shows that (A.7a) is 
valid for all P’. The expression for the current now 
becomes 
| ie CF—(m?+ P”)DG 
J ,(P’,P)U (P)= Vat|— — 
liy-P’4 m iy: P’+m 


(A.8) 


+ (DF+CG+2mDG) |oK, | UtP). 


Note that we may write 
A+ (P?+m 


ri?*), 


CF— (m?+P”)DG 
DF+CG+2mDG 


X(P"), (A9) 


(A.10) 
where X (P”), Y(P”) are unknown functions of P” and 
are finite at P’?= —m’. Finally, 

J,(P",P)U(P) 

{ (iy: P’+m)“[Liey,+ir0,,K, | 

+[V (P?)+X (P”)(m—iy: P’))o,,K,}U(P) 


iy: P’+m)"(ieyztiro,,K,)U(P)+0(K). (A.11) 


This establishes (11c). The derivations for the out- 
going currents (11a,b,d) are essentially the same and 
need not be repeated here 


7Y. Takahashi, Nuovo cimento 6, 371 (1957). 
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K’, and K operators (this statement will be justified 
below) that the “partial conservation” the 
currents J‘), G, and G™ actually follows from the 
Sakata model. Indeed, it has already been pointed out 
by Okun” that in the Sakata model the “absolute 
conservation” of the current J‘"? [i.e., Eq. (1) ] is a 
direct consequence of the isospin invariance of the 
four-baryon interactions. 

Let us now prove the above statement for “partially 
conserved currents” within the framework of a com- 
posite model. 

Several authors’ have proved that we can assign 


sO of 


local field operators even to composite particles. For 
our purposes, Haag’s'’ procedure is the most convenient 
one and we recall his result here. Haag proves that, 
under certain rather general assumptions, any “‘almost 
local” field B(x) can represent the pion field operator, if 
B(x) satisfies the following conditions: 


(0! B(x)|0)=0, 


(r| B(x) 0)¥0. 


The incoming pion field operator r°™ (x) can always 
be defined in the usual fashion, irrespective of whether 
the pion is a composite particle or not. Haag then 
proves that 


(when t— —« 
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would not decay into leptons.’ Thus, it is convenient 
to regard (1/a)d,J,‘“) as the local pion field operator 
2) then 


(2 


x by virtue of Haag’s theorem. Equation 


2 
R. Haag, Phys 
111, 995 (1958 


Okun, CERN Conferer reference 6, p. 223 
Rev. 112, 669 (1958); K. Nishijima, Phys 
- M. Zimmermann, Nuovo cimento 10, 597 


ce 


Rev 
1958 


a CONSERVED 


follows immediately where a is simply the renormaliza- 
tion constant @ in Eq. (7), if we identify 0,3 ,.4 with 
B(x). Of course, the derivation of the G-T relation 
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A covariant Lagrangian formalism is put forward with an explicit variation of the proper time in the 


action functional. This approach conforms with the geometrical interpretation in space-time 
equation of motion is derived, which is not identical with the Euler-Lagrange equation 


mass are unambiguously defined through the requirement of translational invariance. The rest 


A general 
Momentum and 
mass is 


constant in the special case of electromagnetic field only. A conservation law for the combination of the 


momentum and the 


formalism can be established 


1. INTRODUCTION 


IFFERENT methods have been proposed to 

derive the equation of motion of a mass point 
in a given external field of a particular transformation 
property. A method invented by Dirac! in connection 
with the electromagnetic field consists of calculating 
the divergence of energy-momentum tensor of the field 
within a small tube surrounding the world-line of the 
moving particle. This treatment has been later ex- 
tended by Bhabha, Harish-Chandra,? and Havas* to 
fields other than the Another ap- 
proach, first used by Infeld and Wallace,‘ applies a 
small gravitational field in which the equation of motion 


electromagnetic. 


follows by virtue of the nonlinearity of the gravitational 
equations. The derivation of the equation of motion 
from the variation of an invariant Lagrangian has been 
method has been 
which could be used independently from 
the transformation properties of the field. The present 
note aims at 
approach. 

If the behavior of a system—field plus particle 
can be described with the aid of a Lagrangian formalism, 
one expects to find an action functional composed of 
three parts,° 


but no general 


used occasionally, 


established 


pointing out the possibility of such a1 
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roper-time 


me trie 


energy momentum-tensor of the free field is derived 
within the framework of the formalism. 


No satisfactory Hamiltonian 


the first part containing the quantities characteristic 
of the particle, the third the field variables, while the 
interaction term contains both. The variation of S°*«!* 
and S**'4 yield the equation of motion of a free particle 
and of a free field, respectively; variation of S'™*'**' 
with respect to particle coordinates gives the equation 
of motion in the field, and with respect to field coordi- 
nates, the inhomogeneous terms in the field equations. 
The advantage of such a procedure is obvious: It helps 
to define conservation laws unambiguously; the re- 
sulting equation of motion may be regarded as based 
on a simpler physical principle; the procedure may 
pave the way towards the transition from classical to 
quantum mechanics. it 1 
essential, though not obvious, 
interaction term should be 
equations. 


From this point of view it is 
that one and the same 
used for both of these 

The above program, as 
carried through without any dif ty in the 
the electromagnetic field. The Euler- 
tions of the interaction 
equation of motion of a particle in an electromagnetic 
field. This method does not work, however, if the field 
possesses transformation properties other than a vector. 
In this event, the Euler-Lagrange equations of a rea- 
sonable interaction Lagrangian are not equivalent to 


known, can be 
case of 
Lagrange equa- 
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Lagrangian give the correct 


the equation of motion. Nevertheless, it has been shown 
by Szamosi,’ for instance, that the equation of motion 
can be derived from an interaction Lagrangian, if 
different Lagrangians are chosen for the field equations 
and the equation of motion of the particle. It has been 
demonstrated also by Szamosi' t 
r is replaced by a new independent parameter s=7/M, 
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LAGRANGIAN 

The present approach is based on attaching a geo- 
metrical meaning to the variational principle. The 
equation 


6(S°+S')=0, (2) 


will be regarded as prescribing the extremal of the 
weighted path between points o; and a2 in space-time. 
This is an extension of the requirement that a free 
particle moves along a geodesic: indeed, if L?*"“°=m 
(constant), then (2) gives the equation of motion for a 
free particle. This interpretation requires, however, 
that + be not regarded as an independent parameter ; 
indeed, it must be varied together with the coordinates. 
Consequently, the Euler-Lagrange equations will not 
be the differential equations of the variational principle. 
The modified differential equation which we propose 
to put identical with the equation of motion will be 
derived in Sec. 2. In Sec. 3, momentum and mass will 
be defined in the new formalism. In Sec. 4, the existence 
of a conservation law for the momentum will be demon- 
strated. In Sec. 5, it will be pointed out that it is not 
possible, as a rule, to construct a Hamiltonian formalism 
in this treatment. In Sec. 6, the equation of motion 
obtained will be applied to fields of various trans- 
formation properties ; it will be shown that the equations 
of motion derived from a reasonable interaction 
Lagrangian are equivalent to the equations of motion 
which are believed to be correct. The special role of the 
electromagnetic field will be indicated. 


2. THE EQUATION OF MOTION 


In this section we drive the generalized equation of 
motion of a point particle from a Lagrangian, 


L=—m + [Ge ¥),b,a(x))6(x— E)dx 
L(£,£; m). 


In writing down the Lagrangian in this form, we 
assumed (i) that the free-particle Lagrangian is — mc’, 
where m is the constant rest mass, which is equivalent 
to the requirement that the free particle should move 
along a geodetic; (ii) that the interaction Lagrangian 
depends only on the first-order time derivative in the 
particle coordinate and the first-order partial deriva- 
tives of the field coordinates only. Inclusion of higher 
derivatives is not difficult in principle, but it does not 
correspond to any known physical system. m is defined 
as the mass measured in the particle’s rest frame, 
infinitely far apart from any other particle with which 
it may interact. The negative sign is chosen in order 
to obtain a maximum for the varied integral in the case 
of an extremum. 

In accordance with the philosophy of the previous 
section, we decompose the variational integral in the 


FORMALISM IN 


PVES TEA DYNAMICS 


following way: 


5S=8 f dew J -§Ldr+ | Ladr. 


l 


The first term can be expressed? clearly as 


OL OL 
[ 1az f — it 5é, (5) 


It must be noted that the 6 and the d/dr operation do 
not commute now. Instead, the following relation holds: 


6£,= (ddE,/dr) —[dé,/ (dr) ddr. (6) 
Employing the identity 
é6dr=6(—dé,dé,)'= — : 


we obtain, by combining the previous equations, 


~ OL OL oa 
[ otar } 6£,dr- H (Out ELE, \édé,. (8) 
« / 0€, O£&, 


: 
The second integral may be transformed considering 
that db, applying partial integration. 
Finally, one obtains 


édé, and 
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rm 
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The second term in (4) yields, in virtue of ( 


[tsar ~ f reads, 
72 d : 
+f (Lé, )b&,dr. 
, dr 


Finally, combining (9) with (10), we obtain 
. be >] 
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5£,(o2)=0 at the end points, (11) 
leads to the following differential equation: 
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motion of the 


equation will be the 
particle described by the 
It differs Euler-Lagrange 
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process. 
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lassical mechanics can be 
through exploiting the translation invariance 
Lagrangian.’ This method ensures at the same 
momentum defined in that fashion will 
go over into the proper quantum mechanical quantity, 
described by the momentum-operator 


th) nd } 


s end we consider, as usual, 


or the 


time that the 


—ihd OX,. To 
a variation, 


const, 


11) reduces to 


invariant under 


(16 
Equatio nomentum, while (16 
mentum for an isolated 
closed and the 
conservatio momentum assumes more complicated 
form. This will liscussed in the 


In a similar fashion, we sha 


is not 
next section. 
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the 


ll define 
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terms which depend on 6&, through 67 only 


mass as 


time separating out 
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> consider a variation of the actual path again, 


such 


18 


and we brought 
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nich 1s 
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obtain 


equation of 


LN 


where 
VW 


Equation (20) defines the variable 
generally a function of £ and 
of the Lagrangian (3), 


whi h 
£&. In \ iew of our definition 


rest mass 


M=m+AM, (21 


and AM disappears in the absence of i 

Finally, we may the remaining part of 6S 
which is due to the direct variation of £,. Through this 
g. may be defined as 


teraction. 
( onsider 


OL/0§,, 


which is the direct contribution of 
momentum. 

An alternative formulation of 
can be achieved if S is r 
coordinates. This can be realized 
is attributed to every point in 
being carried out along the 


he oe results 
‘-o 


if the S= f'Ldr value 


t 
l 
regard led ; 


space, I integratio 
actual 


trajec connect 


the point of interest with an arbitrary 
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and the following three 
our previous definitions: 


4S/dx,= P, 


as 


The equation of motion 
simple form with 


in an alternative form 


dp,/dr=F 


27) may be re 
is the 
with 


garded as the definition of 
and 
parison 


motion. 


most 
the 


appropriate formulat 
standard forms of 
In concluding, it worthwhi 
generally there are 

momentum of a particle by the field 
and through g,. 
disappear. The 
while the vector field leaves m= M 


two dist nct 


Only i! one of thes 


scalar fi l-momentun 


4. CONSERVATION OF MOMENTUM 


In this section, the conservation law 


momentum in a 
field does not vali 
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conservation law is, 
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discarding the free-particle contribution, which is one is left with the transformation of the expression 


constant. 
Oo 


L= L'(o(x),6.0(x)) 


tf BEOe a(X))6(x— é)dr x feo ‘).6.a(x))6(x—£)drdx. (33) 


£(¢,£,x,6(x),6 a (x)). (28) , ; 
(i ) For a moment we omit the last term in the bracket, 
only in the case of some kind of 


Then (33) can be further trans- 


T cats ¢ : ~ ; which is present 
Che total variation of the action integral can be written oo as : 
7 derivative coupling. 
down as! 


formed to yie ld 


ra] 
ff —L(é,¢(x)) 
Of, 


(29) 


6 Pio) .u dx. 


Od s) ps 


6) refers to a variation which is due to the change of 
the function form of @(x) and not to the variation of x. 
We apply a rigid translation of the actual field and of 
the actual trajectory together. In this case 


bf = dx, 


809 (6) = — Poo 


600 (c). »= —O 


The latter relations hold, because the total variation 
of @ should therefore, the 
compensate each other. (29) now becomes 


d& dL 


vanish; two variations 


6L 
€,da 


6L 
let, A 
uot pax. 
OSu 


dx, 00.4 Od 


The bracketed 
appears by virtue of the field equations.” If the ca 


second part in this expression ¢ 


nonical energy-momentum tensor of the free field, 


dL! 
| i 
Od . 


is introduced and the explic it form of L' is considered, 


‘One must distinguish between partial, total, and functional 
lerivatives here. As a rule, a functional derivative is needed 
everywhere, but if the Lagrangian density depends only explicitly 
on a variable, it may be replaced by a partial derivative; in the 
event that it depends through an undefined functional form, it 
may be replaced by a total derivative; otherwise, as in the cas 
of &,, one must retain 6£/5E, on account of the variation of dr 

2 See, e.g J Rz wuski, reterence &, p 99. 


rf fi (E,6(x) 6 
rf [reeo | —a 


The third integral here identically vani 
and second can be transcribed, employing (6), (7), and 
(15) and applying partial integration to 


€u(Pu(o2)— Py(or)) J P,€,dr, 


which also vanishes, in virtue of the constancy of €,. 


Finally, only the last integral remains in (34), which, 
combined 


made of the equation of motion (25 


with (31), (32), and (33) gives, if use is 
the law of con- 


servation of momentum 


*2dT,, 
— [ l Pio P(o 


We comment on this result, as follows: 


for the canonical 


holds 


momentum: no conservation law exists for the kinetic 


(a) The conservation law 
momentum. 

(b) Only the 

shows up in the conservation 

; : : aes : 

one expects on the basis of a naive physical picture 

momentum 


free field energy-momentum tensor 


law. This is, indeed, what 
that describes the process as the flow of 
from the field to the particle. 

Lagrangian contains deriva- 
tives of the potential also, the omitted term in 
must be taken into account, and the simple law of 
hold. In this event, one 


(c) If the interaction 


(33) 
conservation (36) does not 
must work with the total energy-momentum tensor, 
which depends on the sources as well. Conservation 
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laws expressed through this tensor are neither physically 
illuminating nor practically useful. Moreover, we did 
not succeed in deriving a conservation law in a simple 
form for this case. One is inclined to believe that the 
reason for the complication is that, in physical cases, 
derivative coupling exists only when the particle has 
some kind of internal structure.'* Since the present 
considerations concern structureless particles only, it 
is not surprising, perhaps, that no consequent de- 
scription can be achieved. 

Equation (36) can be put in an alternative form by 
introducing the tensor of the 
particle: 


energy-momentum 


T po” - f GPE Oar. 


From this, one may deduce 


= P,(a2)— P,(o}). (38) 


Comparing (36) with (38), we may reformulate the 


conservation law, 


(d/dx,)(T y°+T,»”)=0. (39) 


py 


Note that the energy-momentum tensor of the 


particle generally is not symmetric. 


5. ON THE HAMILTONIAN FORMALISM 


In this section, the possibility of a Hamiltonian 
formalism will be touched on, and it will be indicated 
that no satisfactory Hamiltonian formalism can be 
worked out within the framework of the present theory. 
The root of the difficulties is that 


(OL/d0&, g.~P, (40) 


in our formalism, while the canonical equations are 
equivalent to the equation of motion only under the 
fulfillment of the above condition. In the attempt to 
find a partly acceptable Hamiltonian, one may start 
by considering various characteristics of the conven- 
tional Hamiltonian and singling out one of them, 
postulating it as a defining property. Then it can be 


3 This is an empirical fact. In principle, one may have derivative 


coupling with structureless particles, of course 
t I 
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MAN 


shown that the remaining conditions are not satisfied. 
Any of the following properties may be regarded as 
the basic ones: (i) The Hamiltonian should describe 
the Hamilton-Jacobi equation. (ii) It should lead to 
the canonical equations. (iii) Its numerical value should 
be equal to the rest energy of the particle. 

We consider here in some detail the possibility of 
defining a Hamiltonian through (i ii 
results are of certain interest. 

Condition (i) defines the Hamiltonian by 


and (ii), as these 


OS/d7+H (~,P)=0. 
Then, since 


L=dS/dr=0S/dr+£,(0S/d¢ 


one obtains 


H=P,é,—L. 


This conforms with the standard form of the Hamil- 
tonian. It is easy to show, however, that on account of 
(40) it does not satisfy the canonical equations. Indeed, 
one receives by differentiation 

0H/0é,= P,(0§,/0&,) — (OL/0E,) p 

= ap. 1 (d&, 0&, cP, ol 

and 

OH OP, E, + (d&, OP, PP, al 
The Hamiltonian (43) has, however, th 
property that because of (15) 


and thus 


H(t,P)=0; S [rates aS/ar=0. (47) 


One may exploit these relations in the transition to 
quantum mechanics (compare with reference 7 

If condition (ii) is regarded as definition, 
canonical equations serve as differential 


defining the unknown Hamiltonian. The first canonical 


equation, 
OH : OL VE 
a; M - ( ) , ; . 
dg OfLF | f. 


u 


then the 


equations 


may be integrated to . ield 
H=—L+ gy, 


where a(P) is an arbitrary function of the momentum. 


Substituting (49) into the second can 


one obtains 


ical equation, 


OH OL 
_ ohn f 


Ss» 
oP, oP, aP, 


40 
Og, 
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Since 


(0L/0P,) = (0L/d€,) (0£,/0P,) =g,(0&,/OP,), (51) 


(50) reduces to 


0 Og,\ | 0 Og, | 7 
a(P) (3..- )e+ f a0. (52) 
OP, OF « OP, O€y 


One can demonstrate that (52) cannot be generally 
satisfied. In particular cases, however, one may obtain 
a solution. Such is the case of the electromagnetic field, 
when a=3m"'P,P, and H=43m—"(P,—edy) (Pu— egy). 
Alternatively, if one is concerned with a scalar field, 
gu.=0 and (52) is self-contradictory, as the right-hand 
side depends on £, while the left-hand side does not. 
Finally we note that the definition 


H=M=(0L/0é,)é,—L, (53) 


according to (iii), is of no use for us; as one can easily 
see, it does not satisfy either the Hamilton-Jacobi 
equation or the canonical equations. 


6. APPLICATIONS 


In this section, we survey the application of the 
formalism to concrete physical fields. The motion of a 
particle in a scalar, vector (electromagnetic), and tensor 
(weak gravitational) field will be considered. The 
guiding principle in constructing the interaction 
Lagrangian is the “principle of simplicity,’ which 
requires that it should be the simplest invariant 
expression which can be constructed from the field 
quantities and the four-velocity of the particle. One 
can easily convince oneself, on the other hand, that the 
Lagrangian built up in this fashion leads to the correct 
(inhomogeneous) field equations. 


A. Scalar Field 


In the case of a scalar field with scalar potential 
and interaction constant g, we choose the Lagrangian'® 
as 


L=—mc*— go. (54) 


Then we obtain with the aid of (15), (20), (22), and 
(27), 
a 0; 
— g0/OX,. 


Py= Pu [m+ (g/c*)o Je, ; 
M=m-+(g/c?)¢; F, 


We note that the rest mass is not constant. This is 
in accordance with the results of Marx and Szamosi.’:'® 
Comparison with the results of Havas* and Bhabha 
and Harish-Chandra? based on the Dirac method is 


P. Roman, Theory of Elementary Particles (North- 
Holland Publishing Company, Amsterdam, 1960), p. 101 
15 We write out c¢ in this section and discard the distinction 


between a 


"wee, €#., 


and : 
6G. Marx and G 
219 (1954) 


cta Physica. Acad. Sci. Hung. 4, 
Acta Pl Acad. Sei. H { 


Szamosi, 
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hindered, since in the result of these workers the 
“radiation reaction” terms are intertwined with the 
direct effect of the field. 

The equation of motion in a scalar field takes up 
finally the form 


(56) 


B. Vector Field 


The Lagrangian in the vector field, which may be 
associated with the electromagnetic field (whether the 
field-mass is zero or not is irrelevant from our point of 
view), with the vector potential ¢, and interaction 
constant e, takes the form 


L=—mce?+exyby. 
From this, one derives the relations 


P,=mi,+ed,; M=m; 2,=¢0,;3 


Fi=ehiSy; Fyv=bu,o—Or,n; 


which conform with the standard forms of momentum, 
mass, and force in the electromagnetic field. It is 
worthwhile to point out the root of the rather peculiar 
feature of the vector field, that it conserves the rest 
A glance at (20) shows the reason for this: As 
the interaction Lagrangian is a first-order homogeneous 
expression in &,, the two terms 0L/0&, and L com- 
pensate each other. At the same time, this consideration 
indicates that no other field may have this property. 


mass. 


C. Tensor Field 


The Lagrangian of a tensor field (tensor potential 


¢,», interaction constant /) can be chosen as 


L=—me—3 fiybyurdr. (59) 


Clearly, the tensor potential Dy» should be symmetric; 
if it is not, the antisymmetric part plays no role at all. 
This Lagrangian leads to the following expressions 
for the momentun,, etc. : 
[m 2 (f 207) Lahapts i. _ fburtay 
m— (f/2c*)tabapts, 
= — fbvata, 
(GF appt Eben); 
Faup 


1 1 
i 


(Pas ,utP 


The equation of motion may be written in the fol- 
lowing form 


(d/dr){(m—(f/2C)fabaptp |tyu— fbyuata} 


- 3 A Oba OXp) Laks. 


(61) 


If f is associated with the constant rest mass, (61) can 
be recognized as the equation of motion of a particle 
in a weak gravitational field. Indeed, if one starts with 
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the general gravitational equation of motion 


-T yy ag*u®, 


a 3 
P.y( du’ / as 


and uses the weak field assumption 


Sur Oye TT Pury (O09) 


neglecting second and higher powers of ¢,,, the identity 


1) and (62) is easily established. The only non- 
| step in doing this is distinguishing between ds 
I and dr (z,=dx,/dr) on 


on the one hand, 


, 2). (63). ar can be now combined 
. We note 


he variation of 


he mechanism which brings 
rest mass can be clearly 


observed in this case: The physically existing and 
measurable proper time is s; 7 is a physically meaning- 


observer moving along with the test 
mass only, if he 
otherwise, he 


nging rest 


to measure fT; 


KALMAN 


will experience no variation. Whether in the case of 
other fields the variability of the rest mass can be traced 
back to some similar reason cannot be predicted in the 
absence of corresponding nonlinear theories. But specu- 
lations along this line* indicate such possibilities. 


7. CONCLUSIONS 


In this paper, a consequent Lagrangian formalism 
has been worked out in covariant form. The equation 
of motion in an arbitrary field may be derived in this 
way from first principles. The main points in this 
formalism have been the following: 


(a) The equation of motion is not Euler- 
Lagrange equation for the Lagrangian. 

(b) The rest mass generally is not co! 
constant in a vector field only. 

(c) The canonical momentum generally differs from 
the kinetic one; they coincide in a scalar field only. 

(d) The momentum and _ the 
momentum tensor of the free field 
conserved system in the case of no derivative coupling ; 
otherwise they do not. 

(e) No satisfactory 


canonical energy- 


combine into a 


for- 


companion niltonian 
is no function 


malism can be built up; generally thers 
) 


which satisfies the canonical equations. 
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In an effort to obtain a semiclassical model for the neutral 
3ohr-Sommerfeld type of system with the proton re 
placed by a positron is investigated in the limit of high velocities 
It is found that as a result of the relativistic increase in the 
electromagnetic field between the two moving charges, a natural 
minimum approach distance occurs equal to one-half of the clas 
sical “shell-electron” radius. At this separation, a new set of 
quantized states becomes possible which is found to be energeti 
cally unstable. The lowest state possesses an energy approximately 


equal to the x‘ 


meson, a 


meson energy. The relativistic states are charac- 
terized further by the greatly increased importance of perihelion 


I. INTRODUCTION 


HE discovery of an increasingly large number of 
unstable nuclear particles has repeatedly led to 
the hope that these entities may actually be complex 
structures composed of only a few truly elementary 
particles. In particular, it was suggested by Fermi and 
Yang! that the 7° meson might be explained as a pair of 
heavy nucleons, for instance a proton-antiproton pair. 
Even prior to the discovery of the 7° meson, a somewhat 
related hypothesis had been advanced by Wentzel,? and 
by Gamow and Teller’ who proposed that nuclear forces 
might be described by the exchange of electron-positron 
pairs. Along the same lines, Marshak‘ subsequently 
showed that many of the theoretical difficulties of an 
electron-positron pair theory of nuclear forces might be 
removed if one assumed the particles to be abnormally 
heavy, with masses a few hundred times that of the 
ordinary electron as proposed earlier by Yukawa. How- 
ever, at that time Marshak concluded that the necessity 
of introducing an arbitrary cutoff into the strongly 
singular tensor potential remained as a serious difficulty 
common to all neutral-meson theories. 

It is the purpose of the present note to investigate a 
simple electron-pair model for a #° meson in which the 
required large mass of the electrons arises as a relativistic 
effect. Although the model is semiclassical in character, 
it has the virtue of leading to definite mass and lifetime 
predictions as well as to a natural cutoff. Thus it may 
point the way towards the eventual formulation of a 
more complete description of nuclear particles and their 


interactions. 
II. OUTLINE OF MODEL 


The system that will be investigated here is essen- 
tially a straightforward extension of the Bohr-Som 


*Part of this work was carried out under a Westinghouse 
Research Laboratory Fellowship at the Institut Henri Poincaré, 
University of Paris, 1957-1958, and reported briefly in Bull. Am 
Phys. Soc. 4, 228 (1959) and 6, 80 (1961 

'E. Fermi and C. N. Yang, Phys. Rev 

>G. Wentzel, Helv. Phys. Acta 10, 107 

G. Gamow and E. Teller, Phys. Rev 

*R. E. Marshak, Phys. Rev. 57, 1101 


76, 1739 

1936 
51, 289 
(1940). 


1949 


1937 


accounts Ior 


which 


momentum in the extreme 


precession, one-half of the total angular 
When the effect of 


precession on the intrinsic magnetic moment is taken into account, 


relativistic caseé 


the total energy of the system is found to be 263moc?, in close agree- 


ment with the observed z° meson mass. The lifetime of the system 


against annihilation into two gamma rays is calculated on the 
basis of the close analogy Its value is found 
to be 2.06 10~'* sec, in good agreement with the latest value of 


the observed 7° meson lifetime 


to singlet positroniun 


The implications for the structure 
of other nuclear particles and their interactions are briefly 


discussed. 


merfeld model to higher that the 
proton is replaced by a positron. It may therefore be 
positronium 


model in which the two charges revolve around a com- 


velocities, except 


regarded as a semiclassical relativistic 


mon center of mass at rest in the laboratory. 


In order to simplify the problem, the effect of the 
intrinsic magnetic moments will be treated separately, 
and the discussion will be restricted to the equilibrium 
case of circular orbits, analogous to the original treat- 
ment of the hydrogen orbits by Bohr. By virtue of these 
assumptions and the equality of rest masses, the diffi- 
culties arising from the motion of the relativistic center 
of mass with respect to the static center of gravity are 
avoided. Since the system will be quantized in steady- 
state orbits, radiation will be assumed absent as long as 
the sy 


tem is in its lowest allowed state as in the Bohr- 


Sommerfeld model. 


III. RELATIVISTIC INERTIAL FORCE 


The centrifugal force acting on the two charges g, and 


go each having a rest mass mp will have the familiar form 


m9 190)". (1) 
the relativistic 
equal to yi2(mo/2) for the 


he Lorentz 


Here m* is reduced mass given by 


12m special case of equal 
factor 
is the distance between centers, and 


rest masses,® yi is t 
[1— (v42?/c?) |-4, ris 


w is the orbital frequency of rotation. 


contraction 


Two points must be remembered in applying Eq. (1) 
in the limit of large velocities. The 
wishes to express F, in terms of the relative velocity of 


first is that if one 


the two particles 7,2 rather than in terms of the angular 
one must use the relativistic rather than the 
velocities measured 
Accordingly, calling these 


velocity w, 
Galilean law for the addition of 
relative to the center of mass. 


5 For the more general case of unequal rest masses, see the 
mnemonic device of F. S. Crawford, Am. J. Phys. 26, 376 (1958 
and the earlier treatment of M. H. L. Pryce, Proc. Roy. Soc. 
(London) A195, 62 (1948). For the case of continuously distributed 


mass, see D. Bohm and J. P. Vigier, Phys. Rev. 109, 1882 (1958). 
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velocities tic=ricw and tec=frecw, respectively, one has 


w(rictrec)f (2) 


rs 
so that, calling z 


where in general 
Pant Bal 
Jr Ll 


In the present case of ry. this reduces to 


4, .. ta 


The correction factor multiplying the relative 
velocity in the center-of-mass system 2, is seen to vary 
between the limits f, 

<c and f,=} 


12, Eq. (1 


; 1 for the nonrelativistic case of 
for v.~2c. When rewritten in terms of 
takes on the form 


which differs from the nonrelativistic or low-velocity 
expression by a nearly constant factor of 4 when 


iC = lec™C 


The second point to be remembered in the application 
of Eq. (1 


veloc ities, 


is that when one is dealing with high angular 
the familiar precession of the perehelion 
frame in Sommerfeld’s model will no longer be a small 
effect. The magnitude of the angular velocity of pre- 
cession is given by 


6 


It is equal to the 
locity, 


well-known Thomas prec ession ve- 
whose value may be derived from purely kine- 
matic considerations.’ :* Inspection of Eq. (6) shows that 
as SOON as Yi2 becomes large compared with unity, 


being small, 


instead of 
magnitude. 


negligibly (2 approaches w in 

The effect of this ve ry large prece ssion Is to divide the 
total angular momentum in the laboratory frame L, 
motion relative to the pre- 
cessing reference frame K,, L., and into a part that 
represents angular motion of A, relative to the labora- 
tory frame, Lo, 


into a part due to orbital 


or 
LotLo 


The orbital angular momentum L 
given by 


“ relative to Ke is 


Mm" wr 12", 


which, in terms of 2;2 becomes 


L & 
mas, Nature 117, 514 
*n and P. Stehle, Cla 
, New York, 1950 
imerfeld, Atombau and S pek 


Braunschweig, 1950), 7th « 


M*01F 10. (9) 

1926); Phil. Mag. 3, 1 (1927 

ical Mechanics (John Wiley 

102 

trallinien (Friedrich Vieweg 
, Vol iz Appendix 12 


Se 


STERNGL 


ASS 


Using Eq. (6) for 2, Le takes on the form 


Lo 


In terms of the total laboratory frame angular 
mentum /, one obtains 


| = [yi (2y12 


Lo C(y12 


In the limit of y;.>>1, the angular momentum is seen 
to divide itself equally between 1, and Lg. The total 
centrifugal force is therefore « omposed of a part due to 
orbital motion within A, and a part due to precession 
of K, in the laboratory. In terms of L., Eq. (5 
for the former component 


mo- 


—] (11) 
and 
—| (12) 


7 32 


gives 


13 


mT 32”, 
so that the total combined inertial force may be written 
as 
L¢? 
5+ 


L 


F..=F, (14 


second term of Eq. (14) 


In the limit of 81.21, the |. 


reduces to (y12—1)/(yi2+1) using the identity 


Yi2—1), (15 


(16) 


Equation (16) shows that tl 
increase the usual centrifugal force calculated 


e effect of precession is to 
the 
iar momentum 
When 


, one 


on 
basis of an angular velocity w and angu 
L. by a factor that approaches 2 as y12>>1. 
written in terms of 2%», 9) to replace L 
therefore obtains for the centrifugal force at high 
relativistic velocities the « xpre ssion 


using Eq. 


h ] , l forn 
ne Classical torm 


Equation (17) reduces to t 


as ¥12 and f, both approach unity at low veloci 


the present case of equal rest-masses an 
combined effects of the t 
reduced mass m*= 71» 


wo correction fac t 


ty 12 


IV. ELECTROMAGNETIC FORCE 


The inertial force as calculated above is the force that 
would be measured by an observer at rest relative to the 


proper frame of either of the two moving particles, for 





AT 


instance as indicated by a spring balance.’ To obtain the 
electromagnetic force that balances this inertial force, 
one must therefore likewise calculate the interaction as 
noted by an observer at rest relative to the proper frame 
of either particle. 

This procedure has the advantage that since the 
charge being considered has no motion relative to this 
observer, the magnetic field produced by the other 
charge has no effect and the interaction reduces to a 
purely electrostatic one. The electrostatic field due to 
the moving charge g2 will, however, be transformed 
relativistically, giving for the field produced at the 
position of the observer’s charge g; the value" 


(1—B 2") Q2 


(19) 


S12 
(1-8): sin? gy2)! Nr 
where Bi2=212/c, and ¢g is the angle between 212 and 
rio. This field is directed along the radius vector con- 
necting g: and gs, and leads to equal and oppositely 
directed forces when calculated by an observer at rest 
relative to 92. 
For the special case of steady-state circular orbits, the 
angle ¢12 is always 90° and Eq. (19) simplifies to 


Fa ¥12(4192 110"). (20) 
Equation (20) is seen to reduce to the ordinary static 
Coulomb force in the limit of y;2™1. For velocities small 
compared to those of light, Eq. (20) may be expanded in 
powers of (v2/c)? to give 


qig2 


qig2 Vix" 

= 

“el 7 = 
ris 2 nie 


(21) 


Equation (21) contains in addition to the static Coulomb 
interaction a velocity-dependent term of the form that 
would ordinarily be obtained by an observer at rest in 
the laboratory from a consideration of the magnetic 
vector potential interaction arising from the motion of 
the charges. Thus Eq. (20) is equivalent to using a 
generalized velocity-dependent potential or Lorentz 
force law at low velocities, but it is free from the diffi- 
culties associated with the transformation of velocities 
and forces when these are first calculated in the labora- 
tory frame, especially when v.~c. 


V. FORCE EQUILIBRIUM CONDITION 


In the steady-state circular orbits of interest here, the 
inertial force is at all times exactly equal to the force of 
attraction. Equating F,, from Eq. (17) with F,. from 


For an excellent discussion of the problem of defining the force 
in a relativistic system of charges, see H. Arzelits, La Dynamique 
Relativiste (Gauthiers-Villars, Paris, 1957), Chap. X, Part A, pp 
143-148 

Work cited in reference 9, p. 203 

' For a particularly clear discussion, see also F. K. Richtmyet 
and E. H. Kennard, /ntroduction to Modern Physics (McGraw-Hill 
Book Company, Inc., 1942), Sec. 70, p. 150. 


[VistiCc EBLE 
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Eq. (20) leads to the relation 


Y12M9*? 


(1 Y12 
Y2t! Tie 


r 12" 

For the case of f, approximately constant, i.e., either 
812™1 or B\2~0, this expression may be solved for y12 as 
a function of ri. by making use of the identity in Eq. 
(15) to give 

Vi2=1/[1— (rme/ri2) ], (23) 
where 
(24) 


Tme= fqigo2/2mo*c. 


For the present case of 4 wl, f. >, J e, and 
| Y i 


mo* = (mo/2), fm* reduces to 


m= e?/4moc?=0.70X 10-* cm. (25) 


Inspection of Eq. (23) shows that there exists a 
minimum possible value for ri2 in an equilibrium orbit 
equal to r,.* where yi2— ©. In the case of two equal 
particles of mass my and charge e, Eq. (25) shows this 
minimum equilibrium orbit to have a diameter equal to 
one-quarter of the classical “‘shell-electron” diameter 
do= (e" 2.82 10 cm, independent of any as- 
sumptions as to the size of the electron’s charge dis- 
tribution. 

This somewhat surprising result may be traced to the 


M1 


fact that for large velocities, y:2 cancels out of Eq. (22) 
so that in solving for rj2, the smallest possible value is 
reached for vjy.=c. In the nonrelativistic case, 712 was 
allowed to go to infinity, which results in r12— 0 in the 
limit of high velocities. Thus, the existence of a mini- 
mum equilibrium orbit of finite radius may be said to 
follow necessarily from the existence of an upper limit to 
the velocity of material particles, coupled with finite 
values of their charge and rest mass. 

It therefore appears that a straightforward applica- 
tion of relativistic transformation leads auto- 
matically to a natural “cutoff” or limitation on the 
approach distance of two charges in equilibrium under 


laws 


the action of inertial and electromagnetic forces. This 
result is in fact limited to the case of Coulomb 
forces, so long as the forces vary more rapidly with 
distance than (1/rj2) and transform relativistically in 
the same way as do electromagnetic forces. Thus, using 
an arbitrary static law of force Fj,=a,r—" in Eq. (22) 
to replace (q:g2/ri2”), one obtains the result 


not 


m= (fan/2mo*v 197) V/e—-VI., (26) 


which tends to a finite minimum value for all 2>1 as 
vy. — c.'* This result may also be expressed as saying 


2 The existence of an absolute minimum approach distance be- 
tween any two particles in force equilibrium arrived at here bears 
a striking resemblance to the a similar limiting 
length in Schwarzschild’s solution of Einstein’s general theory of 
relativity for a point-particle. [See the discussion in E. T. Whit 
taker, Aether and Electricity (Thomas Nelson and Sons Ltd., 
London, 1953), Vol. I, p. 175 ff. ] Although the magnitudes of this 
characteristic length differ greatly, the form of the line-element is 
exactly that of yi2 in Eq. (23) above, suggesting a possible under 
lying connection which will be examined further elsewhere. 


occurrence ol 
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that in a relativistic theory, the potential energy can 


never exceed the “reduced-mass energy” of the par- 


es so 
ticles m “C, 


VI. ANGULAR MOMENTUM QUANTIZATION 
In order to study the characteristics of the extreme 
relativistic system further, it 
pre ssions for the 


angular 


is desirable to obtain ex- 
equilibrium values of the various 
in terms of the force constant. This 
16) for L.,” 


, giving 


momenta 
one conveniently by solving Eq. 
from Eq. (20 


Making use of the 


Eq. (27 


reduc es t 


tween L,, Lo, 


obtains for the 


and L, given 
equilibrium 


relations be 
1? 


ingular moment 


um 


ns reveals a number of i 
to i 
for equi 


+1 


n- 


ing first ,), It is seen that 


value librium orbital 
23,2 passes through 

+-4)/28;2=5/3. Thus 
hat for the model under 


lower limit to orbital 


1.66 é ( 


If, 


+} 


for a giv f. varies appret iably with By. 


e nelg nimum, its location will be 


be 


obtains 


shifted, but minimum will 
lectrons, 


to Eq. (4a 


not 


F + } > + 
ili¢ ed. I} is I WO € one 


from Eq a quadratic in f 


whose 


The imum Lg (eq) I 


,) how occurs for y;.=2 giving for 
an electron pair the value 


L. 


It is interesting to note 


equilibrium angul 


» smallest 
if 


momentt 


Sommerfeld’s treat- 


S 


TERNGLASS 
ment of the hydrogen atom e?/c which is a quantity that 
also occurs as a “zero-point” angular momentum in all 
relativistic wave equations. 
Turning next to Eq. (29) for Loa), it is seen that the 
precessional angular momentum vanishes in the limit 
B12) (e2/c) fr 
when ¥12>>1. Finally, the combined laboratory angular 
momentum Liveq) [Eq. (30) ] is seen to be very closely 
approximated by the simple expression 


of y12 — 1, and reaches a limiting value } (y; 


L xeq Yi2/P1 P/éhis (34 


both in the limits of very high and very low values of 
Y12. Again, just as for Loceq), a Minimum value exists for 
Live), indicating that in addition to the familiar low- 
velocity equilibrium states, there now exists 
set of orbits near rjor,, that 1 the 
quantum condition Lijeq) = nh. 
Inserting this value for Lived 


for 812", one obtains a quadratic eq 


ad see ond 


Bohr-deBroglie 


where a é 


are given by 


where the lower sign yields the familiar positronium 

solutions, and the upper sign gives the new hi 
For 

second term in powers of ind putting f,=1 

gives to lowest order the familiar Bohr « ondition, 


igh-energy 


t} 


states. these low-velocity states, expanding the 


2a Ir/n 


and the kinetic energy 


bmo*B 222 12) mo" 38 


When mp* is set equal to 
magnitude of the 
positronium states. 


give 5 the 

binding ordinary 
The high energy solutions of | 

condition 


to first order in a’. 
1—8;,") obt 


By virtue of the 


! one ains directly 


or, since f,-=}4 for y; 


Y12 


The diameters of these orbits a 
Eq. (23) for riz 


or approximately 


Tie {2 
2mo*c? 


The orbits the refore all lie clos 


tion r+ and approach frp 
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values of x. The ground state or outermost orbit in the 
case of an electron pair is given by 


[rie | (44) 


(1+3a), 
bony? 


which is essentially equal to r,, since the numerical value 
of a is only 1/274. 

Inserting the high energy values for y12 and f, into 
I (28), (29), and (30) shows that Liveqy=nh, and 
Laweq) = Leweq) =n(h/2). Thus, in the limit of yi2.>>1, 
there exist states in which the orbital angular momen- 
tum within the precessing frame is quantized in half- 
integral values of h. 


“qs 
4 i . 


VII. LAGRANGIAN AND HAMILTONIAN 
FORMULATION 


In order to obtain the total energy of the relativistic 
pair system, it is necessary to find the Hamiltonian 
applicable to the extremely high-energy rotational 
states. Since the kinetic and potential energies no longer 
bear the simple relation to each other that exists in the 
low-velocity limit, one cannot write down the total 
energy of the system directly from a knowledge of the 
momentum and kinetic energy. The situation is further 
complicated by the fact that the derivative of the 
relativistic kinetic energy with respect to velocity no 
longer gives the momentum, so that it is not possible to 
that the simple classical relations between 
kinetic energy and centrifugal force continue to hold at 
very high velocities. 


assume 


Since the relativistic Lagrangian for a particle moving 
in an electromagnetic field is known," it will be taken as 
the starting point. For the present case of a purely static 
potential, the Lagrangian reduces to 


L= — (1—B 12”) moe? — E,+C. (45) 


Here £, is the potential energy, which will be so chosen 


that for r12 > ©, Ep — 2moc’, or 


E 2myc? — (e?/ rj). (46) 


p 12 


This choice is effectively equivalent to assuming that 


the work done in separating the two charges to very 


large distances is equal to their total mass energy, or in 
other words, that the inertial mass is entirely due to the 
energy in the electrostatic fields. As the 
constant C, by setting it equal to moc? following 
Sommerfeld," the Lagrangian may be written in a 
simple form, 


stored to 


closely analogous to the nonrelativistic 
case, or 


F—E£z, 


] 


(47) 
where 
Yi2— 1 


['1— (1—B 127)? Joc? myc?. (48) 


Y12 
work cited in reference 9, Chap VII; also H. Goldstein, 
Classical Mechanics (Addison-Wesley Publishing Company, 
ing, Massachusetts, 1950), Chap. 6, Sec. 5. 
* Work cited in reference 8, Appendix 6, p. 667. 


set 


Read 
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The quantity F is often referred to as the Helmholtz 
kinetic potential energy. It is always positive, never 
, and reduces to the nonrelativistic kinetic 


Smo? 2" in the limit of 22> 


exceeds mo¢ 

energy T 
With these assumptions, 
(05/00, Pre, 


and the inertial force is given by 


l. 


one obtains 


(0L/ A042) 


in analogy to the nonrelativistic case, 


F ;= (d/dt) (05/0042). (49) 


For circular orbits, or constant absolute value of V12, 
Eq. (49) leads to the expression for the centrifugal force 
(¥12M00 127/712) of Sec. 
equals mp and f,=1, 


III above when the reduced mass 
or when the source of the field is 
assumed to be infinitely heavy. 

It is seen that the choice of the Lagrangian of Eq. (45) 
is consistent with the usual expression for the centrifugal 
force and the assumption that the 
electron and positron are pure ly electromagnetic in 


rest masses of the 


nature. The absolute value of the Hamiltonian is there- 
fore fixed, by virtue of the definition 


H=pq-—£ 


(50) 


Substituting 22 for g and the expression Eq. (47) for £ 
icads to the result 


H 


(51) 


where 7= (y¥12—1)moc?, the familiar expression for the 


relativistic kinetic energy of a particle possessing a rest 
Mass Mp. 

1e extreme relativistic 
¥ and 7, both 
of which reduce to the classical kinetic energy T in the 
limit of low velocities. and they differ only 
-1 as in the present case, 


It is interesting to note that in tl 
case, there occur two different quantities, 
As long as Yi 
inappreciably, but when yi»2 
the distinction becomes very significant, as can be seen 
by writing down their relationship in the form 


T=7125. 


(52) 
Whereas §& is the “kinetic energy”’ which gives the cor- 


T is the ‘‘kinetic 
energy” which enters into the Hamiltonian or the total 


rect momentum and force expressions, 


energy. Thus, the correct force equilibrium condition for 
ic Coulomb 
potential may be written down simply by substituting 


a highly relativistic particle moving in a stat 


¥ for T in the classical expression for centrifugal force 
results as 
derived in Secs. III, IV, and V, one needs only to 
equate F,, with e?/rjs", giving 


ee 1-9. To see that this gives the same 


Solving Eq. (53) for Yi2, one obtains 


(54) 
2mocr, 


obtained earlier for the 
Y12mo. In fact, comparing 


which is precisely the result 


special case f-=1 and m* 
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the left-hand sides of Eqs. (53 
my*=mpo, one sees that one 


and (22) for f,=1 and 
must have 


2(y12— 1) moc? = 2T, 


which can readily be shown to be 
of Eq. 15). 

It is therefore apparent that one might equally well 
have picked a starting point the Hamiltonian or 
Lagrangian for a particle moving in an electromagnetic 
field, rather than the force-equilibrium condition used 
in Sec. V. However, this would have obscured the 
kinematic aspects of the situation when the particles 
have equal masses and the source of the field can no 
longer be assumed at rest in laboratory frame. 
Ultimately, the basic reason for making a return to the 
considerations of forces necessary may be traced to the 


an identity by the use 


romagnetic forces and energies 
depend only on the rel 
entrifuga! 


or on t] 


fact that whereas elect 
lative positions and velocities, 
‘forces depend distribution of 
the center of mass relative 


also on the 


masses, e position of 
moving charges. 

identifies the Hamiltonian of Eq. (51) 
of t 


ains for the 


to the centers of the 
If one 
with the t 


now 
otal energy including that he rest 


1,4 one obt 


mass ™ 


masses 


following Sommerfel case of two 


charges of rest 
Y12— 1) moc? — (e?/ ry2) + 2myc*. 56 
written in terms of the binding energy 

2myc? as 


W 12 ¥12— 1) moc? — (e?/ 12), 


1 


the start ing point 


ict 1 in his 
treatment of the 


structure in the limit of 
would to find 
ions from the usual fine-structure 


used by Sommerfel 
‘drogen fine 
~1, 


<c and y hus one 


¥12 not expect 
any a 


ppre¢ iable deviat 
for atomic leve iS, ith the possible exe eption of s states, 
where a finite minimum approach distance may lead to 
slight upward shifts, as will be discussed in more detail 


else where. 


VIII. PROPERTIES OF THE HIGH-ENERGY 
SOLUTION 

With the connec 

and the 

formulat 


tion between the 


familiar Han 


treatment 
iltonian and Lagrangian 
stablished, it is now possible to investigate 


present 
more 
ion L 
the chara 
more deta 

Neglecting for the 
interact 


ter of the high-energy equilibrium orbits in 


moment magnetic moment 


ion, the total energy system is given by 
using the allowed vz 


tlues of y12 and ry. from Eqs. (40 
and (44 i 


in Eq. (56), resulti 


Ey 
iN 
For the present case, mo*= 


}mo and f,=}, so that Eq. 


ERNGL.: 


ASS 


(58) reduces to 


Qn 
—1 Jmoc?—4moc?f 1-4 
a 2n 


Er =: 


or, to the extent that a 
to unity, 


2n may be neglected compared 


Er= (2n amo = — 3g (60) 


For the ground state n=1 and with 274, one 


therefore obtains a total energy 


Er=271 moe? (61) 


This is seen to be a very large positive energy, corre- 
sponding to a “binding” energy W ™~137 Mev, 
in contrast with the which 
W <0. Thus, 
getically unstable,!® and conversely, they 
obtained when a large energy is added to the 
of the electron pair. 

Since the mass equival: f this energy is of the 
order of that observed for the 7° mesons, one 
the possibility that these unstable relativisti 
represent this highly unstable nuclear par i 
is the mass of the right 
size is sufficiently small for these particles to form part 
of the “ ’ of nucleons, whose radius is now known to 
be of the order of 0.3—0.4 10 cm,!* 
there will be 1 to the orbital 
motion of two equal and opposite charges, so that if the 
intrinsic magnetic are opposed, the 
as a whole will also show no resultant mag 
For spin magnetic opposed, the 
oppositely charged particles are 
the spins are oriented so as to 
orbital motion, the 
angular momentum. 


269 mn 
have 
ener- 
can only be 


low-energy states, 
these highly relativistic states are 


rest ene rgy 


is led 

states may 
e. Not only 
th, 


, 
| 
whe : qs aiso the 


order of magnit 


core’ 
Furthermore, 
no net magnetic moment duc 
moments structure 
moment. 
moments spins of 

t when 
of the 
system as a whole will have 


sense 
ZeToO 
structure will tl 


eretore obe Vy 


Bose statistics, and de ay pre ferentia ly into two y rays 


upon annihilation, again in agreement with tl 
characteristics of the 2° 


obse rved 
meson. 


IX. MAGNETIC MOMENT CORRECTION TO 
THE TOTAL ENERGY 


The system considered so far has consisted of two 
purely electrostatic charges possessing no ir 
or magnetic 
of an actual electron and positron, the 
intrinsic magnetic 
investigated. 

It will therefore be assumed that eac} narge 
a spin of absolute 


\trinsic spins 
If the system is to be composed 
effect of the 
al energy 


moments 


moments on the tot must be 


carries 


value th and a corré spondi g magnetic 


> Classically, the possib 
understood in terms 


] 


the inverse square lav 


be seen fy 


y inserting I | 
powers of (rn*/riz) to give F, 
'6 See the recent review article 
rhaler, in Progress in Elementary Particle and n 
North-Holland Publishing Company, Amsterdam, 
p. 99, 


1960), V ol \ 
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moment u.=g.@ where g, is the gyromagnetic ratio as- 
sociated with spin. Two types of effects will have to be 
examined; namely, the spin-spin and the spin-orbit 
contributions to the total energy of Eq. (56). 

Before calculating the corrections to the potential 
energy in the extreme relativistic case of interest here, 
it will be necessary to examine the effect of the preces- 
sion on the magnetic moments. 

From the discussion of the energy relations in Sec. 
VII it is apparent that the kinetic energy associated 
with the precession is approximately yi2moc?, or 274moc* 
in the ground state n=1. The additional centrifugal 
force due to precession above and beyond that arising 
from the orbital motion within the precessing frame is 
therefore equivalent to increasing the inertial mass by a 
factor yi2. The effective magnetic moment, which is 
inversely proportional to the mass of the particle must, 
therefore, be expected to decrease by the same factor 
Y12. One therefore obtains an effective magnetic moment 


Mett= eh, 27 12Moc = sup, (62) 


where up is the Bohr-magneton and ¥12= (2/a) for the 
ground state n=1. 

The general expression for the spin-spin interaction 
energy is 


E,,o= —[3(o1-u) (@2°4)—04-62 Jo,e(r12), (63) 


where “¢=fyo/|Ti2| and Jo.¢= 267/112". 
Inserting for g, the value obtained from the effective 
magnetic moment of Eq. (62), or 


e 
P 
Lo 

(2/a)moe 


obtains, for the case of relativistic circular orbits 
and spin directions parallel, the value 


E..¢=(a/2 


(64) 


one 


2up?/r 2° = —4moc’, (65) 


1 (e?/myc*) from Eq. (44). 


Similarly, for the spin-orbit interaction, the energy 
due to a particle of magnetic moment u.= g.o moving 
relative to a charge e with orbital angular momentum | 
associated with a magnetic moment w;= gil is 


E,..=[e-lJo,i(riz), 


using fy. 


(00) 


where J,.1=2082/ri2*. Again, due to the relativistic 
precession, one has 


oe 


Using /=h, for the present case of circular orbits and 
both spins opposed to the direction of the orbital 
motion, the spin-orbit energy becomes 


(67) 
2/a Mot 


E.,,1=4(a@ 2)? (up, 10°). (68) 


Since each of the two particles carries a magnetic mo- 
ment as well as a charge, the total spin-orbit interaction 
is twice this value, giving a combined magnetic po- 
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tential correction of 


Ep - +2E, | 2(a 2)? (up? 1\2"). (69) 


Inserting the value of rj. for the ground state 
relativistic 


of the 
electron-positron system from Eq. (44), 
neglecting the small correction term involving (a/2), 
and making use of the fact that e?/moc?=h/[(1/a)moc ], 
one obtains for the combined magnetic potential energy 
the value 
Ep™ = —4moc?—2-2moc? = — 8mgc?. (70) 
Applying this correction to the total energy Er of Eq. 
(61) gives for the relativistic electron-pair system the 
energy 
Ex=271moc?—8myc* 


(71) 


263 myc?. 


This figure is to be compared with the most recent ex- 
perimental value for the total mass energy of the 7° 
meson, 135.00+0.05 Mev or 264.2mgc?."" 


X. LIFETIME OF RELATIVISTIC PAIR SYSTEM 


In order to see whether the highly relativistic pair 
system could actually be identified with the observed 
n° meson, it is necessary to obtain an estimate of the 
system’s lifetime against annihilation. 

Since the detailed wave functions for the highly 
relativistic states are not known, this estimate cannot 
at present be obtained by the same direct calculation as 
the positronium lifetime. One possible way to circum- 
vent this difficulty is to make use of the known theo- 
retical lifetime of the low-velocity positronium states, 
and to arrive at the lifetime of the relativistic state on 
the basis of the close kinematic and dynamic analogy 
existing between the two systems. 

From the cross section for annihilation together with 
the relative velocity in the center-of-mass system and 
the volume density of electrons, the mean lifetime of the 
positronium system may readily be obtained.'’ The 
result for the system with total angular momentum 
zero, i.e., singlet positronium, may be written in the 
form 
(1/a*)(Ro/c). 


To= (1/a*) (2a0/¢ (72) 


Here, 2a)= Rp is the classical radius of the positronium 


system, @ is the fine-structure constant, and c is the 
the value 1.25 10-" sec. 

This expression is seen to contain only geometric 
quantities aside from the dimensionless constant a. Now 


velocity of light, giving for 7, 


the only difference between the low-velocity and high- 


velocity systems lies in their scale or size. Both are 
quantized so that the appropriate deBroglie wavelength 
fits their respective orbital circumferences in the 
precessing perihelion frames. Therefore, if the two 


17 Walter H. Barkas and A. H. Rosenfeld, Table of mass-values 
in Proceedings of the 1960 Annual International Conference on High- 
Energy Physics at Rochester (Interscience Publishers, Inc., New 
York, 1960). 

18 See the review articles of M. Deutsch [Progr. Nuclear Phys. 3, 
131 (1953) ]; and S. DeBenedetti and H. C. Corben (Ann. Rev. 
Nuclear Sci. 4, 191 (1954 
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perihelion frames are equally valid reference frames as 
assumed in the above derivation, then one would expect 
the lifetime of the high-energy state to be simply given 
by replacing Ro with the smaller radius Ro’ of the 
relativistic system. 
Aside from this 
must be considered is that 


the only other factor that 
the relative velocity in the 


change, 


center-of-mass system, v,, will now be given by 2,.=?,2f,7! 


lativistic system, ?;2=c, one 


from Eq. (3). Since in the 


I this correction is neg- 
therefore 


leads to the following expression for the mean lifetime of 


19 ° ) th +h . 
as 7 2c rather than c when 


lected 


lected. Inserting these values into Eq. (72 


: Fe Bi 
he reiativistic system 


Substituting =(r; e from Eq. (2: 
close to the late 


2.0+0.4 


12 4myc? 
gives the value ro’=2.06X 10~"* sec, 
experimental value of the 7° lifetime, + 
X 107! sec. 

The 


agreement of the value for the lifetime given by 
based 


1ay be taken as further support of the hypothe- 


on the analogy to the positronium 


that the x° particle can be regarded as an electron- 
positron pair in a highly relativistic quantum state. 

The analogy to positronium appears to be quite deep 
since both the x® meson” and the singlet positronium 


system!’ decay he emission of two gamma rays 


with 


polarized at right angles to each other. Both systems 


therefore have ps¢ udoscalar parity, 
characterized by a tot gular momentum equal to 


zero. 


in addition to being 


[hus the relativistic ele 


tron-pair model developed 


I for all the known properties of 


above 1s seen to account 


} 


| energy, decay charac- 
spin, and parity. 


tne r 


meson, including its tota 


teristics, magnetic moment, size, 


XI. SUMMARY AND CONCLUSION 


The above considerations appear to indicate that the 


two-body system may be treated in terms of 


rfeld model extended to 


of the order of 10-4 cm. 


is somewl basis 


This result 
f quantum electrodynami 


urprising since on the 


, one would have exper ted 


umbers of electro pairs should be created in 


anti-parallel 
h. Its mass may 
teractior 


ng Er=275mec? 


energ 

the spir 

radiative this T) 
for the 


in this manner has i: 


decay process, 


a rays. son evidence 


STERNGLASS 


such a highly relativistic system, leading to a complete 
breakdown of the classical laws of interaction. Why this 
does not happen is not clear, but the surprising agre« 

ment of the simple classical model with the observed 
characteristics of the a 
detailed investigation of this basic question would be 


meson suggests that a more 


desirable. 
The model leads to the occurrence of 
mum distance of approach or “‘cutoff,”’ 
any assumptions as to the physical size of 
involved. This limit to the approach of two relativistic 
particles in turn leads to the possibility of a new set of 
quantized states. These states are characterized by very 
high total energies and a strong precession tl 
for half of the system’s total angular momentum.” 
Because the sizes of these new orbits and the strength 
of the interaction correspond to t 


systems, the suggestion arises that electron 


a natural mini- 
independent of 


the part icles 


lat accounts 


hose typical of nuclear 
s and posi 
trons in relativistic states form the basic structu 
elements of all nuclear particles 

the 
electromagnetic forces, 10} 
further understanding of the more complex 
will be possible to arrive at an electromag! 


Since model of the z 


one may 


tion of nuclear forces. 
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